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Abstract

In this memoir, we have investigated solutions to stochastic fractional differential
equations (SFDE), encompassing existence and uniqueness analysis. We have presented
fundamental concepts of fractional calculus (fractional differentiation and integration) as
well as stochastic calculus (SFDE and SDE), followed by solving a stochastic fractional
differential equation.

Keywords: Special functions, fractional calculus, Caputo, FDE, stochastic calculus, SDE,
fractional stochastic differential equations (FSDE).

Résumé

Dans ce mémoire, nous avons étudié les solutions des équations différentielles
fractionnaires stochastiques, y compris les questions d'existence et d'unicité. Nous avons
présenté les concepts fondamentaux du calcul différentiel et intégral fractionnaire, ainsi
que du calcul différentiel et intégral stochastique (EDF et EDS). Ensuite, nous avons résolu
une équation différentielle fractionnaire stochastique.

Mots-clés :Fonctions spéciales, calcul fractionnaire, caputo, EDF, calcul stochastique, EDS,
équations différentielles stochastiques d’ordre fractionnaire (EDFS).
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INTRODUCTION

With the advancement of mathematical sciences and their applications, mathemati-
cians and researchers see that the field of calculus is not limited to integer orders alone, but
even extends to non-integer orders, known as fractional calculus.

Fractional calculus is a generalization of traditional calculus to include arbitrary non-integer
orders.This topic dates back to the era when Leibniz and Newton invented differential calculus.
One owes to Leibniz in a letter to L’Hopital, dated September 30, 1695 [32], the exact birthday
of the fractional calculus and the idea of the fractional derivative, who sought to understand
the meaning of Leibniz’s currently popular notation, & T 4% for the nth derivative when n is a
real number. L’Hopital wondered what would happen if n took on a fractional value, such as 5

1

or even ;.

The concept of differentiation and integration to noninteger order is by no means new.
Interest in this subject was evident almost as soon as the ideas of the classical calculus were
known Leibniz (1695) mentions it in a letter to L’Hopital in 1695. The earliest more or less
systematic studies seem to have been made in the beginning and middle of the 19th century by
Liouville (1832), Riemann (1847), and Holmgren (1864), Fuler (1730), Lagrange (1772), and

others made contributions even earlier.

In the letters to J. Wallis and J. Bernoulli (in 1697), Leibniz mentioned the possible approach
to fractional-order differentiation in that sense that for non-integer values of n the definition
could be the following :

dnemm

don =me -,

In 1730, Euler mentioned interpolating between integral orders of a derivative and suggested
to use the following relationship :

dz™  T(m+1)

m—n

dz T'(m—n+1) ’

where I'(+) is the (Eulers) Gamma function defined by

['«) :/ t* te~tdt,
0

a > 0. Also for negative or non-integer (rational) values of n : Taking m =1 and n = %, Euler

obtained : o
dzx

1

€T 2

While traditional calculus is based on integer-order differentiation and integration, the concept

vii



of fractional calculus has enormous potential to transform how we perceive, model, and control
the 'nature’ around us. Numerous theoretical and experimental studies demonstrate that certain
electrochemical [6], thermal [5], and viscoelastic [37] systems are governed by non-integer-order
differential equations. Consequently, classical models based on integer-order derivation prove
inadequate. For this reason, models based on non-integer-order differential equations have been
developed . [[4]

It’s theory of stochastic integrals and stochastic differential equations can be traced back
to the 1940s, beginning with an early important paper (worldcat, 1942) written by Kiyosi It.
Differential calculus establishes the theory of ordinary differential equations, which describes
a class of models of systemsthat change with time. Random perturbations were introduced in
these equations through a non-differentiable Brownian motion .

Stochastic differential equations have been used in science, geometry, biology, and nearly
all applied sciences. There are many articles about the existence and uniqueness of solutions of
stochastic differential equations inthe existing literature (see, e.g., [@, P4, 12, I3]).

More recently, Chang et al. Using a semi group theory and a fixed-point technique, [I1] investi-
gated mean-square almost automorphic mild solutionsto non-autonomous stochastic differential
equations in Hilbert spaces. El-Borai et al. [23] considered the uniqueness and continuity of so-
lutions for a fractional stochastic integral equation.

In [22], the authors studiedan abstract fractional-order stochastic differential equations with
delay driven by Brownian motion and stablished existence and uniqueness of the solution. Mou-
rad K Zhou study the existence and uniqueness of mild solutions offractional order stochastic
differential equation in hilbert space.

With the stochastic component, these equations gain another layer, capturing the uncertainty
and stochasticity foundin countless natural systems. Itis then natural to apply stochastic frac-
tional differential equations to model such phenomena whose dy namic behavior is driven jointly
by deterministic and random drivers. The first chapter of this thesis constitutes a brief intro-
duction and history of the concept of stochastic fractional differential equation ofthe Caputo
type. Thisis done through a progression of step by step concepts.

In this section, we presented fundamental definitions and concepts that enable us to unders-
tand and solve stochastic fractional differential equations. We discussed specific functions such
as the Gamma function, the Beta function, and certain properties related to Laplace transforms.
Additionally, we explored the (Banach) fixed-point theorem and addressed fractional calculus,
which includes definitions of fractional derivatives such as Caputo, Riemann-Liouvilleand frac-
tional differential equations (FDEs) with examples
Chapter 02 :We established fundamental definitions for stochastic calculus, which included
general reminders about probabilities, expectations, conditional expectations, filtrations, sto-
chastic processes, and more. We also covered Brownian motion and stochastic integrals, along
with some examples of stochastic equations.

Chapter 03

We began with basic definitions of stochastic calculus, which includes general reminders on
probability,expectation, conditional expectation, etc. We also covered Brownian motion and
stochastic integrals, along with some examples of stochastic equations.

Chapter 4 In this chapter, we studied solutions (existence, uniqueness, and stability) under
specific conditions for fractional-order stochastic differential equations of the Caputo type using
various methods. Additionally, we examined the continuity of the solution along the domain
[0, 00).

We also studied the solutions of neutral fractional stochastic functional differential equations,
focusing on proving the existence of a unique solution to these equations under specific condi-
tions, thereby ensuring both existence and uniqueness of the solution.

viil



CHAPITRE 1

FRACTIONAL CALCULUS AND FRACTIONAL
DIFFERENTIAL EQUATIONS

1.1 Préliminaire(Useful function)

In this section, we highlight the significant roles of the Gamma, Beta, and Mittag-Leffler
functions in the theory of fractional calculus as well as in their respective applications[9].

1.1.1 Gamma Function

One of the basic functions of fractional calculus is the Gamma function denoted T'.

Definition 1.1.1
The Gamma function I" is defined by the following integral :

+oo
I'a) = / t*letdt, a >0
0

For positive integer values n, the Gamma function becomes I'(a) = (o — 1)! and thus can be
seen as an extension of the factorial function to real values.

Example 1.1.1
We have T () = y/m.Indeed :

1 +o00 - +o0 eit
r (—) = / t 2e 'dt = / —dt.
2 0 0o Vit
Let u = +/t, then t = u® and dt = 2udu, thus :
+oo _—t “+o00 —u2
/ e—dt = 2/ ¢ udu
0 \ﬁ 0 u

+o0o )
= 2/ e “du.
0

Knowing that f0+°° e du = \/TE (Gaussian integral), it follows that :




Proposition 1.1.1
An important property of the Gamma function is the following recurrence relation :

MNa+1)=al(a), a>0

Proof :
we have I'(a + 1) = 0+°° t*e~tdt.
An integration by parts aplied to the definition of gamma function :

u=1t*—u = at*?

vV=elt—v=—c"

MNa+1)= / t*etdt
0
—{4%ﬂf+a/ e tdt
0
= al'(«).

Proposition 1.1.2
Va € N, F(n_{_%) — ﬁ(Qn)'

Proof :
According to Proposition 1.1.1 for all n € N :

o)~
JERIEHEES
)

1 1
(D600
(2n - 1)(2n—3)- ()7
n)(2n —1)(2n —2)- -2 x 1

2n(2n)(2n —2)---2

n)!

:gnilﬁ
COIN

22np)

1
o
_ 2 Jr

This remains true when n = 0, therefore :

F<n+1>zw, vn € N.

2 22np|

Proposition 1.1.3

F(n+1+1>_w

2)  4ntli(p 1)



Proof :

Clur1+4) =T (o 3) -

1 1
r 1+-) = 41
(n+ +2) (n+2+>

(2n + 1)(2n + 2)4/7(2n)!
2(2n + 2) x 47n!
_ JT(2n+2)!
2x2(n+1)x4mn!
V7 (2n + 2)!

T (1)

Proposition 1.1.4
Taking into account that the I' function can be written as

D) = D,

it results that the I' function can be defined also for negative values of n, in the interval
-1 <n<0.
-The following particular values for the I' function can be useful for calculation purposes :

r(1) =1,

I'(0) = 400,

(4)--o

()-r(3-)-

1
2
5 3 3
r=|= —+1) ==
()T -
Proposition 1.1.5

By the principle of analytic continuation, the function can be extended over C\ Z. For a > 0

and o ¢ N, we have :
v (Y I'(j—a)
¥ (5) = Grtrie



1.1.2 Beta Function

Definition 1.1.2
For a > 0,7 > 0, the Euler Beta function is defined by

Bla, ) = /Olt"‘—l(l — )7t

Proposition 1.1.6 [30/
the Beta function is linked to the Gamma function by the following relationship :

L(a)l'(7)

a>0,v>0
F(a+7) 7

Bla,v) =

Proof : o o
/ 19 e et dty dt
0

I'(v) = /
0 0

By performing the change of variable t, = t; 4 t5, we find

o0 oo ,

- / t / (ty — 1) e dtydhy
0 t1

_ / oth / (t, — )" 0 ey,
t1 0

if we set t| = £, we obtain
—t! 'y 1 a—1
et / — )T () Lt

:/ _t2dt2/ (th (1 — )~ () thdt,
0

o] 1
= [T eta (1w %/(L%Wl%flﬁ)
0 0
= “dt] () Bl y
et (1) slanm)
— [ ety s
0

=(a+7)B(a, 7).

this gives the desired result

Remark 1.1.1
The Beta function is symmetric, that is : f(a,7y) = B(7,a), V¥ Re(a), Re(y) > 0.

Proof :
From the definition of the Beta function, v have :

1
B@wzlﬂﬂbﬂﬂﬁ

Let:u=1—¢t = t=1—wu and dt = —du. We then obtain :

1 0
/ L1 -yl = — / (1= w7~ dy
0 1

1

:/ (1 —u)* ' du
0

- 6(7,0&)

4



1.1.3 Mittag-Lefler Function

The exponential function e® holds a fundamental position in the theory of integer-order
differential equations.G.M. Mittag-Leffler introduced a generaliaof this exponential function
using a single parameter, which is represented by the following function :

Definition 1.1.3 [8/
For oo € C and « a strictly positive real number, the Mittag-Leffler function E,(«) is defined
by the following series expansion :

+oo k

«
E — E S
/(@) — D(vk + 1)’

For any v > 0 and B > 0, the generalicc Mittag-Leffler function E., 3(«) can be defined with two
parameters v and 3 as follows :

+o0 k
(0]
E, s(a) = E — a>0,0>0
—~ I'(vk +B)

Example 1.1.2

Q a
Bii(a) = =2 5=
prd I(k+1) — k
oo k oo k oo k+1
o} « 1 «
E = =— =—(e"—1
12(e) kz_ol“(k+2) L (k+ 1)1 o= (k+1) 2 )
+oo k oo k+2
« 1 «
Ei3(a) = = — =—(e"—a—1)
kz:; I'k+3) a2 (k+2)! a2
Remark 1.1.2
for all v > 0 and k € N we have :
+00 k

«

E (o) = kz; Tk t1) E,(a).

1.1.4 The Laplace Transform

In this section, we will discuss the Laplace transform along with its fundamental proper-
ties. The Laplace[29] transform is a wonderful tool for solving ordinary and partial differential
equations and systems.

Definition 1.1.4
A function f has exponential order « if there exist constants M > 0 and o such that for some
to >0, |f(t)] < Me™, > tg..we define the Laplace Transform of f

F(s) = LU@) = [ e rwan
0
1s called the Laplace transform of the function f.

Definition 1.1.5
The inversion of the Laplace transform is performed by means of an integral in the complex
plane, fort positive,

1 1 e t d
t)=L {F = — S F .
PO = PO = g [ e F (s
Where 7y is chosen such that the integral converges, which implies that v is greater than the real
part of the singularity of F(s).



Proposition 1.1.7

Linearity : One of the most basic and useful properties of the Laplace operator L is that of
linearity, namely, if fi € L for Re(s) > «, fo € L for Re(s) > B, then fi + fo € L for
Re(s) > max{«, 8}, and

L(C1f1 + Cgfg) = 01L<f1> + CQL(fQ) (111)

for arbitray constants c¢; + co
Derivation : The Laplace transform of an integer-order derivative is :

L{IO(0)} = LU} — 3 5+ f®(0)

) S S L)

I {/t f(u)du} = L{f}+ - /aof(u)du.

L{fx g} = L{f} x L{g}.

- The Laplace transform of the function t*~* is :

Integration :

Convolution :

L{t* '} (s) =T(s)s .

1.2 Riemann-Liouville Fractional Integral

This section introduces the elementary definitions and some properties of the Riemann-
Liouville fractional integral.
Let f be a real, continuous, and integrable function on the interval [a,b]. We consider the
integral

o' = [ frr,
T f(t) = /tIlf(u)du,

_ /at (/auf(s)ds) du,
:/at (/Stdu) f(s)ds,

- /:(t — ) f(s)ds.

By repeatedly applying this process n times, we obtain, according to Cauchy’s formula :

T f(#) :/atdtl /:1 dtg.../atn_l F(t)dtn — ﬁ/ﬂt(t—s)”_lf(s)ds.

And, using the generalization of the factorial function via the Gamma function : I'(n) = (n—1)!.
Riemann realized that the right-hand side could make sense even when n takes on non-integer
values. He defined the fractional integral as follows : Let f € C[a,b],a € R,. The Riemann-
Liouville fractional integral of f of order a, denoted by Z?, f, is defined by :



Definition 1.2.1
let f € Cla,b],a € Ry, we it the Riemann-Liowville fractional (left-sided) integral of order
a,denoted by I f the function defined by :

T f0) = s [ =9 s (1.1)

N
the right-sided Riemann-Liouville fractional integral of the function f of order o, denoted by

It f the function defined by :

o f(t) = ﬁ / (t — )" f(s)ds. (1.2)

Remark 1.2.1

For the remainder of this work, we will exclusively utilize the left-sided integral and employ the
notation «.

throughout what follows, we will only use the left-sided integral and denote it as L.

Example 1.2.1
Calculate ZOtH, for p > —1 :

1 t
ot = —/ (t—s)*tstds for a>0,u>—1.
I'(a) Jo

Let’s make the change of variable s = tt, ds = tdr, we have :

1 1
Ijjt“:—/ t—7t)* (rt) 't dr,
T(a) 0( )¢ (71)

1 /1 -1 -1
= N1 — 1) M dT
O
_ ot /1(1 — )tk dr
I'(a) 0 7
1
= —t“"B 1
L Dl DT

() la+p+1)
Therefore,
I'(p+1)

Tt = LT
“ o+ p+1)

ot a >0, > —1.

Lemma 1.2.1
For a = 0,we have :

Proof :




We obtain

s
—
/\
Il
—_
—
kﬁ
y—\
_l’_
\H
Q.
Lt

Therefore

Proposition 1.2.1

Let f be an integrable and bounded function, and let o and p be two strictly positive real numbers.
Then

Iy [TEf()] = T (1), (1.3)

Proof

72 (T8 (1) = ﬁ /O e — s)ds,

let  s=uv(t—u)
Then ds = (t —u)dv
Hence, it follows that :

/ f(u du/ (t—u))" 1t —u—v(t —u)*(t —u)dv,

= —— —y)otrt U lv“_l — ) Lo
—F(a)r(m/y W ([0 (= 0

1 /t
= = [ (t—=w)* T f(w)dup (p, ),
Tarqo J,
1 t
=—— [ (t—w)*" " f(u)d
e
= f ().
Proposition 1.2.2
For a > 0, the Riemann-Liouville integral is linear, i.e. :

Za (M) + pg(t) = AZZ f(t) + pZ7g(t). (1.4)
Proof

T + g L YN AS + ) (7)dr

% [ / P+ [ tgtriar]

a 1 2 ‘ a—1
A fryr + / (x — 1) g(r)dr
_ /\IO‘ 2+ 1uT0g(x).

Therefore, Z¢ is a linear operator.

*1

Proposition 1.2.3

the Laplace transform of the Riemann-liouville fractional integral for a = 0 of a function f,that
has the Laplace transform F(s) in the half-plane Re(s) > 0, is given by :

L(Z%f)(s) = s “F(s). (1.5)

8



1.3 fractional derivative in the sense of Riemann-Liouville

Definition 1.3.1 [78/
let f be an integrable function over [a,b] then the fractional derivative of order « (with
n—1<a<n,neN*)in the sense of Riemann-Liouville *Df is defined by :

(67 n « 1 dn ! f(S)
DL dtn{ 10} = F(n—a)%/a = s o)

Example 1.3.1
The Riemann-Liouville fractional derivative of f(t) = (t — a)P. Let o be a non-integer with
0<n—1<a<nandp>—1, then we have :

FEDg f(t) = D (t — a)?,
1 d [ —a)?
__ 1 4 / Gl
I'(n—a)dtr ), (t—T1)0nt!

By changing the variable T = a + s(t — a) we have :

1 a !
RLDa t— P _ t — n+p—a/ 1— a—n+1 pd
0 = oy gt @ [ s
r — 1 — 1
_T+p—a+)pn—ap+ )(t—a)p‘o‘,
I'n—a)l(p—a+1)

_ 'n+p—a+1)pn—ap+1)I'(p+1)

(t - a)piox
I'n—a)l(p—a+1)I'(n+p—a+1)
I'(p+1) _
=— " —(t—a)P "
p-arpt Y
Special case
ifp=20 )
RLDa _4\0 — RLDal — o\«
) = DI = pr s - a)
Remark 1.3.1

The non-integer order derivative of a constant function in the Riemann-Liouville sense is nei-
ther zero nor constant, However, we have :

C

RLy _
D=t

(t—a)™", (1.7)

On note 4= oD ~ by D".

Proposition 1.3.1 [30/
if o =n € N we have :

MEDRF() = F(), D, f (1) = fO@), DL () = fP),... . DLf(8) = FU ). (1.8)

Composition with the fractional integral

Proposition 1.3.2 [30/
let « >0 et n=|a]+1 then for every integer m € N* we have :

RBLDef(t) = "D (I f(t)), form >« (1.9)



Proof
as m > n, we have :

LD (T 0 f(1) = MDD T T (1),

= LDITIf (1),
=MD f (1)

Lemma 1.3.1
let « >0 and f € L'a,b], then the equality :

RLDOTO f(t) = f(t).
is true almost every t € [a, b]

Proof
Using the definition, we have :

FEDRTS f(1) =MD T T (1),
= "DLTL (1),
= f(t).
Theorem 1.3.1

leta,>0andn—1<a<nm—1<a<m such that (n,m € N) then :

1. ifa> >0, then for f € L'a,b] the equality :
FEDI(TS) f(1) = 3P (1)

is valid almost everywhere on |a, b.

2. if there exist a function ¢ € L'[a,b] tel such that f = I%p then :

T D f(t) = f(1),

for almost every x € [a,b].

3. if B> a >0 and the fractional derivative D;=f exist, then :

MEDI(T) f(t) = FEDIf (),

Proof
Using definition =371 and proposition 271 we obtain :
1. for a > 8 > 0, then for all n > m, we have :
D) f(t) = DRI (2)) f

(
= Dy (T34 )

t)
t)

Y
Y

= "Dy (T3 (T277) £ (1),

= I P f ().
almost for every t € [a, ]
2. by relation (1.20), we obtain :

DR f(t) = I3 (""DRZie(1)) |

=15 p(1),
= f(2).

3. we have :

DL (IR) f(t) = TDY I TPIf (),

= FLDRT ) (1)

= "D f (1),
Existfori —1<f—-—a<ieti<m

10
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Composition with integer order derivatives

Theorem 1.3.2

let o, >0andn—1<a<nm-—1<a<m such that (n,m € N) then : for « >0, k € N*.

if the fractional derivatives D2 f and D**f ewist, then :
KDY (FEDE 1 (1)) = PDE (1)

Proof
we have :
RLDE (RED2 £(1)) = DT (1)
— RLD§+nI§+n_a+k_kf(t),
_ RLDl;+nI§+n7(a+k)f(t)’
= REDEf(1).
Hence the result.

Proposition 1.3.3
for a > 0,n € N*. if the fractional derivative DI f and 1 <k <n —1 exist, then

)k—a—n

n—1
FLDS (DR (1) = (LD £ (1)) Zfr g
k=1

Remark 1.3.2

(1.14)

(1.15)

Fractional differentiation and conventional differentiation commute only if : f*)(a) = 0 for all

k=0,1,2,...,n—1.

composition with fractional derivatives

Proposition 1.3.4
foralln—1<a<nandm—1<p[ < m we have :

(t —a)—o*
(—a—k+1)

RLya (RL3 RLya+f RL B—k
D ("'DIf(1) = "DI () ]; D], T

Proposition 1.3.5
foralln—1<a<nandm—1<p <m we have :

n —a —B—k
WD (D) = DA - Y [P 0] T

k=1

assume that if o« = B and [RLDf_kf(t)]t:a forallk=1,2,...,m and [RLDg_kf(t)]
forallk=1,2,....n

11

(1.16)

(1.17)

t=a



1.4 fractional Derivation in the Grunwald-Letnikov sense

Fractional calculus is itself a sub-branch ofanalysis, which is a generalisation of differentia-
tion and integration to non-integer order.and fractional order integration and differentiation
operations. Several definitions of fractional derivatives which exist, unfortunately are notall
equal. In this chapter, the most following are listed commonly used definitions, such as Riemann-
Liouville, Liouville, Caputo, and Grunwald-Letnikov.

This definition is based on the calculation of derivatives using finite differences.|I9]
let f:R — R™ for h > 0, denote the 7, left translation operator :

Twf(t) = f(t = h), (1.18)
thus, we have

h—0

/ 1 1
F(t) =l o (f(t) = f(t = 7)) = lim > (id — 7,) f(2).

By denoting 77 = 75, o 75, we have : T2f(t) = f(t — 2h).
Regarding the second derivative

h—0

7(t) = lim (% (id - >) 0

1 .
= }lllil(l) = (zd — 27 — 7',3) f(t)

lim = (f(t) — 2F(t— B) + f(t — 2h)).

h—0 h2

More generally,the derivative ni™® of f is given by

FO) = lin (i — )" £ (1

h—0
1

= lim kzzo (Z) id"*(—m)" (1) (1.19)

~ lim % ;(—l)k (Z) £t — kD)

where

n\ n! ~nn—1)...(n—k+1)
(k)_k!(n—k:)!_ k! ’

It is possible to extender to k > n, by setting ( Z ) = 0. the formula [T9 then becomes :

£ _}lfgéhii < ) f(t—kh).

the generalization of this formula using the Gamma function, for o non integer (with

a)zOevenifk>oz

0<n-—1<a<n) by setting for « € R*/N et k € N, Note that I

D2 1(0) = fim e S0 () £t ),

h—0 h¢
k=

According to proposition I3, we have

o [k — «)
() = s

12




this gives us :

and

if f is of class C™ then using integration by parts, we obtain :

= [P (a)(t — a)kte 1 ‘ nrant rn
G’Da f(t)—k:0 F(k+a+1) F(n—i—oz)/a(t_T) + 1f( )(T)d’i'-
and also :
e S B (Q)(t — a)ke 1 t han1 #n
D=3 R [ = e

Example 1.4.1
The derivative g(t) = (t — b)? in the sense of Grunwald-Letnikov.Let q be non-integer and
0<m-—1<pB<mwithq>m—1.Then we have : g®(b) =0, fork=0,1,...,m—1, and
9™ (&) = Ll (€ — )7~ Thas

I(g+1)

&) q _
B v e T¥ PR

! _ a\m—p-1 _1\g—m
et —prmac
Taking &€ = b+ s(t — b), we have :

GpBr _ 1\ — F(q + 1) _ 1\q—B ! —3 m—ﬂ—lsq—m 5
D e s LDl U !
— F<q+ 1)5(m_ﬁ7q — M+ 1)(t - b)q—ﬁ
F(m — BT (g —m + 1)
g+ 1)I'(m —B)T(¢g—m+1)

_ _ \a—B
= Tm Al —m+ Oi(g— g+
B I'(g+1) Ne-B

_F@—ﬁ+U@ O

Remark 1.4.1

the derivative of a constant function in the sense of Grunwald-letnikov is neither zero nor
constant.
if f(t) = C and « is non integer we have : f®(t) =0 fork=1,2,...,n

D) = r e




Composition with derivatives of integer order

Proposition 1.4.1
for m a positive integer and o non integer with :

dm

o (CDRI(0) = 9D (), (1.20
And )
dm m— f a)kfafm
“pe t)) ) = “Dmref( : 1.21
T (f(1) f(t) ; G _a_m+1) (1.21)
Proof
For m a positive integer and « non integer with (n — 1 < o < n) we have :
dm m—1 (k)(a a)k—(oc-‘rm)
dtm Z; I'(k—(a+m)+1)
1 t
t— n+m—(p+m)—1 £(n+m) d
+I‘(n+m—(p+m))/a( ™) / (7) dr
then : .
dtm (GDaf( )) — GfDaeraf(t)
but :
dm m—1 f m+k a)(k:fa) 1 t
GDcx / t— n—a—1 rnt+m d
dtm _ a+ 1) + F(TL _p)) . ( T) f (T) T,
m+m—1 —(a+m
T (@) (¢ — )t
c~ T(k—(a+m)+1)
1 t
t— m+m—(p+m)—1 rn+m d
+Fn+m—(p+m))/a( ™) frrrydr
- n—l f(k)(a)(t _ a)k—(a+m)
~ I'(k—(a+m)+1)
(k: t— a)k a—m
_GDm—i—a f
1) Z —a—m+1)
Remark 1.4.2

It is deduced that fractional differentiation and conventional differentiation commute only if :
f®(a) =0 for all k =0,1,2,...,m — 1.

composition with fractional derivatives

Proposition 1.4.2

1. if o/ <0 and o € R then :
Dy (9D (F(1)) = Dt F (1),
2. f0<m—-1<a <m and a <0 then :
Dy (9D (F(1)) = ODr (1),
only if f*®(a) =0 for all k =0,1,2,...,m — 2

14



3. if0<m—-1<d <mand0<n-—1<a<n then :

“pg (D (f1)) = “D2 (DS (F(1)))
= Dt (1),

only if f*)(a) =0 for allk =0,1,2,...,r — 2 with r = max(m,n)

Proof
1. if o < 0and o < 0 then :

oD (D2 (1) = = / () (GD;’(fm)) i

- / s [ r =)t =y

:m/a(t—s)““ f(s)ds

= ODIH f(1).

ifa/ <0and 0 <n—1<a<nwehave @ =n+ (o —n)with (& —n) < 0 then :

ooz (g (1) = o {pa (Pop () ).
= O (pyen ).
= Dy 1 (1),

2. for0<m—1<d <m and a < 0 we have :

f(k )k o 1 t v
Z Lt oy [ = g

GDa
and (t — a)*= they have non integrable singularities then “Dg (“D(f(t))) only exists

fuy(a) =0forall k=0,1,2,. — 2 this case we have :

, (m—1) _ \m—1-d/ ,
Dz i) = e epy ),

then :
’ (m—1) a —a m—1—a'—a ,
D (a)(t — )o@t
B L'(m—o —a)
! 1 t m—(a+a’)—1
F(m_(a/‘i‘a))r(m—a’)/a(t_T) f(m)(t)dr
=Dy f (1)

Y

+

.for0<m—-1<d <mand0<n-—1<a<n we have :
5oy (90 (1)) = o {oe (4p () ).

15



if f®)(a)=0forallk=0,1,2,...,m — 2 then :

D (9D (F1)) = D),

therefore : e
Dz (DY (F(1)) = Z-ODE (@),

= D).

The Laplace transform of fractional derivative in the sense of Grunwald-Letnikov

let f be a function that has the Laplace transform F(s). for 0 < a < 1 we have :

“Def(t) = If(SS)—too;) + F(nl— ) /0 (t — 1) f'(7)dr, (1.22)
then :
L9550 (9= L0+ JL1eF (o) - £(0) (123
= s"F(s),

for @ > 1 there does not exist a Laplace transform in the classical sense, but in the sense of
distributions, we also have :
L[°Dgf(t)] (s) = s*F(s). (1.24)

1.5 Fractional Derivative in the Caputo sense

The de nition of the Riemann-Liouville type fractional derivation played an impor tant role
in the development of the theory of fractional derivatives and integrals be cause of their appli-
cations in pure mathematics (solution of integer order di erential equations, de nition of new
classes function, summation of series, etc.). However, modern technology requires some revision
of the well-known pure mathematical ap proach. Much work has appeared, especially on the
theory of viscoelasticity and solid mechanics, where fractional derivatives are used for a good
description of material properties. Mathematical modeling based on rheological models natu-
rally leads to di erential equations of fractional order, and to the need to formulate the initial
conditions of such equations.The applied problems require de nitions of fractional derivatives
authorizing the use of physically interpretable initial conditions, which contain f(a);f(b),etc...
Despite the fact that initial value problems with such initial conditions can be solved mathe-
matically, the solution of this problem was proposed by M.Caputo(in the sixties) in his de
nition which he adapted with Mainardi in the structure of the theory of viscoelastics :Therefore
we introduces a fractional deriva tive which is more restrictive than that of Riemann-Liouvile
derivative.[[§]

Definition 1.5.1
for any « , a strictly positive real number,the caputo fractional derivative “D2f of order o on

la,b], is defined as :
apy L )
CDaf(t) - F(n . a) /a (t _ S)a—n+1 dS, (125)

=T ).
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Example 1.5.1
the caputo derivative of f(t) = (t —a)? . let a be non integer 0 <n—1<a<n andp > —1
then we have :

“DRf(t) =Dt —a),

= Fp+1) tT—ap*" — el
—F(n—a)F(p—n—i—l)/a( e e,

Taking T = a+ s(t — a) we get :

Fip+1)
'n—a)ll(p—n+1
_ Fp+1)B(n—a,p—n+1)

I'n—a)l'(p—n+1)
I+ DI(n—a)l(p—n+1) (t— a)om

'n—a)lp—a+1)I'(p—a+1)
Fip+1)

= —F(p Sy (t —a)P.

1
Dot — a)f = )(t - a)p_a/ (1—s)" " tsP s,
0

(t - a’)p—oc’

composition with the fractional integral

Theorem 1.5.1 [71]
let a > 0, and f is a continuous function on [a,+00) in R we have :

T (CD2 (1)) Z [O(a)(t —a)* (1.26)

Theorem 1.5.2 [Zd]
let « >0 and f be a continuous function on [a,+00) in R we have :

DY (TIf) (1) = f(1). (1.27)

Remark 1.5.1
the caputo derivative operator can be considered as a left-inverse of the fractional integration
operator, but it does not constitute a right-inverse.

Remark 1.5.2
the conclusion of theorem A indicates that differentiating a function f in the Caputo is
equivalent to a fractional derivative of the remainder in the Taylor expansion of f.

Theorem 1.5.3
St a=n €N we have :

“Dift) = f). (1.28)
that is to say :

“Dof(t) = f(1), “Daf(t) = fVODIf (1) = [P, ODRf() = f ). (1.29)
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1.6 Relationship between the Riemann-Liouville Frac-
tional Derivative and the Caputo Fractional Deriva-
tive

The following theorem establishes the connection between the caputo fractional and Riemann-
Liouville fractional derivatives.

Theorem 1.6.1
let « >0 (withm —1 < a <n and m € N*) if f has m — 1 derivatives at and if “D%f and
Do f exist, then : for almost every t € [a, +00) :

D) =D - Y i ) (130
Proof
we have : . . X ,
L2 10) = {0+ g [ € 9 s
— M a o+l g
- F(a+1)f( )+ TL)

s (t—a"‘ﬂ

=Y ety D@+ TG,

Setting n = m and @ = m — a we find :

m—a _ 72m—a £(m) _ (4)
o) = <t>—;F(m_a+1+j>f (a),
then 1
d_m m—a _ _m m—a (m) - (t — a)m—oc-‘,—j ()
dtm [z ) = dtm Z O+ “ T(m—a+1 +.7’)f (@)
_ d m—a p(m) = (t — a)Jia ()
i ]+ 5 s )
m—1 ;
_ gm—a £(m) (t — a>J_a (4)
_Ia (t)+j:1 F(—Oé—{—].—i-j)f ( )a
Therefore
Daf(t) _ RLpa (t) _ = (t a’)]_a f(j)(a)
“ “ ‘= ['(—a+14j)

Corrolaire 1.6.1
for a > 0, we deduce that if f*)(a) = 0fork=0,1,2,...,n—1,(n = [a]+1) then we will have

Dy f(t) = “Dyf(t). (1.31)
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1.7 General properties of fractional derivatives

Linearity

Proposition 1.7.1 [10/
let f, g be two continuous functions on [a,b], Fractional differentiation is a linear operation,i.e.,
for any : Vv, A € R,a > 0, we have

DA f(t) +7g9(t)] = ADgG f(t) +7Dgyg(t). (1.32)
Where D denotes any sense of fractional derivative.

Example 1.7.1
- the linearity of fractional derivative in the sense of Grunwald-Letnikov :
let a, B € C we have :

n

SDIAF(E) + 9(1)] = lim - Z(—mk ( o) e = k) -+ agte — k)

1 a
%%z%h—a (k)ff—kh
+7;13§%ha (k)gt kh),

k=0

=D f(t) + v Dy(t),

- the linearity of fractional derivative in the sense of Riemann-Liouville :
Let o, 8 € C we have :

Lya Ldm [PAf(s) +g(s)]
FEDSINF(E) + v9(t)] :m%/ (f— syt

A / IO
" T(n—a)dtn |, (t—s)an+l’
vodh [t g(s)
T —a)din / (t— sy
=NUDEf(t) + 7Dy g ().
Leibniz Rule

for an integer n we have

G U0am) =3 (1) s (1.33)

the generalization of this formula gives us

D) =3 § ) O + i) (1.34)

k=0

where n > o + 1 and

R() = mimes [ 6= et [ = or e (139
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with lim,, . RY(t) =0
if f and g are continuous on [a, t] include all their derivatives ,the formula becomes :

n

Do) =3 () 0Pl + 30 (1.36)

k=0

D% is the fractional derivative in the sense of Grunwald-Letnikov and in the sense of Riemann-
Liouville.

Definition 1.7.1 /2]
leta>0,a¢Nn=[a]+1and f: ACR? - R, then :

FEDy(t) = f(ty(t), (1.37)

1s called a Riemann-Liouville fractional differential equation.
Similarly,

“Dy(t) = f(t,y(t), (1.38)

1s called a caputo fractional differential equation.

1.8 Riemann-Liouville fractional differential equation

Starting with the homogeneous Riemann-Liouville type equation.

Lemma 1.8.1 [27]
let « > 0. If we assume that uw € C(0,1) N L(0,1), then the Riemann-Liouville fractional

differential equation is :
Dgru(t) =0, 0<t<]l, (1.39)

admits a unique solution
u(t) = Crt* 4 Cot® 2 4 .+ Cpt™™".
where C,, € R, with m=1,2,...,n

Lemma 1.8.2 [27]
Suppose that
uwe C(0,1)NL0,1), and Diue C(0,1)NLO,1).

Then :
T8 Dsu(t) = u(t) + Crt* '+ Cot* 2 4 .+ Cpt™ ™™, (1.40)

where C,,, € R, with m=1,2,....,n

Proof
Let o> 0. For all uw € C(0,1) N L(0, 1), we have :

18 DS u(t) = u(t) — Z (o " k)(o)ta—k,

—~ Dla—k+ 1)
(Zy=u"")(0) 0y | (Zgm u2)(0) s (Zg: “w)(0) oy
= u(t) — [ T(a) t I'(a—1) Bt MNa—n+1) ’

(Zg="u=)(0)

We define G, = —
¢ deme T(a—m+ 1)

€ R, for each m =1,2,...,n, we find the equality (I20).

20



Lemma 1.8.3
Let 1 < a <2 andy € C([0,1]).
Then the unique solution to the boundary value problem

Dyru(t) +y(t) =0, 0<t<1
u(0) = u(1) = 0.
s given by : )
ut) = [ Gt.oy(s)as
such as :
H(1 =) — (¢ = 5)
Gt o) = F(Oé) ,if 0<s<t<1
7 [t —s)" if 0<s<t<l1
[(a)
Proof

Applying Z§, , to equation A1, we obtain :
8L [Dgult) + y(8)] = 0 T8 DEvult) + I y(t) = 0.
According to Lemma 82, for 1 < a <2 (n = [a] + 1 = 2), we have :
T8 Dou(t) = u(t) + Cit*™ + Cot*™2, 01,0, € R

Thus,
u(t) + Ot 4+ Cot* 2 + IS y(t) = 0.

which implies
u(t) = —Igy(t) — Crt*™ — Cat™ 2,

Therefore, the general solution of equation 41 is given by :

u(t) = —ﬁ /0 (t — 8)*Ly(s)ds — Cyt™=! — Cypto=2,

The boundary conditions imply that :

w(0) =0=0=—0—0— lim;_,o Cyt*? = 0y =0,

1 1 a1 - 1 1
u(l)zOéO:—mfo(l—s) y(s)ds — Cy :>Cl——mf0(1—s

The integro-differential equation 43 is equivalent to :

) = —ggy | (0= twtds + s [0= 9 y(s)as

a—1 a—1

(1.41)

(1.42)

(1.43)

)" y(s)ds.

1 t a—1 ! a—1 t ' a—1
= _m/o (t—s)"y(s)ds + —/0 (1—8)*"y(s)ds + —/t (1—9)"y(s)ds

) I(a) I'(a)
1 t a1 a1 o1 z50471 1 ot
- ) J, (1= 8)* = (t—9)" y(s)ds + ) /t (1= s)* Ly(s)ds,
! — )]t — (t — s)(a"D) 1 _ §)]e-l
_ /0 t(1— s)] F(a)os S (s)ds + / %y@ is

1
= / G(t, s)y(s)ds.
0
The proof is complete.
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1.9 Caputo fractional differential equation

Starting with the homogeneous Caputo-type equation.

Lemma 1.9.1 [30/
Let a > 0. If we assume that u € C(0,1) N L(0,1), then the Caputo-type fractional differential
equation is :

Dy u(t) =0, (1.44)

admits a unique solution

u(t) = Co + Ort + Cot® + -+ Cp " 1.
where Cy,, € R, with m =0,1,2,...,n— 1.
Proof

let a > 0, we have :
D "t =0, for m=0,1,2,....,n—1.

So the fractional differential equation 44 admits a particular solution, such as
u(t) =Cpt™, for m=0,1,2,...,n— 1. (1.45)
where (), € R. The general solution of 44, given as a sum of particular solutions 43, i.e.,
u(t) = Co + Ort + Cot® + - + Cp 11" 1.

Lemma 1.9.2 [30]
Assume that uw € C™([0,1]). then :

T8 + Do u(t) = u(t) + Co + Cit + Cot* 4 ... + Cy_yt™ . (1.46)
where C,,, € R, with m =0,1,2,...,n— 1.

Proof
Let a > 0. for all u € C"([0, 1]) we have

n—1
u" (0
T ODgult) = ult) = k:(' ) i
k=0 '
an (n—1) 0
— u(t) — [u(m +/ (0)t + “T()ﬁ T ﬁt”l
u(m)(()) . :
We pose C,,, = — — € R, for each m = 0,1,2,...,n — 1,We easily find the equality 28
m!

Lemma 1.9.3

letl <a <2, andye C([0,1]).
Then the unique solution to the boundary value problem is :

CDeu(t) =y(t), 0<t<l
{ u(0) + u'(0) y: 0, u(l)+u'(1)=0" (1.47)

s given by :

such as :

A-t)(1-—s)*~' | (A-t)(1-s)*"? .
T (a) + T if 0<t<s<1

(-0(-9)* 4 (=) | (1-O(1-82
—+ 1 I<s<t<1
Gt s) = { d
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Proof

Applying I, , to equation [CZ7 we obtain :

o [CDgu(t) — y(1)] = 0 & I8 “Deult) — Igy(t) = 0.

According to Lemma I, for 1 < a <2 (n = [a] + 1 = 2),we have :

thus,

I D0+UJ( ) (t) + Cy+ Cit, Cy, C1,C5 € R,

u(t) + Co+ Cit — I y(t) =0,

which implies

u(t) = Zgyy(t) — Co — Cht,

Therefore, the general solution of equation I™47is given by :

1

1) = Fe /0 (t — 5)*ly(s)ds — Co — Cht.

The boundary conditions imply that :

thus

{ u(0) +u'(0)=0 =Co+C, =0
u(l) + /(1) =0 = Co+2C: = (Tgy)(1) + (Zgy)' (1)

(Co=— (Zgry)(1) - o+y)( )

1 1 1 L
/0 s)ds — m/o (1 —3)*"y(s)ds
=(Tg+ )( ) — (Zg+w)'(1)

a—1 1 ' _Sa—2 $)ds
\ =m/0<1—s> s + s [ (=9

The integro-differential equation [C47 is equivalent to :

) =gy /0 (t—s)aly(s)ds+ﬁ /0 (1= $)*y(s)ds

1 ! a—2 l ! a—1
* o, (s~ i [ -t

t ! -
- m/o (L —s)*"y(s)ds
1

=— t — ) y(s)ds (-1 [ —5)* Ly(s)ds
i | = e+ S =t

(=0 ') e (=0 [ e,
i [ oo+ = [ 1=
+ —F((loz_—ti) /t (1 —5)*?y(s)ds

:/t (t—s) '+ (A -t)d—s)*" (1-1)
0 I(a) [la—1)
)

[

-/ Gt s)y(s)ds,

The proof is complete.
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1.10 Existence and uniqueness of the solution

This section constitutes a preliminary part in which fundamental concepts and results of
the theory of functional analysis are recalled (Banach contraction principle, equicontinuity,
Schauder’s theorem, Arzela-Ascoli theorem,...). Subsequently, the question of existence and
uniqueness of the solution for the boundary value problem of fractional order differential equa-
tion will be addressed.

1.10.1 Fixed point theory

In this part, we have revisited some definitions and theorems from [34]

1.10.2 Banach fixed point theorem

Let us consider the following initial value problem

u = f(t,u), u(to) = uo. (1.1)

By applying the integral operator, we obtain the equivalent integral equation :

u(t)—/t F(s,u(s))ds + uo, (12)

and let {u,} be a sequence of functions, with

uy(t) = / f(s,up)ds + o, u(to) = up, (1.3)
and, in general, .
Upi1(t) = / f(s,un(s))ds + ug. (1.4)

This is called Picard’s method of successive approximations. One can show that converges
uniformly on some interval |t — ty| < k to some continuous function, say u(t). Taking the limit
in the equation defining u,1(t), we pass the limit through the integral and have

u(t) = ug —|—/t f(s,u(s))ds,

so that u(ty) = uo and, upon differentiation, we obtain u'(t) = f(t,u(t)). Thus, u(t) is a solution
of the initial value problem. Banach realized that this was actually a fixed point theorem with
wide application. Let us define an operator B on a complete metric space C([to, to+ k|, R) with
the supremum norm || - || by v € C as

t
(Bu)(®) = o+ [ fs.uls)ds,
to
then a fixed point of B, say B¢ = ¢, is a solution of the initial value problem.

Definition 1.10.1 [70/
Let (E,d) be a complete metric space and B : E — E. The operator B is a contraction if
there is a A € [0,1) such that u,v € E imply

d(Bu, Bv) < Ad(u,v).
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Theorem 1.10.1 ([10] (Contraction Mapping Principle))

Let (E,d) be a complete metric space and B : E — E a contraction operator. Then there is a
unique u € E with Bu = u. Furthermore, ifv € E and if {v,} is defined inductively by v; = Bv
and v, = Bv,, then v, — u, the unique fized point. In particular, the equation Bu = u has
one and only one solution.

Theorem 1.10.2 [70/
Let (E,d) be a complete metric space and suppose that B : E — E such that B™ is a
contraction for some fixed positive integer m. Then B has a fized point in E.

Theorem 1.10.3 [10/
Let (E,d) be a compact metric space,

B: E — E and d(Bu, Bv) < d(u,v), for u# v. (1.5)
Then B has a unique fixed point.

Theorem 1.10.4 [70/
If (E,d) is a complete nonempty metric space and B : E — E is a contraction operator with
fixed point u, then for any v € E we have :

d(Bv,v
(CL) d(u,v) < ﬁa

(b) d(Brv,u) < XdBu),

Theorem 1.10.5 (Arzela Ascoli)[2]
Let A be a subset of C(J; E); A is relatively compact in C(J; E) if and only if the following
conditions are satisfied :

1. The set A is bounded, i.e., there exists a constant k > 0 such that :

IfIl <& for every x € J and f € A.

2. The set A is equicontinuous, i.e., for every e > 0, there exists o > 0 such that
[ty —ta] <0 = |f(t1) — f(t2)| <€ for every t1,ty € J and f € A.

3. for every x € J the set {f(x), f € A} C Eis relatively compact.

1.11 Cauchy problem fractional order differential equa-
tion
The existence and uniqueness of the solution to a Cauchy problem for fractional-order

differential equations (using the Caputo derivative) will be studied, where the problem is given
in the following form :

{ “Dy(t) = f(t,y(t) te[0.7], 0<a<1 (1.50)

y(0) = w0, yo € R
tell that f:[0,7] € R — R is a continuous function.

Lemma 1.11.1 [31]
Let 0 < o< 1 and let h: [0,T] — R be a continuous function. A function y is a solution to the
Cauchy problem

25



y(t) =yo + ﬁ/{) (t —8)* h(s)du. (1.51)

Proof
We apply operator Z® to equation and we find

oD Doy = T (t) = y(t) + co = I°h(t)
= y(t) = I°h(t) — co

The initial condition gives

y(0) = (Z*h)(0) — co = —co = co = —Yo-

Thus,
y(t) = Ih(t) — (vo)
I a1
— m/0 (t—5)* " h(s)dx + yo.
in return
y(t) = yo + ﬁ/o (t = )" 'h(s)dx
=Zh(t) + yo.

we apply “D® to the integral equation IR
“Dy(t) = “D*(Zh)(t) + “D(yo)
= h(t).

Thus, it remains to verify that y(0) = yo,
y(0) = Z°h(0) + yo = 0 + %o
= Yo-

Then y is a solution to the problem 5T

Theorem 1.11.1 [10/
Let 0 <a <1 and f:[0;T] x R — R and satisfies the following Lipschitz condition :

[f(ty) = ft,2)| < kly — 2|, ¥t €[0,T], and y,z € R.

kT
['(a+1)

There exists a unique solution to the Cauchy problem [I-al.

<1,

Proof
We use the Banach fixed point theorem [ITT.
We transform problem into a fixed point problem (Lemma ICITT), considering the operator

F:C([0,T],R) = C([0, T],R)

v FGO =m0+ [ (=9 o y(o)de

where C(]0, 7], R) is the Banach space of continuous functions y defined on [0, 7] in R, equipped

with the norm
lyl| = sup [y(t)].
t€[0,T]
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It is clear that the fixed points of the operator F' are the solutions to problem IZh0. F' is well
defined, indeed : if y(t) € C([0,T],R), Then Fy(t) € C([0,T],R).

To show that F' has a fixed point, it suffices to demonstrate that F' is a contraction ; indeed, if
y1,y2 € C([0,T],R),t € [0,T] By using the Lipschitz condition, we obtain :

1 t
P = Foel = |y [ 006 (6D) = (Floomle) e = 9~

(@) Jo
1 t

< e [ o)) = sl - 9

_ a1

< i [ ) = )l — o s

k
< Fagl —y2||/ s
S
“Tla+ 1) Y1 — Y2
It states that due to the property % < 1, F'is a contraction, and according to Banach’s

Fixed Point Theorem, F' has a unique fixed point, which is the solution to problem 0.
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CHAPITRE 2

STOCHASTIC CALCULUS AND STOCHASTIC DIFFERENTIAL
EQUATIONS

Introduction

Probability theory constitutes the foundational building block of the mathematical and
statistical sciences, as it enables us to handle phenomena characterized by uncertainty and
ambiguity. Initially, the theory emerged in the 17th century to study games of chance and
gambling. However, it quickly evolved into a powerful tool with significant roles across various
fields, including the natural sciences, engineering, economics, and social sciences.

Probability provides a measure of the likelihood that a specific event will occur when per-
forming a given experiment. Rather than offering definitive answers about expected outcomes,
probability equips us with tools to assess the plausibility of each possible result. For example,
when tossing a fair coin, the probability of obtaining heads is 50%, as is the probability of
obtaining tails.

With the advancement of sciences and their applications, and the increasing complexity of
phenomena under study, it became necessary to develop analytical tools capable of offering a
deeper understanding of complex and uncertain systems, particularly in representing systems
that evolve randomly over time. This led to the emergence of stochastic process theory as a
natural extension of classical probability theory.

Stochastic processes are families of random variables indexed by time or by a particular
space, focusing on the study of sequences of events that evolve in a random manner. These
processes consist of collections of random variables, where the current state of the process
depends on the previous state and certain probabilities governing future changes. A classical
example of stochastic processes is the Brownian motion or Wiener process, and the study of
such processes helps in predicting the future behavior of dynamic systems.

Famous examples of stochastic processes include the motion of particles suspended in a fluid
(Brownian motion) and the fluctuation of stock prices in financial markets.

In this chapter, we focus on establishing the theoretical foundations necessary for understan-
ding and applying stochastic differential equations (SDE). This study will provide a comprehen-
sive review of basic probability concepts, including probability spaces, random variables, and
mathematical expectation. We will then move on to the study of stochastic processes, covering
concepts such as filtration, martingales, and Brownian motion, which serve as the fundamental
building blocks for constructing stochastic models.

Subsequently, we will discuss stochastic integration, with particular emphasis on the 1t
integral, which is an essential tool for solving stochastic differential equations. We will also
examine [t6’s formula and its important properties, such as the isometry property.

In the final part of the chapter, we will present stochastic differential equations and their
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applications, offering prominent practical examples such as the Ornstein—Uhlenbeck process, the
geometric Brownian motion widely used in financial modeling, and the Black—Scholes model,
which revolutionized the theory of option pricing.

2.1 probability Basics

2.1.1 probability space

In this section, we have revisited some definitions and theorems from [33].

Definition 2.1.1
A sigma-algebra (or o-algebra) the probability space Q) is defined as a family F of subsets of
(called events) satisfying the following properties :

1. the empty set & belongs toF.
2. if an event A is in F, then its complement A° is also in F.

3. if (An)S2, is a sequence of events belonging to F, then the union of all these events,
U Ay, ds also in F.

Definition 2.1.2
the probability measure on the probability space (2, F) is defined as a function P de Fto the
interval [0, 1], satisfying the following conditions :

1. the probability of the certain event, P(Q2), is equal to 1.

2. for any sequence of events A,, belonging to F and pairwise disjoint, the probability of the
union of these events, P (|J ", Ay), is equal to the infinite sum of individual probabilities,

2 om0 P(An).

Definition 2.1.3
A probability space is defined as a triplet (Q, F,P) where : - Q is a set, - F is a sigma-algebra
(or o-tribe) on 2, - P is a probability measure defined on (€2, F).

2.1.2 Random variable

Definition 2.1.4
let (2, F,P) be a probability space. A random variable on (2, F,P) , is any function X : Q — R
such that :

{we: X(w)e B} ={X € B} ¢ F,VB € B(R) (2.1)

2.1.3 Expectation of a Random variable

Definition 2.1.5 (cumulative distribution function)[34]
the cumulative distribution function of a random variable X defined on (), F,P) is the function
Fx(x) defined on R by :

Fx(z)=P(X <z2)=P{w e Q: X(w) <z}) (2.2)

Definition 2.1.6 [34]
If the cumulative distribution function Fx(x) is differentiable, the derivative of this function,
denoted fx(x), is called the probability density function of the random variable X :

8FX (.%)
Ox

= fx(z) (2.3)
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Definition 2.1.7 [34]
the mathematical expectation or mean, denoted B(X),is defined as follows :

1. Discrete case, when the random variable X takes discrete values (i.e., integers) in a
given interval, whether bounded or unbounded.

E(X) =) xxkP(X = k) (2.4)

2. continuous case Si X is a real-valued random variable (absolutely continuous)

+o0
E(X) = / 2 fx(z)dz (2.5)
Definition 2.1.8
let X andY defined :
=E(X*) —E(X)*>0 '
Cov(X,Y) = E((X — E(X))(Y —E(Y))) 2.7)
=E(XY)-EX)E(Y) '
Conditional Expectation
1. Conditioning with respect to an event B € F :
let Ae F: P(AN B)
N
P(A/B) = ———= 2.
(A/B) = 5 (28)
let X be an integrable random variable defined E(|X|) < o0 ) :
_ P(Xlp) .

2. Conditioning for a random variable ( taking values in the countable set) :
let X be an integrable random variable :

E(X/Y) = ¢(Y) (2.10)

where
Y(y) =E(X/Y =y),ye D (2.11)

3. Conditioning with respect to a sigma-algebra F;
let X be an integrable random variable defined on (2, F,[P) and F; be a sub-sigma-
algebra of F

Definition 2.1.9

the conditional expectation of X with respect to Fi. denoted E(X/F) is any random variable
Z such that B(|z]) < oo that satisfies :

i) Z is a random variable Fi-measurable.

it) B(XU) = E(ZU),for all bounded YU measurable random variables Fj.

Proposition 2.1.1
let X andY be to integrable random variables and F; C F, then :

1. E(aX +Y/F) = aE (X/F) +E(Y/F).
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2. FX <Y then E(X/F) <E(Y/F).
3. E(E(X/F))=E(X) (taking A = Q in the definition).
4. If X is independent of Fy then E (X/F,) = E(X), meaning that in the absence of any

information about X ,the best estimate of X is its expectation.

5. If X is Fi measurable, then E(X/F)) = X. this expresses the fact that F already
contains all the information about X .

6. If X is F1— measurable and E(|XY|) < +o0, then E (XY /F) = XE (Y/F).
7. If Fy C Fo C F, then E(E(X/F,) /F1) =E(X/F1).

2.1.4 Convergence of sequences of random variables

let (X,,):7, be a sequence of random variables and X another random variable, all defined
on (Q,F,P). there are several ways to the sequence (X,,) to X.
— Convergence in probability :

P
X, —= X si :Ve>0,limPweN: X,(w)—X(w)>e) =0 (2.12)

n—o0 n—o0

— Almost sure convergence :

X, —— X pssi : P (w €N lim X,(w) = X(w)) =1 (2.13)

n—oo n—oo

— Convergence in mean (or convergence in L' ) :

lim E (| X, — X|') =0 (2.14)

n—oo

— Quadratic convergence (or convergence in L?) :

lim E (|X, — X|*) =0 (2.15)

n—oo

2.2 Filtration and Stochastic Processes

2.2.1 Filtration

Definition 2.2.1 [28/
A filtration the context of a probability space (2, B,IP), is defined as an increasing sequence
(Fn)n>o0 sub-sigma algebras of B, i.e., F; is contained in Fs for allt < s.

Definition 2.2.2
Given a measurable space (2, F) ,a real-valued random variable X is said to be a measurable
function from (2, F) to R if :

XY(B)e F VBeB(R) (2.16)

Definition 2.2.3

the sigma algebra generated by a family of random wvariables (X, t € [0,T]) is the smallest
sigma algebra containing the sets X; ' (B) for all t € [0,T] and B € B(R). It is denoted as
o(X,t<T)

Definition 2.2.4
let (Ft)ysq s said to be right continuous if :

Fi=[)FereVt >0 (2.17)

e>0
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It is left-continuous if :

]—"t:a< U ]—"3> vt >0 (2.18)

0<s<t

the same sequence of filtration is termed complete with respect to a probability measure P when
Fo includes all subsets of F with probability measure zero according to P.

Definition 2.2.5
A filtrated probability space,denoted as (2, F,{F;,t > 0} ,P),is the probability space (2, F,P)
equipped with the compatible filtration {F;,t > 0}.

Definition 2.2.6
A filtration (Ft)t > 0 is said to satisfy the usual conditions if it is both right-continuous and
complete.

2.2.2 stochastic process

this section, we explore some fundamental concepts related to stochastic processes and
begin by defining them.[35]

Definition 2.2.7
let T' be anon-empty subset of R. A stochastic process (Xi),cp in R" is a family of random
variables taking values in R™ indexed by T'. for fized w € Q t — Xy(w) is called trajectory.

Definition 2.2.8 ( natural filtration)
the natural filtration of a stochastic process X = {X;,t > 0}, denote by F*, is the increasing
family of generated sigma-algebras generatedby{ X (s),0 < s <t}. t >0 that is :

FX ={FX =0({X(s),0 < s <t}),t >0} (2.19)

Definition 2.2.9
A process X = (X)i>0 s measurable if the mapping :

X RxOQ—=R"
(t,w) — Xy(w)

is measurable with respect B (R*) @ F and B (R™)

Definition 2.2.10
A process (Xy),or is said to be continuous if for almost every w € Q,t — Xy(w) is continuous
(i.e., the trajectories are continuous ).

Definition 2.2.11
Let (X3) be a process and (Ft) a filtration of (Q, F,P). We say that X = (X )t > 0 is adapted
to the filtration (Ft)t > 0 if, for allt > 0, X; is F;-measurable.

Definition 2.2.12

Let X = (X)t € T be a stochastic process. The finite-dimensional laws of the process X are
the laws of vectors of the type (Xty,..., X)) where n > 1 and ty,...,t, € T. Two processes
(X)t >0 and (Y)t > 0 are said to have the same law if they have the same finite-dimensional
laws.

Definition 2.2.13
The process X = (X)t > 0 has independent increments if, for alln > 1 and for all t; < ty <
... <ty €T, the vectors (th, Xy — Xoyy oo, Xy, — thfl) are independent.

32



Definition 2.2.14
A progressive process Xy, t € T (with respect to F) is a process such that, for allt € T, the
function (s,w) € [0,t] x Q — X (w) is measurable.

Definition 2.2.15
For all p > 1 and a stochastic process X = (X;)t > 0, X is said to be bounded in LP if its LP
norm is finite, that is, if supt > OE [| X;|P] < oo.

Definition 2.2.16
Given a filtration (Ft) and a function T : Q — R+ U oo, T is said to be a stopping time with
respect to (Ft)t > 0 if, for allt € Ry, the event T' < t is measurable by F;.

Theorem 2.2.1
Let (X;,t > 0) be an adapted process with continuous trajectories, and let T be a stopping time.
Then, we have the following equality :

T T
0 0

Moreover, if this quantity is finite, we also have :

T T
/ EX,dt =FE (/ Xtdt)
0 0
Definition 2.2.17

Given a filtered probability space (2, F,(Ft)t > 0,P), an adapted and integrable process X =
(Xt)ys0 @5 -

Martingale
Definition 2.2.18

— A martingale if, for all 0 < s <t, E(X;/F;) = X;.
— A supermartingale if, for all 0 < s <t, E(X;/F;s
)

) <X
— A submartingale if, for all 0 < s <t, E(X;/Fs) > Xs.

Proposition 2.2.1

— Any continuous martingale is a local martingale.
— A positive local martingale is a supermartingale.
— A bounded local martingale is a martingale.

Some inequalities

Theorem 2.2.2 [33] (Hélder’s inequality)
If X € LYY € LP, such that ¢ > 1 and % + % =1, then :

E[IXY|] <E[ X7« E[Y]7]»

Theorem 2.2.3 (Cauchy-Schwarz inequality)
Let X and Y be two square-integrable random variables. Then :

1. XY is integrable.

2.
(E(XY])* <E(X*)E(Y?)
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Theorem 2.2.4 (Doob’s inequality)
Let (M,,n € N) be a real square-integrable martingale. Then :

E [max M,f} < 4E [M2]

0<k<n

In particular,

E {sup Mﬁ] < 4supE [M]

neN neN

2.3 Brownian motion

2.3.1 Gaussian vector

In all that follows, (2, F,P) denotes a complete probability space.[35]

Definition 2.3.1
A random variable X defined on (2, F,P) is said to be a Gaussian or normal random variable
with parameters (m,o?) , (m eR,oe ]Ri) if its density function fx is given by :

fy = 1 e(‘%(%f}

o2

In this case, its law Px is given by
VA e B(R) Px(A) = / fx(z)dz
f

And it is noted
X ~ N (m,o?)

If m =0, the vector X s said to be centered.

Remark 2.3.1
When the standard deviation o is zero, the random variable X is constant, meaning that X is
almost surely equal to the mean m, i.e., P.

Proposition 2.3.1

A random variable X following the normal distribution N (m,c?) has :
— FEzpected value : E[X] = m.
— Variance : Var(X) = o2.
— Cov (X, Xy) = min(s,t) V0 <s,t<T.

Definition 2.3.2

X = (X1, Xo,...,X,) is a Gaussian random vector if all linear combinations of its compo-
nents are Gaussian, that is, for any choice of coefficients ay, ..., a, € R, the random variable
S a; X; is Gaussian.

i=1
Definition 2.3.3
A process X = (Xy)er is a Gaussian process if all its finite-dimensional distributions are

Gaussian, i.e., for all n > 1 and for any choice of times t; < ty < ... < t, € T, the vector
(X4, ..., Xy,) is Gaussian.

Proposition 2.3.2
If the random wvector (X1, Xo) is Gaussian, then the random wvariables X, and Xy are inde-
pendent if and only if their covariance Cov(Xy, X3) is zero.

Proposition 2.3.3
Any vector of independent Gaussian random variables is a Gaussian vector.
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2.3.2 Brownian motion

Historical Remarks and Basic Definitions. In 1828, Robert Brown published a brief account

of the microscopical observations made in the months of June, July and August, 1827 on the
particles contained in the pollen of plants [9].
In 1900, Bachelier [3] postulated that stock prices execute Brownian motion, and he developed
a mathematical theory which was similar to the theory which Einstein [21] developed.In 1923,
Norbert Wiener proved the existence of Brownian motion and made significant contributions
to related mathematical theories, so Brownian motion is often called a Wiener process [d0].

Definition 2.3.4 (Standard Brownian Motion)

A standard Brownian motion in dimension d over a time interval T = [0,T] or over the set
of positive real numbers RT is a continuous process with values in R, denoted by (W;)
(th, e ,Wtd)teT, which satisfies the following properties :

Wy = 0 almost surely. For all 0 < s <t in T, the increment Wy, — Wy is independent of
the information up to time s, o (Wy,u < s). For all 0 < s < t in T, the increment Wy — W
follows a centered normal distribution, with a variance-covariance matriz (t — s)I,, where Iy is
the identity matriz of size d.

teT

Definition 2.3.5 (Brownian motion with respect to a filtration)
A wectorial Brownian motion in dimension d over a time interval T = [0,T] or over the set
of positive real numbers R with respect to a filtration F = (F;),cp s a continuous process
F-adapted taking values in R, denoted by (Wy),cr = (th, . .,Wtd) which satisfies the
following properties :

Wo = 0 almost surely. For all 0 < s <t inT, the increment W, — Wy is independent of Fs.
For all0 < s <t inT, the increment W, — Wy follows a centered normal distribution, with a
variance-covariance matriz of (t — s)l4, where 1 is the identity matriz of size d.

Remark 2.3.2
Un mouvement brownien standard est un mouvement brownien par rapport a sa propre filtration
naturelle.

teT”’

Lemma 2.3.1
E[W,] =0 and E[W?|=t—ty for each timet > t,.
Proof. We observe that :
Wt - Wto ~ N(O,t —to)

and that :
]E[Wt - Wto] = ]E[Wt] - O

Moreover :

This concludes the proof.

Proposition 2.3.4
Let W = (W}) 5, be a Brownian motion defined on a probability space (0, F,P). Then :

1. Symmetry : The process (=W) = (=W,),5, is also a Brownian motion.

2. Scale Change : For all X > 0, the process W = (Wt’\) defined by W} = (%) W A%t is
a Brownian motion.

3. Simple Markov Property : For all s > 0, if Fs := 0 (W,,u < s) and Wt(s) =Wt+s—Wj,

then the process W) = (W) 5, s a Brownian motion independent of Fs.

>0
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2.3.3 Stochastic Integral

Langevin’s 1908 approach to Brownian motion, rooted in mechanical equations with ran-
dom forces, offers an alternative and more concrete perspective compared to earlier models.
This method has since gained wider recognition.

We first define the integral for elementary processes. Then, leveraging a result on complete
spaces, we extend this definition to adapted processes with a second-order moment. Finally, we
explore Itos formula and the integral associated with an It6 process.

Definition 2.3.6 (Wiener Integral)
The Wiener integral is simply an integral of the form :

t
/XSdWS
0
Lemma 2.3.2 [7]

If f € H? is an elementary function, and we define I;(w) = f(f f(w, s)dBs, then I, is a martin-
gale with respect to Fy.

Theorem 2.3.1
Let f € H?. The continuous process fg fdB is a martingale with respect to aF;.
One major advantage of the Ité integral is that it implies :

Vfe H*t>0, FE [/tf(.7s)st} =0
0

It6’s Formula

Introduction
When performing a change of variable in an integral, setting y = f(x), we generally use the
notation dy = f'(x)dx. This relation follows directly from Leibniz’s notation, where dy = %dw.
When dealing with a composite function, for instance when x depends on time ¢, we can still
apply the chain rule in integrals, which gives :
dy = ﬁd—xdt
dx dt
Since the It6 integral, like the Riemann integral, is defined as an infinite sum of infinitesimal
increments dB;, and because this definition aligns with Leibniz’s notation and related manipu-
lations, it seems reasonable to apply the same rules in this context.
However, if we take f(x) = 2% as an example, we would have :

t t
Y, = B2, dY,=2B,dB,, and / 2B,dB, = / dY, =Y, — Y, = B> (FALSE)
0 0

This is incorrect since fot 2B.dB, is a martingale.
Using It6’s formula, an additional term appears :

t t
Bf:/ ZBSdBSJr/ ds
0 0

and the rules of variable substitution must be adjusted.
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Definition 2.3.7 [7/(It6’s Formula)
Let B, be a F; Brownian motion on (2, A, P). An Ité process is a stochastic process Xy of the
form :

Xi(0) = Xl + [ s + [ ol B

where u and v are Fy-adapted, and the involved integrals are well-defined a.s.,
ie. [ |u(w,s)|ds < 0o a.s., and v € H?.
We use the following notation :

dX; = udt + vdB;
which leads to Ito’s formula in dimension 1.
Theorem 2.3.2 [7]
Let X; be an Ito process defined by :

t t
Xy =Xo+ / ugds + / v.dB,
0 0

where we denote uy = u(w,s) and vy = v(w,s). Let f(t,z) : [0,00[xR — R be a C? function.
Then :
}/t - f (ta Xt)

s an Ito process satisfying :
t 8 ta 1 ta2
Y, = (0, Xo) + /0 a—JSC (s, Xs)ds + /o 8_£ (s, Xs) (usds + vsdBy) + 5/0 a—xé (5, X,) v2ds
Example

We consider the It6 process B;. It satisfies the integral equation :

t
By :/ dB;
0

dXt == dBt
where u = 0 and v = 1. We consider the function f(¢,z) = 22. Itd’s formula gives :

d(X7) =2X;dB, +1-dt

or equivalently, it is the solution of :

The last term related to % = 1 is essential. Indeed, when taking expectations, we obtain :
E[dX}] =2E[XydB]+1-dt =1-dt
Since the It6 integral is a martingale, the middle term cancels out. Thus, we get the deterministic
equation for B; = X; :
dE (B}l =1-dt, E[Bj]=1, so E|[B|] =t

It6 Isometry
Theorem 2.3.3 [7]
Let f € H?[0,T]. Then :

()l z2apy = [1f 122 (apxar)
Proof
Let f, be elementary functions such that || f — fall2(apxary — 0-
By definition of the integral, [T (f,) — I(f)|| z2(gp) — O-
Moreover, ||fn”L2(dP><dt) =1 (fn)||L2(dp) Vn 2 0.
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2.3.4 Stochastic differential equations (SDE)

Stochastic differential equations (SDE) are an extension of traditional deterministic diffe-
rential equations, making it possible to incorporate uncertainty, noise, or random disturbances
into dynamic models. That is, a stochastic element is included to represent uncertain or random
phenomena that affect dynamic systems.

SDE first emerged in the twentieth century with the development of stochastic process theory by
Robert Brown and were later mathematically formulated by Einstein and Wiener. The modern
theory was largely built on It6 calculus, developed by Kiyoshi It in the 1940s, which provides
a precise mathematical framework for defining stochastic integrals and differential equations
driven by Brownian motion.

They were first used in statistical physics to describe the diffusion of particles in fluids.
Stochastic differential equations are applied in various fields, including economics and finance,
physics and electronics, engineering, and biology.

Definition 2.3.8
A Stochastic Differential Equation (SDE) is an equation for the process X (with values in R?)
of the form :

dX, = b(t, X,)dt + o(t, X,)dB, (2.20)

Theorem 2.3.4
Let T>0and b:[0,T] xR —- R,0: [0,7] x R — R be measurable functions satisfying, on
0,7 xR :

b(t,2) + ot 0)] < C(L+[al),  [b(t2) = b(t,y)| + |o(t,2) — o(t.y)] < Cla — g

where C' > 0 is a constant, and Z is a random variable in L*(dP) independent of the -algebra
generated by (Bs),~o. Then, the SDE (Z220) admits a unique t-continuous solution in L*(dP xdt)
adapted to the filtration generated by Z and B.

2.3.5 Example

We will now provide some applied examples to help better understand stochastic differential
equations.
Let’s consider the following SDE :

dX; = a(b— X;)dt + odW (t)

We need to verify :
Lo o(x, t) = by, )] + [a(z, 1) — aly, )] < K|z —y[,Vt =0
2. |o(x, ) + |a(x, ) < K2 (1+2%),Vt >0
3. E[X?] <
We have :
b, £) = by )| + lal 1) — ay, )] = a(b — 2) — a(b — y)] + lo — o]

= lallz =y

since :

. 2 ; <
PR S
x* if|z] > 1 1+a2? if|z]>1
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thus
b(x, 1)* + |a(z,1)]* = |a(b — z)|* + |0’

a’(b—z)? + o?

= a? (b2 — 2bx + x2) + o

a® (b° + 2|b||z| + z%) + o

a® (b° +2b| (1 + 2°) + 2°) + o7

=a® (b° +2[b]) + o + (2[b] + 1)z?

max (a® (b* + 2[b]) + o*(2[b] + 1) (1 + z?)

IA A

IN

So let’s set K = max <|a|, Va2 (02 +2[b)) + a2, \/2|b] + 1>.

Since the initial condition wasn’t specified, we only need to choose X, to be square-integrable
to fulfill condition (3).

Ornstein-Uhlenbeck Process as a Solution to the Langevin Equation

[7] The Langevin equation £V = —4V + L(t) in the It6 formalism can be written as :

AV, = —~AV,dt + odB,
V(O) = Vo

which has a solution according to theorem PZ34.
Here, dB; replaces a mathematically ill-defined random force L(t). So we have :

AV, = —yVidt + L(t)

For each trajectory V;(w), we would use the method of variation of constants. This method is
compatible with our formalism. By setting

Ct = ‘/;56’%
we have, applying 1t6’s formula to f(¢,z) = e'x :
dCt = ’}/Ctdt + €’yt (—"}/‘/;dt + O'dBt) = eﬂ’tadBt

and thus .
V, = e Moy + / e =) 5dB,
0

Application to Finance : Geometric Brownian Motion and the Black-Scholes Model
[@] In this model, the price of a stock is governed by the SDE
dS; = Sy(udt + odBy)
So = So

We set :
Y; = log(S;)

As we have no guarantee that S; does not vanish, we will perform a formal calculation without
justification. We apply 1t6’s formula with the function f(¢,x) = logz. We get

dlog (S;) = (udt + 0dB;) — o*dt = (p — 0 /2) dt + odB,
By integrating both sides, we obtain

Y, =log(so) + (0 —0°/2)t+ 0B, or S = sgelH=o*/2)t+oB:
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CHAPITRE 3

LFRACTIONAL STOCHASTIC DIFFERENTIAL EQUATION

INTRODUCTION

A fractional stochastic differential equation is a concept used to numerically solve this type of
equation. Fractional differential equations are generalizations of classical differential equations,
where the derivatives are fractional operators. Fractional stochastic differential equations add
a stochastic component, i.e., a random element, to the process.

Fractional differential equations are now receiving increasing attention due to their applica-
tions in various disciplines such as mechanics, physics, chemistry, biology, electrical engineering,
control theory, heat, etc. There have been only a few articles dealing with stochastic differential
equations of fractional Caputo order, and most of these articles have attempted to establish a
result on the existence and uniqueness of solutions. Here, we distinguish two types of solutions :
The first concerns mild solutions; for more details, see [6] on the existence and uniqueness of
this type of solution. The other type of solution is defined as a solution to a stochastic problem
associated with integral equations. We have the following fractional equation :

D2 (t) = Ax(t) + f(1), 0<a<l1,t>0,

3.1
o(0) =, &y
To solve B, we use the Laplace transform.
Equation B is equivalent to :
L{“Dx(t)} = L{Ax(t) + f(t)}
Thus :
S9%(s) — S* ' = L{Ax(t) + f(t)}
= S%i(s) = Ai(s) + f(s) + S* ' (by linearity)
= (5% — A)d = S+ f(s)
= (s) = (5 — A)[S* 1y + f(s)]
Now, we apply L1 A
L7H(a(s)) = L7H(S* = A) 7SI + f(s)]}
:> A
(t) = L7H(S* = A) 'S + f(s)} (3.2)
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Lemma 3.0.1 [29/

Let C' be the complex plane, for all « > 0, 8 > 0 and A € C"™. The Laplace transform of
tP1 B, 5 (At*) is given by s P (s* — A)™', walid for R(s) > |A|'/*, where Rs represents the
real part of the complexr number s.

Proof : For R(s) > || A||'/*, we have Y ;2 AkRS—(ktha = (g0 — A)_l. Then

I[P Eap(At")] =T

oo AkI tak-i—ﬁ i|

Z ak—l—ﬂ

k=0

N Z Ak g—(k+Da
k=0

= g B (s* — A)f1 .
We have :

O<ax<l et b=1
Thus : s*~ ' (s — A) ' = Z{t' " B, (At*)}

w(t) =Z7{(S% = A)7'S“n}
=T YnIZ{t°E,1 (At)}
=1 Ee1 (A7)
Therefore : Z{t* ' E, , (At%)} = 52~ (s* — A)~!
& T{t* "By q (At} = (s* — A)

We have :
TH(S* = A) ' f(s)} =T HZ{t* " Bl A(t)} ()}
=T HIZ{t*  Efam A)IZ{f (1)}
=T HI{t* Bam A(t*) « f(1)}}
=t B0 (At*) % f(2)

Definition 3.0.1
When the product f(x—t)g(t) is integrable over any interval [0, z] of RY, the convolution product

of f and g is defined by : N
- | fa=natar

T7H(S — A)7 [ ()} =t E(a.a)(At*) = £(1)
:/0 (t —7)  Equ(Alt — 7)) f(7)dT

Finally ;
CDex(t) = Ax(t) + f(t), 0<a<l1,t>0,

z(0) = n,

z(t) = Eq1(t)n + /o (t —7) ' Eyu(Alt — 7)) f(7)dT

Lemma 3.0.2 [38/
For all a > % and v > 0, the following inequality holds :

t
7 o— o— o—
—F(Qa =) /0 (t = 7)% *Eaq1 (77°*7") d7 < Egqy (1£7°71).
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Proof :
Let v > 0 Consider the corresponding linear Caputo fractional differential equation of the
following form :

D (t) = ya(t) (3:3)

The Mittag-Leffler function Eo, 1 (72**71) is a solution of 4.3 (see [IR] page 135), hence the
following equality :

t
a- v a— a—
Braor (87°71) =1+ m/o(t_7)2 “Epat (v7°7) dr,

Thus, by B2, we note for all ¢ > 0 :

t
’y o— o— a—
m/o (t —7)** 2 Eyary (77°7") d7 < Epqy (1#%°71)

3.1 Caputo Fractional Stochastic Differential Equation

Consider a Caputo FSDE of order « € [3;1] :

{ ODg, X (t) = AX(t) + b(t, X (t)) + o (t, X (1)) 28, (3.4)
X(0) =n, '

where (W), is a standard scalar Brownian motion on a complete filtered probability space
(Q,F,F:=F,P),

A€ R™ and b, 0 : [0;T] x R? — R are measurable functions satisfying the following condi-
tions :

1. (H1) 3L > 0 tel que pour tout x,y € R4 ¢t € [0, 7]
16(t, ) = b(t, y)|| + [lo(t, z) — o(t, y)|| < Lllz =y

2. (H2) fOT 16(s,0)[]?ds < 0o, ess sup ||o(s,0)] < oo
s€[0,T]

For each t € [0;00), let D; := L*(Q, F;, P).
The space of square-integrable functions f : Q — R¢

Definition 3.1.1 [1] (Classical solution of Caputo FSDE)
Let n € Dy be an F-adapted process. X is called a solution of 54 fort € [0,T]

X(8) =n + ﬁ /0 (t— 7" (AX(7) + b (7, X (7)) dr
1 t — 1) o(r, X(7 (8:5)
e [ 4= et X ()W

For all¥n € Dy, there ezists a unique solution to @, denoted : ¢(t,n)

Proof :
We have the problem B4 :

AW ()

“Dy. X (t) = AX(t) +b(t, X (1)) + o(t, X (1)) et

and X (0) = 7,
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Applying Z¢ to both sides :

I° (“Dg X (1) = I° (AX(t) 4 b(E, X (1) + o(t, X (1)) dW(t)) |

dt
X(t) — X(0) = ﬁ /0 (t —7)* Y (AX (1) + b(7, X (7)) dT
1 t o—1
+ m/o (t—7)""o(r,X(1))dW

becomes

X(t) =y + ﬁ /0 (t — 1)L (AX(7) + b(r, X (7)) dr + ﬁ /O (t = )0 o(r, X(7))dW

Theorem 3.1.1 (Variation of constants for Caputo FSDE)
Let n € Dy. We have :

ol = Eu () n+ | (= 7 B (£ — )" A) b (7, 0, m)) dr

t (36)
+ / (t = 1) Eua ((t = 7)*A) 0 (, @ (r, 7)) dIV,.
Vt € [0,7]
Remark 3.1.1 [1/
1. o(t,X(t)=0
2. Note that : E;(M) = Ey (M) = eM for M € R4
34 becomes
dX(t) = (AX(t) + b(t, X(t)))dt + o(t, X (t))dW,; (3.7)

By applying the previous theorem, we obtain an explicit representation of the solution to the
linear inhomogeneous FSDE of the form :

AW,

“Dy. X (t) = AX(t) + b(t) + a(t)W,

X(0)=mn (3.8)
Corrolaire 3.1.1

Assume that b € L* ([0, T],R?) and o € L= ([0, T],R?).
With T > 0; Then, the explicit solution of @8 on [0;T] is given by :

X(t) =B, (t°A)n + /O (t— 1) B ((t — 7)° A) b(7)dr
+ /0 (t —7) ' Epo ((t = 7)*A) o (1)dW,

Definition 3.1.2 (Weak solution of Caputo FSDE)
An F-adapted process X is called a weak solution of B4 with the condition X(0) = n if the
following equality holds for t € [0;T) :

X(t) =B, (t°A)n + /0 (t— 7)2 B ((t — 7)° A) b(r, X (7))dr

t 39)
+ /0 (t — T)O‘_lEa,a ((t—7)A)o(r, X (7))dW,.
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We will now discuss the existence and uniqueness of weak solutions to B-.

In this result, we stipulate that the system coefficients must satisfy both conditions (H1) and
(H2).

Theorem 3.1.2 [1] (Ezxistence and uniqueness of weak solutions) Assume that (H1) and (H2)
hold. For allm € Dy, there exists a unique weak solution Y of B4 satisfying Y (0) = n, which is
denoted 1 (t,n)E4.

Proof : Let H? ([0, 7],R?) := {¢ € H? ([0, T],R?) : £(0) = n} Define the corresponding Lyapunov-
Perron operator 7, : H2 ([0, 7], R?) — HE ([ ,T],RY) by :

T,Y (t) =E, (t“A)n + ) By (t = 7)*A) b(7,Y (7))dT

+/O (t—7)* ' Ey0 (t —7)A) o(r, Y (7))dW,

We know that the operator 7, is well-defined.

For complete the proof, it suffices to show that 7, is contractive with respect to an appropriate
metric on H2 ([0, 7], R?).

For this, we consider H? ([0, 7], RY) with a weighted norm |- ||,, where v > 0, defined as follows :

E(lE®1*) 2 a
&l := sup pour tous ¢ € H” ([0, T, R 3.10
1€11 S A Bpas (0251 ([0, 7], RY) (3.10)
Clearly,
| - llm2 et || - ||, are equivalent.
Thus, (H? ([0,T],R?),|. ||,) is also a Banach space.
Then :

The set H% ([O,T],Rd) with the metric induced by || cdot||, is complete. By the compactness
of [0,7] and the continuity of the function ¢ — E, , (t*A),

there exists Mp := maxyecp7) || Ea,a (t*A4)[ > 0.

Now, we choose and fix a positive constant v such that :

I'2a—1)

2L*MZ(T + 1) S

<1 (3.11)
Therefore, by (H1)
T =Ty = | (6= 7 B¢ = 540
/0 (t = 1) Epal(t = 5)" A)o (X)W
- /Ot(t — T)a_lEa@((t —s5)*A)b(Y)dS
— [ = Bl = o Ao ) |

<(Li+ L) | (/0 (t = 7)* Baal(t — 5)*A)[X(s) = Y (s)]dW;) |

By the definition of 7,, (H1), the Ito isometry and My, we have

/O (¢ -yt

2L / (t— 1) 2 X (1) — Y(r)|2udr

ITX (1) = ToY (), <2L2M7 X(r) = Y(7)lldr |5
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Using Holder’s inequality, we obtain :

ms —

17X (0 = TY (@)l <2L2M2(T+1)/0 (t =) X () = Y(7)|Gedr

and by the definition of || - ||, we have :

1T, X () — T,Y (1|2,
E2a 1 (,-yt2a71 )

2a 2E2a 1 (’)/7'2&_1) dr
E2a 1(7t2a 1)

<2L2ME(T + 1 fo X -Y|?

Thus

I'2a—1

)
HﬁX—EHuS¢%%@@+D IX -,

3.2 Study of Unique Solutions and Their Stability in
Fractional Stochastic Equations

Introduction

Consider a Caputo fractional stochastic differential equation (for short Caputo FSDE) of
order 3 € (3,1) of the following form :

dw (t)
it

where b, 0 : [0,00)R? — R? are measurable and (W;); € [0,00] is a standard scalar Brownian
motion on an underlying complete filtered probability space (2, F,F = {F;}icjo,00), P). For
each t € [0,00), let X; := L2(Q, F;,P) denote the space of all F; -measurable, mean square
integrable functions f = (fy,..., fa)* : Q — R? with

SE(£) =

where R? is endowed with the standard Euclidean norm.A process X : [0,00) — L(Q, F,P) is
said to be F—adapted if X(t) € A, for all t > 0.For each k € X}, a F-adapted process X is
called a solution of (BI2) with the initial condition X (0) = & if the following equality holds for
t € [0, 00]

DY X(t) = b(t, X () + o(t, X (1)) (3.12)

[ Vms = VEI[f]I?

X(t)=r+ ﬁ (/0 (t —5)"'b(s, X (s))ds + /0 (t — 3)5_10(5,X(3))dWS) (3.13)

we assume that the coefficients b and o satisfy the following standard conditions :
(H1) There exists L > 0 such that for all z,y € R?, ¢ € [0, 00)

[1b(t, ) = b(t, )| + [lo(t, 2) — o(t,y)]] < Lz —yll.
(H2) o(-,0) is essentially bounded,i.e.
o (,0)lloc :=ess sup [o(s,0)]] < oo
5€[0,00)
and b(,0) is L? integrable, i.e.
/Ooo [b(s, 0)][2ds < oo
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Our first result in this article is to show the global existence and uniqueness solutions of (812)
when (H1) and (H2) hold. Furthermore, we also show the continuity dependence of solutions
on the initial values.

We need this lemma : Here, the weight function is the Mittag—Leffler function Fas_1(-)
defined as :

FEog_1(t) := f 11¢teR.
25-1(0) l;r((w—nkﬂ) oratte

The following result is a technical lemma which is used later to estimate the operator Tj.

Lemma 3.2.1
For any 8 > % and v > 0, the following inequality holds :

t
i 262 26—1 281
— | (t Eos_1(7t ds < Eag_1(7t .
F(26—1)/0( s) 26-1(7 )ds < Eap(y )

Proof.
Let v > 0 be arbitrary. Consider the corresponding linear Caputo fractional differential equation
of the following form :
CDgf_lx(t) = yx(t). (3.14)
The Mittag—Leffler function Eps_1(7t2°71) is a solution of B4, Hence, the following equality
holds : .
Bysa07) = 1+ el [ (6= s/ Bapa (06 s,

which completes the proof.

Theorem 3.2.1
(Global ezistence and uniqueness and Continuity dependence on the initial values of solutions
of Caputo FSDE). Suppose that (H1) and (H2) hold. Then
(i) for any k € Xy, the initial value problem B2 with the initial condition X (0) = k has a
unique global solution on the whole interval [0, 00) denoted by o(*, k) ;
(7i) on any bounded time interval [0,T), where T > 0, the solution (', k) depends conti-
nuously on k, i.e.

lim sup [[p(t,¢) — @(t, &)||ms =0
(=R ¢e(0,T)

we give an application of the main results concerning the mean square Lyapunov exponent of

non-trivial solutions to a bounded bilinear Caputo FSDE. To formulate this result, we consider

the following equation :

dW (t)
dt ’

where A, B : [0, 00) — R%*? are measurable and essentially bounded, i.e.,

Dl a(t) = At)z(t)) + B(t)x(t) (3.15)

esssup ||A(t)||, esssup||B(t)|] < oo

te€[0,00)] t€[0,00)]
for each k € &y \ {0}, there exists a unique solution of B13, denoted by ®(', k), satisfying the
initial condition X (0) = x. The mean square Lyapunov exponent of ®(-, k) is defined by

1
Ams(P(, k) := limsup — log || (¢, K)||ms (3.16)

t—o00 t

In the following corollary, we show the non-negativity of the mean square Lya- punov exponent
of an arbitrary non-trivial solution.

Corrolaire 3.2.1 (Non-negativity of mean square Lyapunov exponent for solutions of linear
Caputo fsde). The mean square Lyapunov exponent of a nontrivial solution of B1A is always
non-negative, i.e.,

Ams(P(,K)) >0 for all k€ Xy \ {0}
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3.2.1 Existence and uniqueness results
Existence, uniqueness, and continuity dependence on the initial values of solutions

Our aim in this subsection is to prove the result on global existence, uniqueness, and continu-
ity dependence on the initial values of solutions to the equation BT2. In fact, in order to prove
Theorem B7Z(i) it is equivalent to show the existence and uniqueness solutions on an arbitrary
interval [0, 7], where T > 0 is arbitrary. In what follows, we choose and fix a T' > 0 arbitrarily.
Let H2([0,7T]) be the space of all the processes X which are measurable, Fp-adapted, where
Fr = {F}icpo,r), and satisfies that

1 X][ge == sup [[X(&)]|ms < 00
0<t<T

Obviously, (H?([0,T1]),|-||m2) is a Banach space. For any xk € Xj, we define an operator T},
H*([0, T]) — H*([0, TT) by

T.(s) ==K+ ﬁ (/0 (t — 5)P71b(s, ¥ (s)ds + /0 (t —s)"to(s, 1/1(3))dW8) : (3.17)

The following lemma is devoted to showing that this operator is well-defined.

Lemma 3.2.2
For any k € Xy, the operator s, is well-defined.

Proof.
Let ¢ € H?([0,T]) be arbitrary. From the definition of 7)) as in B0 and the inequality
|z +y+ 2> < 3(||z|> + |yl|> + ||2]|?) for all z,y,z € R? we have for all ¢ € [0, 7]

E (H [[6= o b s )
; (3.18)
Frgep” (’

JREEETE) )
By the Holder inequality, we obtain

E( 2) < /Ot( )22 dsE (/ llb(s, ||2ds>

t2ﬁ71
p— b d .
28— 1 (/ L S)
From (H1), we derive

Ib(s, w()II* < 2([Ib(s, 2 (s)) = b(s, 0)]I* + [[b(s, 0)[I)

1T () lms < BllAllms +

/0 (t — )% 1b(s, (s))ds

(3.19)

< 2L7|[¥ ()] + 2l[b(s, 0)I*.

B ([ I vonipas) <2 ( [ usias) +2 [ 1o oas

< 2L°T sup E((s)|?) +2 / 15(s,0)]

te[0,7

Therefore,
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which together with BT9 implies that

\ 2127 27201
E(] ) 2 e + / Ib(s,0)%ds. (3.20)

T 26— 20
Now, using [t0’s isometry , we obtain

“

/0 (t — )7 1b(s, (s))ds

/0 (= )% Lo (s, 1(s)) AW,

) 2f (/ot“‘@ﬂ Loi(s, (s >>dws)2
) ZdE </ot(t - S)2ﬁ_2|0i<57¢(s))|2ds) |

1<i<

_E ( - s>2ﬁ—2||a<s,¢<s>>||2ds) |
From (H1), we also have

lo(s, v (s)II* < 2L ()1 + 2llo (s, 0)]I* < 2L2 [ (s)[1* + 2[lo (-, 0) 1%

Therefore, for all t € [0,7] we have
2
W, )

<28 ([ (- o7 ute)lPas ) + 2o o) [ (6 s

T2571 2T2/571 T
< 2L2 V(s)||Ze + / a(-,0)%.
SO+ 55— [ IeC0l

This together with BT8 and implies that ||T,¢||m2 < co. Hence, the map T}, is well-defined.
To prove existence and uniqueness of solutions, we will show that the operator 7T, defined as
above is contractive under a suitable temporally weighted norm for the same method to prove
the existence and uniqueness of solutions of stochastic differential equations). We are now in a
position to prove Theorem B=21.

Proof of Theorem. B21. Let 7" > 0 be arbitrary. Choose and fix a positive constant v such
that

/0 (t — )% o (s, (s))d

3L3(T + 1)T(28 — 1)

V> 3.21
[(op %20
On the space H?*([0,T]), we define a weighted norm || - ||, as below
E(XOI?) 2
X|| = sup | =———5—~ forall X € H*(|0,T]). 3.22
H H’Y 10,7 \/E25_1<’Yt26_1) ([ ]) ( )
Obviously, two norms || - |2 and || - ||, are equivalent. Thus, (H?([0, 1), || - ||,) is also a Banach
space.
(i) Choose and fix k € Xp. By virtue of Lemma B2, the operator T}, is well-defined. We
will prove that the map T}, is contractive with respect to the norm || - ||,.

For this purpose, let 1, 1) € H?([0,T]) be arbitrary. From BI7 and the inequality
lz+yl|* < 2(||]]?+ ||y||?) for all z,y € RY, we derive the following inequalities for all t € [0, 7] :

E (ITab(t) ~ Td(I?) < (25)21@( )

(H/ (5, 6(s5)) — (s, ()W, ) |
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(t = 5)77H(b(s,9(s)) = b(s,4)(s)))ds




Using the Holder inequality and (H1), we obtain

“

2 t
) < LQt/ (t = )P 2E([¢(s) — 0 (s5)]1*)ds.
0
On the other hand, by Itd’s isometry and (H1), we have

“ )

— & ([ 6= 97 ot v060) — oo, S s

/0 (t — )1 (b(s, ¥ (s)) — b5, (s)))ds

/0 (t — 5)7 (o (s,0(s)) — (s, ¥(s)))dW,

<12 / (t — 575 2E(|(s) — $(s)|P)ds.

Thus, for all ¢t € [0,7] we have

2L%(t+ 1)
L(p)?

which together with the definition of || - ||, as in (8722) implies that

E (IT(t) - Tb(t)]?) < / (t = $)*2B(|[v:(s) — 0(s)|*)ds.

B (ITt) = Td@IP) _ a22(¢ +1) Jilt - 2 Byys(35%1) s o2
Eog_1(yt%°1) NG Eng_1(yt%°1) v
In light of Lemma B2, we have for all ¢ € [0, 7]
E (|| Tx(t) — T (1) )2 )
( ) _2@B-1)L §T+ 1)”¢ e,

Eopq (7t2971) N I'(8)%y

Consequently,

oT(28 — 1)L2(T + 1)
['(8)%?

| Tt — TM&HW < K|[v — 1&“7, where &k := \/

By (B220), we have x < 1 and therefore the operator T, is a contractive map on H*([0,T7), ||+
Using the Banach fixed point theorem, there exists a unique fixed point of this map in H?([0, 7).
This fixed point is also the unique solution of (812) with the initial condition X (0) = . The
proof of this part is complete.

(ii) Choose and fix T' > 0 and &, € Xj. Since (-, k) and ¢(-, () are solutions of (B12) it
follows that

o(t,rk) —p(t, () =r—(+ ﬁ/@ (£ — 5)5~1(b(s, p(s, K)) — b(s, o(s, C))) ds
L t . B—1 ols s k) — ofs 5
+F(ﬁ)/o(t )" (05, 0(s, /) — a(s, 9(s, () AW

Hence, using the inequality ||z +y + z||* < 3(||z]|* + [|y||*> + ||z]|?) for all z,y, 2 € R?, (H1),
the Holder inequality and It6’s isometry (see Part (i)), we obtain

B (liettr) — ot I7) < 2D [ 2B m) = ol Ol s
+ 3 — ¢J1)
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By definition of || - ||, we have

By (0t*71) _3L*(t+1) [*, §)26-2 $28-1) 4
ORI E /o (=87 Bapa357) d
X [lo(- k) — (- QN2 + 3E([|x — ¢IIP).

E (et x) — ot Ol

By virtue of Lemma B=22, we have

N , 3LA(T+ 1T (28 —1)
I k) = (OIS < T ()
Thus, by (B=Z1) we have

lo (- 5) = (- OIS <

lo (-, 5) = @ OIS + 3ll% — €l

3L2(T + 128 — 1)
L(B)?

le (-, 1) = (OIS + 3l15 = Cllzns

Hence,

lim sup [jo(t, k) = @(t, () |ms = 0.
K€ t[0,T)

The proof is complete.

We conclude this section with a discussion on the gap in the proof of global existence of solutions
for Caputo fractional stochastic differential equation in B4

3.2.2 Exemple

Consider the following caputo fractional stochastic differential equation :

CDi X(t) = ( 21 )X(t) + { sin 1 + { cos X, } dWE) e 0, 1],

3 4 X2 + 3 tan X2 dt ’

A (3.23)
xo=| 5]
is a Brownian IIlOtiOI(l )VVith
X1(t
— W(t) is a Brownian motion
2 1
Sa-(50)
- | sin Xy cos X, .
b(t, X (1)) = [ Xy 4 3 1 o(t,X(t) = [ tan X, } . are measurable functions
Then,
by BM, the unique solution of B=23 is :
t
X(t) =Bt An + / (t—7) 4 Bay (L= )PA) b7, X (1)dr
0
! 1 4
+ [ @=m) 5By ((t=7)3A) olr, X(7)dW (7).
0 5’5
3.2.3 Exemple
Consider the following caputo fractional stochastic differential equation :
O (1 =2 e X1 1+ X2] dW(t)
Dy X(t) = 0 3 X(t)+ X21/3 + arctan Xo| dt ' te (0.1, (3.24)

where :
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>

0-(xi0)

— W(t) is a standard Brownian motion

_B(>

/ 2
- X(t) = [ 1/3} ,o(t,X(t) = { 1+ Xl]are measurable functions

arctan X,
Then,
by B®, the unique solution of B2 :
X(t) = B3 ,(t*B)n

t
+/ (t—7)2E;
0 2

-

3.3 Analysis of stochastic neutral fractional functional
differential equations

Njw

(=)
(-7

B) F(r, X (r))dr

Nlw

NI
N|w

E LB (7, X(7))dW (7).

[SIY)
ol

3.3.1 Problem formulation

Let (©,.%#,P) be a complete filtered probability space with a family {.%;,¢t € [0,T]} of
increasing sub- o-algebras called filtration. The filtration is stated as right continuous if .%; =
st Zs for all t € [0,T]. Let X and H be separable Hilbert spaces. Let L(X) be the space
of all bounded linear operators and W (t) be an H-valued Wiener process with a finite trace
nuclear covariance operator () > 0. Furthermore, consider the Hilbert space 4 = Q'/?H with
the inner product (X, YY)y = (Q 12X Q- 1/2Y) for all X,Y € 77, and the corresponding norm
is denoted by || - ||o- Let Lg be the space of all Hilbert-Schmidt operators from .74 to X. Also,
we denote the expectation with respect to probability P by E. Consider the stochastic neutral
fractional functional differential equation of the form

CD (x(t) — g (t,x(t)) = Ax(t) + f (t,x(t)) + o (t,x(t)) TE, ¢ e0,T],
{ x(0) = xo, !i eX (3.25)

where 1/2 < a < 1. The solution z(t,w),t € [0,T],w € 2, represented as z(t) : @ — X, takes
values in a real separable Hilbert space X. We represent z(t) : Q@ — C,,t € [0,T] by defining
x(t) = {z(t +0) : 0 € [0,T]}, Further, the initial condition z,. denote the Borel measurable
functions which are continuous and satisfy the Lipschitz condition : for all 1,2, € X and
t € [0, 7], there exist Ly, Ly > 0 such that

1 (1) = (& 22) |l < Lo (21 = 22lx) (3.26)
lo (8, 21) = o (8, 22) |, < Lo (|41 — zallx) (3.27)

Also, f and o satisfy the linear growth condition : for all x € C, and t € [0,T], there exist
positive constants Lz, Ly > 0 such that

1£ (8 2l < Ls (1 + [|=[l%) (3.28)
lo(t, 2l < La (1+ [l]%) (3.29)

We impose some hypothesis on the continuous function g as follows : Assume there is a constant
v > 0 such that, for all z € C; and ¢ € [0, T,

lg(t, 2)l1% < +* (1 + ll=If%) (3.30)
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Also, let the function g be a contraction, that is, there exists a constant n € (0,1) such that,
for all 1,29 € C. and t € [0,T7,

lg (&, 21) = g (&, 22)llx < mllzn = 2ol (3.31)

We now present some well-known standard definitions in fractional calculus that are used
frequently in establishing our results. For a > 0, with n — 1 < o < n and n € N, we state the
following well-known definitions.

For simplicity, the bounds of Mittag-Leffler functions with one and two parameters when acting
on the bounded linear operator A of BZ3 are represented as follows :

S; = sup ||E, (Ato‘)HL(X), Sy = sup ||Ea7a (Ato‘)||L(X) (3.32)
te[0,T] t€[0,T]

Our next intention is to find a solution representation of B23 based on the approach followed
n [36]. In order to find the solution representation, we need the following hypothesis.
(H1) The operator A € L(X) commutes with the fractional integral operator I* on X and

200—1)(T 2
A2 ) < Co=po

Lemma 3.3.1 [39/
Suppose that A is a linear bounded operator defined on X, and assume that ||Al|rx)y < 1. Then
(I — A)~L is linear bounded and

(I-A)"= iA’“

The convergence of the above series is in the operator norm and ||(]—A)*1||L(X) < (1-

||AHL(X))_1. We now wvalidate the inequality |[[*All, k) < 1. Then, by the above lemma, we
could reach the conclusion : (I — 1°A)~" is bounded and linear. Let x € X ; we have

9 T

E |1 4) e logomzzom)] < mrapp®
- T2a
= 2a- D)

sup / (t— 57| Ax(s) 2 ds]

te[0,7

E

Sup ||Aw(t)||§g]

te[0,7]
< E||$||2C([0,T];L2(Q,X))

by (H1), and hence we get the required inequality. Operating by I® on both sides of BZH, we
have

2(t) = 2(0) + g (t,2(t)) — g (0,20) + [*Ax(t) + I*f (t,(t)) + [0 (t, z(t)) _dvgt(t)
and so
w(t) = (I = 1°A)"" {330 +g(ta(t) — g(0,20) + If (t,2(t)) + I°0 (¢, 2(t)) dVth(t> }
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By means of lemma B=3, we obtain

2(t) = kf; (1 A)* {:co gt 2(t) — g(0,0) + I°f (t,2(t)) + %0 (t, 2(2) dVth(t) }
— kijo I* A¥[xg — g(0,20)] + g (¢, () + kijo [rota Ak {f (t,x(t) + o (t,z(t)) d‘g—t(t)}
= ki;o F(lia) /Ot(t — )" A 2o — g(0,x0)]ds + g (¢, (1))
" g; (s /t(t ot AR F (5, (s)) ds
3 gy € e ) A ),
() =i o= g0+ g tx(t) + [ =9 i A= T st ds
+ /Ot(t — )t ; %a (s,2(s)) AW (s).

The solution representation is

2(t) =Eq (At%) [x0 — g(0,z0)] + g (¢, 2(t)) + /0 (t=5)"" Eaa (A(t = 5)%) f (s,z(s)) ds

+ /U(t — 8)* By (At — 5)*) o (s,2(s)) AW (s).

Since
B [ 6= B (Al = 55 (526D, ds < o0 (5.3

we can say that the stochastic integral is well defined by (H1) and the Hilbert-Schmidt operator
(see, Prato and Zabczyk [14]).

Theorem 3.3.1 (Gronwall’s inequality [33])
Let T'> 0 and ¢ > 0. Let u(-) be a Borel measurable bounded non negative function on [0,T],
and let v(-) be a non negative integrable function on [0,T]. If

u(t) <c+ /tv(s)u(s)ds forall0 <t<T
0

then

u(t) < cexp (/tv(s)ds) forall0 <t <T.
0

Theorem 3.3.2
(Holder’s inequality) Assume Y to be a domain in R™. Also let 1 < p < oo and p’' denote the
conjugate exponent defined by

/ P

1 1
p = that is,— + — =1

p—1 p P
which also satisfies 1 < p/ < oo. If u € LP(Y) and v € LY (Y), then uwv € L*(Y) and

/yu |dx<(/\u \pdx) (/yv |pdx)

The equality holds if and only if |u(z)P and |v(z)[?" are proportional a.e. in Y.
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Lemma 3.3.2 [33/
For any a,b >0 and 0 <~y < 1, we have

(3.34)

The following inequality is the generalization of Doob’s martingale inequality, which will be
useful in our proofs to bound the stochastic integrals.

Theorem 3.3.3 [33/
Letp > 2. Let v € LP(Q2 x [0, T]; R) such that

T
IE/ lu(s)P ds < o0
0

P 3 piz T
El su < | — T2 E v(s)P ds. 3.35
(0<th ) B (Q(P— 1)> /0 [v(s)| (3.35)

3.3.2 Existence and uniqueness of solutions

Then t
AU@NW@)

The next lemma points us in the direction of establishing the solution’s existence and
uniqueness.

Lemma 3.3.3
Let x(t) be the solution of @24 for which assumptions 284330, B-32 and (H1) hold. Then
372 52(L3+4Ly)
E { sup ||m(t)||§§] < e G=n@a=D (3.36)
0<t<T

Moreover, the solution x(t) belongs to C ([0, T]; L*(Q,X)).

Proof
Let 7™ be the stopping time defined as

" =T ANinf{t € [0,T] : ||z(t)|x > m}
for any m > 1. Fix 2™ =z (t A7™) for t € [0,T]. Then, for 0 <t < T, we have
2" (t) =Eo (At%) [zo — g(0,20)] + g (¢, 2()™)

+ /0 (t— s)a_lECW (A(t —5)%) f (s,2(5)™) Io,7my (s)ds
+ /0 (t—8) " 'Eyu (At —5)*) o (s,2(s)™) I1o7my(s)dW (s)

Applying Lemma BZ332, assumptions BZ8-830, B=32 and Doob’s martingale inequality, one can
derive that
meoA2
B[ sup lo"()1E]
0<r<t
657 (1+1%)

T

< [sup (1+ ||xm<r>||§)] n
0<r<t

sup (1+ 2™ (r)|[3) ds

0<r<s

377153 (Ls +4La) /T
(1=7a=1) )
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Finally, by means of Gronwall’s inequality,

q 4T2as§(||A|\2LX)2+L3+4L4>
| swp [+ (13| < e T
0<t<T ]
Thus,
1 472053 (]| A3 32+ L3+4L4)
E[ swp [lz(®)2] < cre—— nteD
0<t<rm |

Hence, the required inequality is obtained by letting m — oc.

Theorem 3.3.4

(3.37)

Let assumptions B20-331332 and (H1) hold. Then there exists a unique solution x(t) €

C ([0,T], L*(Q,X)) to system EZ3.

Proof Uniqueness :

Let z(t) and Z(¢) be the solutions of B2 with the initial data z(t) = x¢(t) and Z(t) = zo(¢) for
t € [0, T]. Both the solutions belong to the solution space C ([0, 7], L*(©2,X)) by Lemma B=3=3

. Note that the difference in the solutions is
z(t) —z(t) = g (t,z(t)) — g (t,Z) + T (¢)
where
O = [ (=5 Eaa (Al =) (f (s12(5)) = £ (5,2)) s

+ /0 (t—8)* ' Eyu (At — 5)%) (0 (s,2(s)) — 0 (s,7,)) AW (5)

Applying Lemmas B=32 and B=31, we get
_ _ 1
() = 2(6)|% < lla(t) — zll% + EHJ(UII%

Therefore,

0<u<t (1=n)? lo<u<t

E [sup Hm(u)—m(u)”%} < 1 E{sup ||J(u)||§g}

And one can easily derive that

2a—1 t
B | sup 17| < 2583 (134 413) [ B | sup fots) — a(o) | s
0

0<u<t 200 — 1 0<u<s

Consequently, we have

B | sup llow) — 203

0<u<t
3T2a—152 LZ 4L2 t
< I e sup fa(w) — sl ] a
o — 0 0<u<s

Gronwall’s inequality implies

(3.38)

(3.39)

Therefore, the solutions x(t) and Z(t) are equal for 0 < ¢ < T, hence for all 0 < ¢ < T, almost

surely.
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Existence : Let us split the existence of the solution into the following two steps.
Step 1 : We consider T is sufficiently small so that it satisfies

37283 (A3 7 + L3 + 4L3)
(I—7)@a—1)

Set 23 = xg and 2° = x¢ for 0 < ¢ < T'. In addition, let 2} = o for each n = 1,2,3,..., and
define the Picard iterations as follows :

pi="+ < 1. (3.40)

2"(t) =B (At*) [z0 — 9(0,20)] + g (,2(t)" ™)

+ /0 (t—8)" " Eya (At —5)*) f (8, x(s)”_l) ds
+ /0 (t —8)* ' Ena (At — 8)*) o (s,2(s)""") dW (s) (3.41)

It is self-evident that z°(t) is .%;-measurable and belongs to C ([0, T]; L*(Q2,X)). Then, by
induction, it is easy to say z"(t) € C ([0, T]; L*(2,X)). Consequently, we have

sup E{on(t)”;} < 00

0<t<T

Applying Lemma BZ332, linear growth conditions 329 B34, and Doob’s martingale inequa-
lity on B, one can derive that

| sup " (01E]

0<t<T

35?2
<[ s (L o E) | + sl - 90,20l

0<t<T (1 - 7)
+3 e SaL E/T sup (1 + Hx(s)”_1H2> ds
(I=7Ra =177 fy ocesr %

T2t 2 ’ n—1|2

12— SLE /0 Oi% (1 sy ) s
n— 1 1 + g ) 2
<~HE |:0iltl£T <1 + ||$ H )] —Py||$0||X
37207182 (Ly +4Ly) _, [T ne1 112
T B g, (ol

Note that, for 0 <t < T,

B[ sw 170 - 01

0<t<T
272152 (12 + 412) 2
< 29E||zo||% + = 2)(204 Y E/O <1 + ||m0(s)||x> ds
T2a 1 2(L2—|—4L2>
< 20E ||zl + i 2)(2015 0 (L +Ellollx) T
=K (3.42)
for n > 1. Next, we claim that
n n 2 T
E | sup [2"'(t) — = (15)”X < Kp (3.43)

0<t<T
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For any n > 1,
2"T(t) — 2™ (t) =g (t,x(t)") — g (t,x(t)" ")

+/0 (t = 5)" " Boa (At = 5)) [f (s.2(s)") = f (5,2(s)" )] ds
+ /0 (t = 8)* ' Eaa (At — 5)*) [0 (s,2(s)") — o (s,2(s)"")] dW (s).

Simplifying in the same way as above, we get

| sup o100 - )]

0<t<T

<A { sup (1) — x"*(t)H?g}

0<t<T
3T°153 (L3 + 4L3) /T . [
(1 =7)(2a=1) o

<& [ s ()~ O]

0<t<T

s [lo'(s) — a0 ]

< o"E [ sup_||* () — x0(t)||§g]

0<t<T
< Kp". (3.44)

In view of B44, we say that holds for some n > 0. Thereupon, by means of Chebyshev’s
inequality,

1 1 2
P | sup ||z"T(t) — 2" (¢ 2>—}< E{su ") — 2" (t

|:0<t£TH Q ( )HX AN (1/2”)2 0<t£TH ( )HX
Thus, by applying B24 and summing up the resultant inequalities, we get

S [y [o710) =0 > 5] < Sty

0<t<T

Since the sum of series >~ K(4p)" is finite, using the Borel-Cantelli lemma we can conclude

that supg< <y ||2" T (t) — 90”(15)”?g converges to zero, almost surely. Thus, the Picard iterations
x™(t) converge almost surely to a limit z(¢) on ¢t € [0, 7] defined by

n—»00 - n—00
=0

lim [azo(t) - Z_: ("1(t) - x’(t))] = lim 2"(t) = z(¢)
From B2, we have

2(t) =Eo (A1) [x0 — g(0,z0)] + g (¢, 2(t)) + /0 (t—5)"" Eaa (At = 5)%) f (s, 2(s)) ds

o[ 9 B (A~ ) ) W) (3.45

Step 2 : We now eliminate condition B40. Take 6 > 0 to be sufficiently small for
20%*53 (L7 + 4L3)
(1-7)(2a—-1)
In consequence, there exists a solution on [0,4] to system BZ3 by performing step 1 . Let us
now consider system BZH on [, 20] with the initial condition 5. Again by step 1 , there exists a
solution on [d, 20]. Subsequently, we repeat step 1 until the existence of solution on the interval

[pd, T'] occurs. Hence, we conclude that there exists a solution on the entire interval [0,7] as
desired.

(3.46)
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3.3.3 Example

The following examples illustrate the for stochastic neutral fractional differential equation

Example 3.3.1
Consider the following equation :

{ D35 (x(t) — pa(t)) = —sa(t) + -0 e (0,7,

T+t 3.47
z(0) =z9, tel0,T (347)

where W (t) is a one-dimensional Brownian motion. Let us take the control to bev € L*([0,T|; R),
and so the corresponding controlled equation is
—20(t) + =wv(t), te (0,7,

CDR (2 2) = —1n T+t
Lo S o) (349

where

vin 1 bt —s)?2 1 bt —s)?5
z (t)—I0+F(3/5)/O it s) z (S)d8+r(3/5>/0 At s) v(s)ds

is the unique solution of [7.43.

Example 3.3.2
Consider the stochastic neutral fractional differential equation with multiplicative noise

{CD2/3(:c(t) <t>>:—%mt)+<3+smx<t>>dv§f“, te(0.7],
x(0) = zo, t€[0,T].

(3.49)

where infimum over an empty set is taken as oo and where 2¥(t), the solution of the equation

2"(t) = xo + F(%/S) /0 (t— 5)1/31 le Sz”(s)ds + F(21/3) /0 (t — )3 (3 + sin 2(s)) v(s)ds,

is the unique solution of an appropriate controlled system of 3.43.
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CONCLURSION

In this paper, we studied some fractional differential equations of the caputo type. we
then extended them by adding a stochastic term, transforming them into fractional stochastic
differential equations of the caputo type. We proved the existence and uniqueness of solutions
using different methods. additionally, we examined the solutions of neutral fractional stochastic
functional differential equations and established the existence of a unique solution under specific
conditions.

As future prospects, these equations can be further developed and explored using numerical
methods.
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