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Abstract

In this memory, we focus on studying the issue of the existence, uniqueness and stability of solutions
for a coupled systems of nonlinear integral equations under the 1)-RiemannLiouville fractional integral
in some spaces endowed with vector-valued norms (generalized Banach spaces in the sense of Perov).
The desired results are achieved by using a combination of fixed point theorems with vector-valued
norms technique as well as convergent to zero matrices. More specifically, we essentially confirm
the existence of at least one solution for the suggested problems via Schauder's fixed-point theorem
whereas the existence of a unique solution for the underlying systems is proved by Perov’s fixed-point
theorem. While the concept of the matrices converging to zero is implemented to examine different
types of stabilities in the sense of Ulam-Hyers (UH) of the given problems. Finally, some illustrative
examples are provided to demonstrate the validity of our theoretical findings.

Key words and phrases: Integral Equations, Coupled system, -Caputo fractional derivative,
fixed-point theorems, existence and uniqueness, Ulam-Hyrs stability, Bielecki norm, Banach space,
Generalized Banach space, Vector-Valued Norms.

AMS Subject Classification : 26A33, 34A08, 34B15, 45G15.



Résumeé

Dans ce mémoire, nous nous intéressons a |'étude de [|'existence, de l'unicité et de la stabilité
des solutions pour un systeme couplé d'équations intégrales non linéaires sous l'intégrale fraction-
naire de 1)Riemann-Liouville dans certains espaces munis de normes vectorielles (espaces de Banach
généralisés au sens de Perov). Les résultats souhaités sont obtenus en utilisant une combinaison de
théoremes du point fixe avec la technique des normes vectorielles ainsi que des matrices convergentes
vers zéro. Plus précisément, nous confirmons essentiellement |'existence d'au moins une solution
pour les probléemes suggérés via le théoreme du point fixe de Schauder, tandis que |'existence d'une
solution unique pour les systéemes sous-jacents est prouvée par le théoréeme du point fixe de Perov.
Le concept de matrices convergentes vers zéro est mis en uvre pour examiner différents types de
stabilités au sens d’Ulam-Hyers (UH) des problemes donnés. Enfin, quelques exemples illustratifs
sont fournis pour démontrer la validité de nos résultats théoriques.

Mots clés et expressions : Equations intégrales, Systeme couplé, Dérivée fractionnaire de /-
Caputo, théoremes du point fixe, existence et unicité, stabilité d'Ulam-Hyrs, norme de Bielecki,
espace de Banach, espace de Banach généralisé, normes vectorielles.

Classification AMS : 26A33, 34A08, 34B15, 45G15.



. 0
-

ey 1) Jos 2 B 5ae s g 1S OVolas alis] Jslo L ls 5800y Wl Blys e 555500 ods G
gl 5ad (o sl By Geaall 2bl Sleld) 20l Ggae plag 3253 Sleliad) Gam 3 6 m S [0
Kty o jaall Gl Obsias J) Blo VL) del) plall 25 me ) Ll ol ks e 20 pldsal 32 L)
Ch Loy, B il Lt 3 Y e B AL L) YT e dely o sy ole) S S, wad i)
Gl Wil Oy % INe e Bl 25N A 3 e 3

laall Lol (UH) 5la-p Vsl psgdl Uy 5l e adke gl 2ulyd il 3 lbyiall )l psghe g Ly
) L2l a2 LY At 1 a1 i, L

) )l s il 5 g, Al b id SO 2,0 el el SVl rae- el AN
WSl wa,vAA\ L eliab, UL eliab L I PO

45G15. 34B15, 34A08, 26A33, : AMS ﬁ)”f R



Contents

[Introduction| 9
(1__Preliminaries| 11
(1.1  Functional spaces| . . . . . . . . . .. 11
(.11 introdiction]. . . . . . . . . . . . 11

(1.1.2  Space of Continuous Functions| . . . . . . . ... ... ... ... ..... 11

(1.1.3  Spaces of Lebesgue's Integrable Functions L”| . . . . ... ... .. .... 11

[1.1.4  Spaces of Absolutely Continuous Functions| . . . . . . . . ... ... ... .. 12

(1.2 Special Functions| . . . . . ... 12
(1.2.1 Gamma functionl . . . . . . . ... 13

(1.2.2 Beta Functionl . . . . . . . . . . 13

(1.2.3  Mittag-Letfler Function| . . . . . . . . .. ... ... 14

(1.3 Fractional Calculusl . . . . . . . . . . . 15
[1.3.1 % Riemann-Liouville Fractional Integral| . . . . . . . .. ... ... ... .. 15

[1.3.2 Caputo-type fractional derivativel . . . . . . . .. ... ... ... ..... 17

[1.3.3  The relation between derivatives and integrals.| . . . . . . . ... ... ... 20

(1.4  Some Classical Results in Matrix Analysis{ . . . . . . ... ... ... ... ..... 22
1.5 Some Fixed Point Theorems on Spaces Endowed with Vector Valued Norms|. . . . . 24

2 Uniqueness and U/’H stability of solutions for the coupled system of nonlinear |
[ fractional -integral equations| 25
2.1  Qualitative Results| . . . . . . . . . . 25
2.2 Applications| . . . . ... 33

[3 Existence and Uniqueness of Solutions for a coupled system of nonlinear frac- |
[ tional integral equations in two Variables| 34
[3.0.1 Statement of the problem and mainresults| . . . . . . ... ... ... ... 34

[3.1 Applications| . . . . . .. 41
[Conclusion and Perspectives| 43




List of symbols

We use the following notations throughout this memory:

Acronyms

» FODs: fractional ordinary differential equations.
» FDEs: Fractional differential equations.

» ODE:ordinary differential equation.

» MLF: Mittag-Leffler function.

= GBS: generalized Banach space.

» UH: Ulam—Hyers stability.

» FPT: fixed point theorem.

Notation

= N: Set of natural numbers.

R: Set of real numbers.

= R" : Space of n-dimensional real vectors.

= sup : Supremum

= max : Maximum

= n!: Factorial (n),n € N : The product of all the integers froml to n.
= T'(:) : Gamma function.

= B(-) : Beta function.

= E,(.):Mittag-Leffler function

. Ifﬁ : The fractional ¢-integral of order a > 0.

» f< : The Riemann-Liouville fractional integral of order az > 0.

= BLD : The Riemann-Liouville fractional derivative of orde a > 0.

= “D% : The Caputo fractional derivative of orde a > 0.

= C(J,E) : Space of continuous functions on .J.

= AC(J,E) : Space of absolutely continuous functions on .J.

» LY(J,R) : space of Lebesgue integrable functions on .J.

» [P(J,E) : space of measurable functions u with |u|? belongs to L'(J,R).

= L°(J,E) : space of functions u that are essentially bounded on J.



Introduction

The origins of fractional calculus trace back to a letter dated September 30, 1695, in which the Ger-
man mathematician Gottfried Wilhelm Leibniz posed a curious question to the Marquis de I'Hopital:
what would happen if the order of a derivative were a fraction rather than an integer? This question
marked the formal beginning of what would later be known as fractional calculus. Over the 18th
and 19th centuries, mathematicians such as Euler, Laplace, Fourier, Liouville, and Riemann made
significant contributions toward defining and understanding fractional integrals and derivatives. In
particular, Liouville and Riemann independently developed definitions of fractional integrals in the
mid-1800s, leading to what is now known as the Riemann—Liouville fractional integral and
derivative [23] 22].

Despite its early development, fractional calculus remained a mathematical curiosity for over two
centuries. It was not until the mid-20t" century that the theory began to gain traction in the context
of applied problems. The introduction of the Caputo fractional derivative in the 1960s by Michele
Caputo [7] marked a turning point, as it aligned better with physical initial conditions in real-world
systems, particularly in viscoelasticity and diffusion processes. Since then, fractional calculus has
evolved into a rich and active field of research, with applications spanning physics, biology, control
theory, signal processing, and finance [27, [17].

In recent decades, fractional differential equations (FDEs) have emerged as robust tools for mod-
eling complex systems with memory and hereditary characteristics. Unlike classical differential
models, FDEs accommodate nonlocality by involving weakly singular convolution kernels of the form
(t —7)~%, where 0 < o < 1. This feature enables them to capture anomalous diffusion, relaxation,
and long-range dependence behaviors more accurately than integer-order models.

Solving fractional differential equations analytically, however, presents significant challenges due
to the nonlocal and often nonlinear nature of the fractional operators involved. This has led to the
increasing use of functional analysis tools, particularly those based on fixed point theory, to establish
existence, uniqueness, and stability results for solutions of FDEs.

At the heart of these analytical tools lies the concept of a Banach space, a complete normed vector
space that provides a natural framework for discussing convergence and continuity. However, with the
increasing complexity of modern problems, especially in nonlinear and infinite-dimensional settings
classical Banach spaces may no longer be adequate. To overcome these limitations, mathematicians
have developed the concept of generalized Banach spaces, which extend the classical theory through
the use of vector valued norms, cone structures, and matrix based convergence criteria.

One important class of such generalizations involves vector-valued norms, where the norm of
an element is not a scalar but a vector in an ordered Banach space. This allows for the analysis
of problems involving multiple interacting components or anisotropic behavior. Another fruitful
approach introduces matrix norms, particularly those based on convergent-to-zero matrices, to define
more refined notions of contractivity. These generalized norms enable the extension of classical fixed
point theorems such as Banach's contraction principle, Schauder’s theorem, and Krasnoselskii's
theorem to a broader class of operators that arise naturally in the study of fractional differential and
integral equations.

In particular, fixed point theory in generalized Banach spaces has proven to be a powerful
framework for addressing the question of whether a given nonlinear operator equation, such as those
arising from fractional differential equations, has a solution, whether that solution is unique, and how
it behaves under small perturbations. These questions are central to ensuring that the mathematical



models are not only solvable but also well-posed and stable.

A particularly important notion in this regard is the concept of Ulam—Hyers stability, which
investigates whether a function that approximately satisfies a functional equation is necessarily
close to a true solution. In the context of fractional differential equations, such stability results
help ensure that numerical or approximate solutions remain reliable, even under uncertain data or
modeling imperfections.

In this work, we focus on the existence and uniqueness of solutions for certain systems of nonlinear
fractional integral equations in some spaces endowed with vector-valued norms (generalized Banach
spaces in the sense of Perov). While the concept of the matrices converging to zero is implemented
to examine different types of stabilities in the sense of Ulam-Hyers (UH) of the given problems. The
organization of our work is outlined below:

e The first chapter summarizes some basic definitions, helpful lemmas, and theorems that are
necessary for proving our main outcomes.

e The second chapter deals with some existence, uniqueness and stability results for the following
problem:

ﬁ

@ ( )(‘P(t) — Sp(s))aﬁ-ozg—l
+/0 ( Fy(s,u(s), v(s))ds

() (p(t) = p(s)™

v(t) — by

Ot QO/(S)((,O(t) _lw(s))ﬁﬁ-ﬁz—l
+), DG+p) el

where T' > 0, a;, 5; € (0,1],6,,02 € R;i = 1,2, and the nonlinear functions involved in the
above system satisfy certain conditions that will be specified hereafter.

e In the third chapter, we give a generalization of the previous system. More precisely, we focus on
the problem of the existence and uniqueness of solutions for the following system:

041 1 _ 4\az—1
u(z,y) = a(x,y +/ / y(@;)) Fi(s. 1 u(s, 1), v(s, 1)) dtds
_ a1+61 1 _ Nas+Ba—1
LA Scn Tty )k s,
v(x,y) = as(z,y +/ / sy y(%?%191(5’,57u(s’t)jv(sjt))dtdsj
71+61 1(y _ t)72+52*1
/ / (v + 1) (2 + 02) ga(s, 1, uls, 1), vls, 1)) dtds,

. (2)
where I := [0, T1]x[0, To], Ty, Ty >0, (a1, 2), (b1, B2), (71,72), (01, 02) € (0,1]x(0,1],
and ai,as : I — R, fi, fo, 91,92 : Ix R2 > R are given continuous functions.

e Finally, our work closes with conclusions and some possible future work.
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Chapter 1

Preliminaries

1.1  Functional spaces

1.1.1 introdiction

functional spaces are used to study different types of functions. These spaces allow us to understand
how functions behave, especially when we deal with equations involving functions like differential or
integral equations.

We will now introduce three important functional spaces:

Let E be a Banach space endowed with the norm ||.||z and let J := [a,b] be a compact inter-
val of R. We present some functional spaces:

1.1.2 Space of Continuous Functions

Definition 1 Let C(J,E) be the Banach space of vector-valued continuous functions u :
J — E, equipped with the norm

[ulloe = sup{l[u(t)[| /t € J}

Analogously, C™( J,) is the Banach space of functions u : J — E, where u is n time continu-
ously differentiable on J.

,neN

1fllen = 300 O, = > max [F9t)
k=0

In particulier if n =0, C°(J,E)=C(J,E).

1.1.3 Spaces of Lebesgue’s Integrable Functions L7

Denote by L!(J,R) the Banach space of functions u Lebesgues integrable with the norm

laller = [ fe(r)at

while L7(J, R) denote the space of Lebesgue integrable functions on J where |u|? belongs to L' (J, R),
endowed with the norm

=

T P
lu|lzr = l/ |u(t)|pdt1 , l<p<o
0

In particular, if p = 0o, L=(J,R) is the space of all functions u that are essentially bounded on
J with essential supremum

11



|u||pe = esssup |u(t)| = inf{c > 0: |u(t)| < c for a.e. t}.
tel

1.1.4 Spaces of Absolutely Continuous Functions

Definition 2 A function u : J — E is said to be absolutely continuous on J if for all ¢ > 0 there
exists a number § > 0 such that ; for all finite partitions [a;,b;];_, C J then >_p_, (by— ai) < 9§
implies that >}, | f (br) — f (ax)| < e

We denote by AC(J,EE) ( or AC'(J,E)) the space of all absolutely continuous functions defined
on J . It is known that AC(J,E) coincides with the space of primitives of Lebesgue summable
functions:

we AC(JE) & u(t) = c + /atqb(s)ds, 6 € L'(JR) (11)

and therefore an absolutely continuous function u has a summable derivative u'(t) = ¢(t) almost
everywhere on J. Thus ((1.1)) ) yields

u'(t) = ¢(t) and ¢ = u(0).

Definition 3 For n € N* we denote by AC"(J,E) the space of functions v : J — E which have
continuous derivatives up to order n — 1 on J such that u"~Y) belongs to AC( J,E) :

AC™(J,E) = {u € C"(J,E) : u"™V € AC(J, E)}
={ueC"'(J,E): u € L'(J,E)}

The space AC™(J,E) consists of those and only those functions u which can be represented in
the form

1 t n—1
t) = t—s)""¢(s)d t* 12
)= Gy fy = o+ S (12)
where ¢ € L'(J,R),c;(k=1,...,n—1) € R. It follows from (1.2) that
(k)
o(t) = u™(t) and ¢, = “ kfo),(k: =1,...,n—1)

and
ACY ([a;b),E) = h : [a;b] - E : 5”_1h(t) € AC(|a; b, E).

where § = ti is the Hadamard derivative.

Interested reader can find more details in [16, [17].

1.2 Special Functions
Before introducing the basic facts on fractional operators, we recall two types of functions that

are important in Fractional Calculus: the Gamma and Beta functions. Some properties of these
functions are also recalled. More details about these functions can be found in [26], 14, 27].

12



1.2.1 Gamma function

The Euler Gamma function is an extension of the factorial function to real numbers and is considered
the most important Eulerian function used in fractional calculus because it appears in almost every
fractional integral and derivative definitions.

Definition 4 ([26), [14]) The Gamma function, or second order Euler integral, denoted I'(-) is
defined as:

+oo
['a) = / t*le7tdt, a>0.. (1.3)
0

For positive integer values n, the Gamma function becomes I'(n) = (n — 1)! and thus can be seen
as an extension of the factorial function to real values.

Proposition 1 The basic properties of the Gamma function are:
1. The function I'(«) is continuos for o > 0.
2. The integral (1.3)) is convergent for a > 0 and divergent for o < 0.

3. An important property of the gamma function I'(«) is that it satisfies :

MNa+1)=al(a), «o>0.

4. The following relations are also valid:

I'(n+1)=n!, VneN,
r1) =1,

5. Taking account that the I function can be written as I'(a) = F(aaﬂ), it results that the T’

function can be defined also for negative values of «, in the interval —1 < o < 0.

6. The following particular values for I function can be useful for calculation purposes:

r(3) s
()=

1.2.2 Beta Function

Definition 5 ([26), 14]) The Beta function, or the first order Euler function, can be defined as

1
B(p,q) 2/0 1 —1t)7"'ds, p,g> 0.

In the following we will enumerate the basic properties of the Beta function:

Proposition 2 1. The following formula which expresses the Beta function in terms of the
Gamma function:
I'(p)L'(q)

B = 7/ > 0.
(p,q) Tpta) p,q

13



2. For every p > 0 and q > 0, we have:
B(p,q) = B(g,p).

3. For every p > 0 and q > 1, the Beta function B satisfies the property:
q—1

B =—B —1).
(. q) erq_l(p,q )
4. For any natural numbers m,n we obtain:
— Dl(m —1)!
By — (1= Dl = 1)
(n+m—1)!

1.2.3 Mittag-Leffler Function

Definition 6 [14] Fora > 0 and =z € R, the one-parameter Mittag-Leffler function (MLF) is defined

as follows:
o) Zk'

Bal2) = ,;0 T(ak + 1)

Especially, when o« = 1 the one-parameter Mittag-Leffler function coincides with the exponential
function, that is

00 Zk: 00 Zk:

Ei(z) = — = — =€~
kz:% L(k+1) kz:% k!

Moreover, the one-parameter MLF plays an important role in solving fractional ordinary differen-
tial equations (FODEs). Indeed, as u(t) = u,e™** is the unique solution of the ordinary differential

equation (ODE)

u'(t) + Au(t) = 0,t > a,
u(a) = ug,
so the MLF

u(t) = ugEo (—A((t) — ¥(a))®) ,t > a,a € (0, 1),
solves the homogeneous linear FODE with constant coefficients
D*Pu(t) + \u(t) = 0,t > a,
u(a) = ug,

where C]DD:jrw represents the 1-Caputo fractional derivative. The previous equation was studied
by Almeida [3]. It has been used to model some population growth and the proof of its solution is
obtained by using the standard technique of successive approximation.

Remark 1 [t is important to note that several generalizations of the one-parameter MLF are avail-
able in the literature; such as a two-parameter Mittag-Leffler function, three-parameter Mittag-Leffler
function, and the Mittag-Leffler function for matrix arguments. They have been used to solve some
FODEs. But here we are not interested in them.

Lemma 1 [I4] Let o € (0,1) and =z € C. Among the numerous properties of the MLF, we
mention that

(1) The function E,, is nonnegative,
(2) Ea(0) =1

(3) E.(-) is an increasing function on R .

14



1.3  Fractional Calculus

Fractional calculus is a generalization of classical calculus, where the concepts of differentiation and
integration are extended to non-integer (fractional) orders. Instead of taking the first, second, or
n-th derivative of a function, we can define derivatives of arbitrary real or complex order.

This theory dates back to the 17t" century and has gained much attention in recent decades
due to its applications in various fields such as physics, control theory, biology, and engineering.
Fractional differential equations, which involve derivatives of fractional order, are particularly useful
in modeling processes with memory and hereditary properties.

Several definitions of fractional derivatives exist, such as the Riemann-Liouville and Caputo
derivatives. Among them, the Caputo derivative is commonly used in physical models because it
allows for initial conditions to be expressed in the same form as in classical differential equations.

1.3.1 ¢ Riemann—-Liouville Fractional Integral

We denote by C'(J,R) the set of all real-valued continuous functions defined on the interval J, and
by AC(J,R) the space of absolutely continuous functions on J. The space C'*(J,R) consists of all
functions u : J = R that have a continuous first derivative on J.
Moreover, C([a, b], R™) refers to the Banach space of all continuous mappings w : [a, b] — R",
equipped with the norm:
]l = sup =(C)]].

¢€la,b]
For vectors w = (wy,...,w,) and w = (wy,...,w,) in R", we write w < w to mean w; < w; for
alli=1,...,n, and @w < ¢ (for ¢ € R) means w; < ¢ for all components.

The non-negative cone in R™ is defined by:
RY ={weR":w; >0, i=1,...,n}.
We also use the notations:
|| = (|1, - - -, |wal), max(w,w) = (max(wy,wr), .. ., max(w,, w,)).

The space AC(J,R) is precisely the collection of functions that are primitives of Lebesgue
integrable functions. That is,

t
u € AC(J,R) <= /() exists a.e. on J, v’ € L'(J,R), and u(t)—u(a) = / u'(s)ds for all t € J.
From now on, let ¢» € C'(J,R) be a strictly increasing, positive function such that ¢/(¢) > 0
for all t € J.

We now define certain functional spaces associated with fractional calculus in terms of ). The
space Ly (J,R) is given by:

Ly(J,R) = {u:J—>R

b
u is measurable and / lu(t) ' (t) dt < oo} :

and
Cy(J,R) = {u e C(J,R) | Dyu € C(J,R)},

where the 1-derivative is defined by:

1 d Cult+ h) — u(t)
Dyuft) = (@/}’(t) dt) u(t) = Jim D+ h) —t)

15



The space ACy(J,R) contains all functions u such that Dyu exists almost everywhere on J,
belongs to L;,(J,R), and satisfies:

a) = /at Dyu(s)y'(s)ds for all t € J.

For a € (0,1), we define the space:

Co(IR) = {u e C(J,R)

“DiYu € C(I,R)},
where C]D)Z“fp stands for the Caputo-type fractional derivative with respect to 1.

Definition 7 [2,[17] Let o > 0. The 1-Riemann-Liouville fractional integral of order o of a function
u € L}p(J ,R) with respect to 1) is defined is defined for a.e. t by

| 1t
(L) (0 = oy L YO0 = 06 uls)as
Moreover, for o = 0, we set ]Igfpu = .

Remark 2 Notice that, for suitably chosen 1, we obtain some well-known definitions of fractional
integrals, for example,

» The Riemann-Liouville integral [17] when ) (t) =

» the Hadamard integral [17] when 1 (t) = Int,

1

= the fractional integral with Sigmoid function [20] when ¥(t) = 1= =,

= the fractional integral with exponential memory [12] when ¢ (t) = e~ “".
Lemma 2 [2,[3] Let o, 3 > 0, and u € C(J,R). Then for each t € J we have
(1) 197 : C(I,R) — C(J,R) is a continuous operator.

(2) ( ok u) (a) = limy_, 4+ (]Igfu) (t) =0,

(3) 1% is a linear bounded operator from C(J,R) into C(J,R) and

[l

H]Ioz wuH < W) —¥(a))
['a+1)

(4) I wﬂ(ﬁ u(t) = ]IB wﬂ(ﬁ u(t) = H:iﬁ;wu(t)r
(5) I () — ()’ = iy (1) — ()7,
(6) T2 (Ea (\(w(t) = $(0))*) = § (Ba (\(@(t) = $(a)* = 1), A >0.

Let us now present a special case of the previous integral where 1(t) = t.

Definition 8 [2] Let o > 0, J := [0, T|;T > 0. The Riemann-Liouville (R-L) fractional integral
of order o of a function u € L'(J,R) is defined for almost everywhere x € J by

(I+w) (x) = F(loz) /OX(X —t)* tu(t)dt.

Analogously, we define the mixed R-L fractional integral as follows:

16



Definition 9 [I7] Let § = (31, 32) € (0, 400) x (0, +00), I = [0, Ty} x [0, Ty], Ty, Ty >0. The
mixed R-L fractional integral of order 3 of a function u € L*(I,R) is defined for almost everywhere
(x,y)elby

( 0+u (x,y) / / (=™ (52;)52111( s, t)dtd.

The following inequality has an important tool in the forthcoming analysis.
Lemma 3 [I7] Let a, A > 0. Then for all x € J we have
1 x o
F(a)/o (x — t)oeMdt < R
Proof 1 Actually, using the change of variable T = x — t in the above integral expression we can
get

L /X(X o t)a—le)\tdt — e)\x /X Ta—le—/\rd,r
['(a) Jo [(a) Jo

Using now the variable substitution w = AT in the just-above equation, we can acquire

At

(6% X € * a— —W
0+e’\ :F(a))\a/o w* e ™ dw
< 6)\)( /OO a—1_-—v d
_— w* e w
— T(a)A> Jo
B 6)\x
-

As a result, we finish this proof.
Repeating the same procedure as in the proof of Lemma ({3|), one gets the following inequality:

/ / 51 1 t)BQ 1 S—‘,—t)dtd GA(X+Y)
(B?) — \hitB2’

1.3.2 Caputo-type fractional derivative

Definition 10 2] Let & > 0,n € N, I is the interval —oo < a < b < oo, f,o0 € C"(I) two

functions such that 1 is increasing and '(x) # 0, for all x € I. The left 1)-Caputo fractional
derivative of f of order o is given by

) n—ao,) 1 d "
i pe) = 1 (s ) 7@

and the right 1)-Caputo fractional derivative of f by

d n
CDMY f(x) = I <_1/"195) dw) f(z)

where

=[a]+1fora¢N, n—a«foraecN.

To simplify notation, we will we the abbreviated symbol

)= () 1@
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From the definition, it Is clear that, given « = m € N,
‘D f(x) = £, @) and  ODRVf(x) = (~1)" ()

and If « € N, then

D) = e [ OWE) o) e
and

C na, _ 1 b / n—a—1 n rn
DRV F() = pi—ay [ O = @) 1

In particular, when o € (0, 1), we have

1

DY f(x) = T o)

| W) = v s
and

°DEI(e) = ey L 0 — vl )t

For some special cases of ¢, we obtain the Caputo fractional derivative [31], the Caputo-Hademard
fractional derivative [13| [I5] and the Caputo—Erdélyi—Kober fractional derivative [21]. From now
on, we will restrict to the case o ¢ N and we study some features of this ¢-Caputo type fractional
derivative. Also, to be concise, we will prove the results only for the left fractional derivative, since
the methods are similar for the right fractional derivatives, doing the necessary adjustments.

Theorem 1 [2] Suppose that f,1) € C"*[a,b] . Then, for all « > 0,

a, _ (?/f(x) B Z/}(OJ))TL_O[ n 1 * n—a d n
D @) = Ty @y @) — )y g e
and
D (o) = (-1 T LS A0 - g [ 00 = e A

Theorem 2 [2] The v-Caputo fractional derivatives are bounded operators. For all o > 0,

lepges],, < K| fllepr and Dy, < K[ fll

where
((b) = p(a))
Fn+1—a)

K =

Theorem 3 [2] If f € C™[a,b] and o > 0, then

i 1) = D [ 0) - 3 o) — vl o)

and

C D f(a) = DY [f(x) B

18



Lemma 4 [2] Given 3 € R, consider the functions

flz) = (Y(x) — w(a))ﬂq and g(x) = (¢(b) — ¢(x))571

where B > n. Then, for a > 0,

DI F0) = iy o (9~ (@) and CDgla) = )~ v
Proof 2 Since
10 = £ o) - sty
we have
r()

B
<[ (1= SO ) pgap

With the change of variables uw = (¢¥(t) — ¥(a))/ (¢ (x) — ¥ (a)), and with the help of the Beta
function

we obtain

I'(s)
[(n —a)T(6 —n)

Using the following property of the Beta function

Dot fla) = (¥(2) = ()’ 7' B(n - a, 5 — n).

B(z,y) =

we prove the formula.
For example, for f(x) = (¢(x) —1(0))?, we have © D$Y f(z) = 2/T'(3 — o) (¥(z) —1(0))*>~*. Note
that, when o = 1, we have DY = 2((x) — (0)).

In particular, given n < k € N, we have

D 0le) = 0(0)* = g () = (e
and
k!
DY (1h(b) = 1p(x))k = m(w(b) — ()"

On the other hand, for n > k € N;, we have

DY ((x) — ¥(a)* = Dy ((b) — (x))F =0

since

Dj(¢(z) = v(a)" = Dy(u(b) — ¥ (x))* = 0.
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Lemma 1 [I7] Let a, A > 0. Then for all t € [a,b] we have

AW () —1(a))
PO « £
a — )\a

Proof 1 In the light of the definition of the 1)-Riemann-Liouville fractional integral, we have

1 t
ot AW() (@) _ / _ a1 A(W(3) ()
e Fap [ O =~ v) ds
Using the change of variables y = 1 (t) — 1(s) we get

]I:lwek(w(t)*w(a)) —

A@()=(a))  pp(t)—p(a)
67/ y 167)‘ydy
0

()

Using now the change of variables v = \y in the above equation we get

AW ()~ (a —o(a
[ A -pa) _ C PO / MO ot vy
“ C(a)A>  Jo
PO o
\% e Vv

CT(a)\ /0
A()—6(a)
e

| /\

This completes the proof.

Remark 1 ([10, 9]) On C(J°,R") we describe a Bielecki type norm || - ||o as follows
w(s
||W||@ Sup 19(H()Balla)), 9 > 0. (14)

Therefore, we possess the below characteristics.
1. (C(JZ,R"), | - ||9) is a Banach space.

2. On C(J%,R"), the norms || - |l and || - || are equivalent, where || - ||o represented the
Chebyshev norm on C(J%,R"), i.e;

all - flo <1+ lloo < tafl - [lo,

where
=1 1= (©(0)=6(a))

Additional informations of Bielecki type norms can be found in [8, 10, [9].

1.3.3 The relation between derivatives and integrals.

Lemma 5 [2] Let 7,p > 0, @ € C([a,b],R),f € C"[a,b]. Then forc € J° we get

1. “DIFITEf(s) = f(s),

2. ITP°DI¥ f(s) = f(s) — fla), 0<7<1,
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4 DT (pls) — pl) ™! = s (els) — pl@)

5. D™ (o(s) — p(a))k = 0,Vk € {0,...,n — 1}.
Proof 3 We shall provide a proof for the first and second equations:

1. Using the semigroup law and the integration by parts formula repeatedly, we get

o, vC Mo, a2 Tn—a, n n, n
IaJr¢y Da+¢f($) = Iaﬁ]a+ ¢f1£} ]([L') = ]a+wfz[p ]($)

= oy [ VO — vy
~ oo [ @) vy S o
T [n—1] a
— ot [0 — vty S0 = TS e - vlay
T n—1 (k] a
- ot [ v S e - ) - vy
z n—1 f[k](a) .
== [ S > W@ = (@)
n—1 ¢lk a
= 1) - 5 2D i) - v
k=0 :

In particular, given o € (0, 1), we have

LDy f(x) = f(x) = fla)  and  LYCDpYf(x) = fla) = f(b).
2. By definition,

1
I'(n—a)

‘DRI f(x) =

[ v@we —vwyE e (1)

where F(x) = IV f(x). By direct computations, we get

FI () = m_lnm | O e

— f(a) a—ntl 1 2 o
— m(w(m) - w(a)) -+ F(og—n—i—Z)/a (¢(l’) _ ¢(t>) f (t)dt,

and thus

Fi) = 2 0o = wl@) ™+ s [ ) = (o) 0t
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Replacing this last formula into Eq. ((1.5])), using the change of variables
u= (Y(t) —(a))/(Y(x)— ¥(a)) and the Dirichlet’s formula, we deduce

(03 (O f(a) N / n—oa— a—n
DRI ) = e D), YO0 v )T ) — ()

! e ! n—a— a—n ¢/
+ F'n—a)l(la—n+1) / / () (Y(x) —P(t)) 1<T/’(t) — ()" f(T)drdt
a x) — " a-1 a n—a—1
g e e AL ( POZUD) T ) — b))

L(n - )l(a ST ¥(w) = ¥(a)
T Th—a) an nt1) / / () (@) = p(r)" (1) — ()T () drdt
- F(n—a)JIc‘((c;)—n—l—l)/o (1) d
T L T [ ) - e ) - v
YT ala -+
T = a)I‘}a Y ax f'(#)dt =T(n — a)l(a = n +1)
= ()

1.4 Some Classical Results in Matrix Analysis

In order to talk about the contribution of Perov, we need to fix some notations:
Let m be a fixed natural number such that m > 2. By M, (R, )we denote the set of all m x m
matrices with nonnegative elements. The unit matrix of M,,.,(R) will be denoted by I. In addition,
we use the symbol © to denote the zero m x m matrix.
Now, let u,v € R™ with u = (uy,ug,...,Up),v = (V1,09,...,0y). By u = v we mean u; <
vi,t=1,...,m and
RY={ueR":u;eRy,i=1,...,m}

If ceR, thenx <cmeansx; <c,i=1,...,m.

Definition 11 ([28]) Let E be a nonempty set. By a vector-valued metric (a generalized metric in
the sense of Perov) on E we mean a map d : E x E — R with the following axioms:

(i) d(z,y) = Ogm ifand only x =y for all z,y € E;
(i) d(z,y) = d(y,x) for all z,y € E;
(iii) d(z,2) < d(x,y) +d(y, z) for all z,y, z € E.

We call the pair (E,d) a generalized metric space with

dl ($, y)
d2 (LE, y)
din(,y)
Notice that d is a generalized metric space on E if and only ifd;,;i = 1,...,m, are metrics on

E.
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Remark 3 (/28]) Notice that for a generalized metric space in the sense of Perov, the notions of
convergence sequence, Cauchy sequence, completeness, open subset, and closed subset are similar
to those for usual metric spaces.

Similarly, we can define a vector-valued norm on a linear space X, as in the following defintion:

Definition 12 ([28]) Let X be a vector space over K = R or C. By a vector-valued norm (also
known as the generalized norm in the sense of Perov) on X, we mean a map

-1 X = RY
satisfying the following statements:
(i) [|z|| = Ogm if and only x = 0, for all x € X;
(i) [[Az|| = |A|l|z]| for all z € X and A € K;
(i)l + yll = 2]l + ] for all 2,y € X,
Remark 4 (J28]) To any vector-valued norm || - || one can associate the vector valued metric
d(z,y) := ||z — y||, and one says that ( X,|| - || ) is a generalized Banach space if X is complete

with respect to the d .

Definition 13 ([28]) A square matrix A of nonnegative numbers is said to be convergent to zero
if A" tend to the zero matrix © as n — +o0.

Convergent to zero matrices can be characterized as follows:

Theorem 4 ([28]) For any nonnegative square matrix A, the following statements are equivalent:
(i) A is convergent to zero;

(ii) the spectral radius p(A) is strictly less than 1. In other words, this means that all the eigenvalues
of A are in the open unit disc, i.e., |\| < 1 for every A € C with det(A— AI) =0,

(iii) the matrix 1 — A is nonsingular and (I— A)™ ' =T+ A+ -+ A" +-.-;
(iv) T — A is nonsingular and (I — A)~! is a nonnegative matrix.

Remark 5 (J29]) Some examples of matrices convergent to zero are:

1. Any matrix A € Msys (R )of the form A := ( Z Z > or A = ( Z Z ) witha+b < 1.

2. Any matrix A € Mo (Ry)of the form A := ( 8 2 ) where max{a,b} < 1.
3. Any matrix A € My, (R )of the form A := ( g ZC) ) with max{a,c} < 1.

Remark 6 (/29]) Any matrix A € My, (R )of the form A := ( z Z > with a + b > 1 and

¢+ d > 1 does not converges to zero.
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1.5 Some Fixed Point Theorems on Spaces Endowed with
Vector Valued Norms

The concept of fixed points has played a crucial role in mathematical analysis, topology, and func-
tional analysis for centuries. The earliest fixed point results can be traced back to Brouwer's Fixed
Point Theorem (1912), which states that any continuous function mapping a convex compact sub-
set of Euclidean space to itself has at least one fixed point. Later, Banach introduced the famous
Banach Contraction Principle (1922), which provided a powerful tool for proving the existence and
uniqueness of fixed points for contractive mappings. Over time, mathematicians such as Schauder,
Perov, and Krasnoselskii extended and generalized these results to broader contexts, making fixed
point theory a fundamental tool in solving differential equations, optimization problems, and game
theory.

Definition 14 ([28]) A subset Q2 of C'( J,R) is uniformly bounded if there exists a constant k > 0
such that |w(x)| < k for each x € J and each w € ().

Definition 15 ([28]) A subset Q2 of C'( J,R) is equicontinuous if for every € > 0 there exists some
d > 0 (which depends only on € ) such that for all w € Q2 and all x;,x9 € J with | x;— x5 |< J,
we have |w (x1) — w (x2)| < €.

In the following, we state the Ascoli-Arzela theorem.

Theorem 5 ([28]) A subset 2 of C( J,R) is relatively compact if and only if it is uniformly bounded
and equicontinuous.

Definition 16 ([28]) Let (E,d ) be a generalized metric space. An operator T : E — E is said to
be Perov contraction if there exists a matrix A € M« (R, )which converges to zero such that

d(T(z), T(y)) 2 Ad(z,y), forallz,y € E

We end up this section by introducing the following fixed-point theorems whose involvements assist
us in achieving the desired results successfully.

Theorem 6 (Perov’s fixed point theorem [28]) Let (E,d ) be a complete generalized metric space
and T : [E — E be a Perov contraction operator with Lipschitz matrix A. Then T has a unique
fixed point xq, and for each x € E, we have

d (TH(x),20) < AR(I— A)™ d(z,T(x)) forallkeN

Theorem 7 ( Schauder’s fixed point theorem in generalized Banach space [25] ) Let X be a gen-
eralized Banach space, D C X be a nonempty closed convex subset of X, and K : D — D be a
continuous operator with relatively compact range. Then K has at least a fixed point in D.

Theorem 8 (Krasnoselskii's fixed point theorem in generalized Banach space [25]) Let 11 be a
nonempty (IT # ()) convex closed subset of a GBS w. Let V and U map 11 into w and that

(1) Vo,w e Il, Uw+ Vw € 11,
(13) 'V is an A-contraction mapping.
(7i1) U is continuous and compact;

Then the operator Uww + Vw = w possess at least one solution on I1.
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Chapter 2

Uniqueness and (/H stability of solutions
for the coupled system of nonlinear
fractional )-integral equations

2.1 Qualitative Results

Throughout this section, we prove the existence, uniqueness and UH stability of solutions for the
coupled system of nonlinear fractional ¢/-integral equations ([1).

Now, in order to establish qualitative results of the mentioned system , we need to provide
the following lemma.

Lemma 2 /f the solution of the coupled system of nonlinear fractional \-integral equations given

by
{wa) = Fy(t,ult), v(t)) + I Fy(t, u(t), o(t)),
(2.1)
teJ:=lab], a€]l01]
exists, then it's equivalent to the integral equation
u(t) = 6; + /O t s@’(s)(w(?(;ls)o(s))m Fi(t,ult), v(t))ds (2.2)
o Pt o) 23)

In view of Lemma 2] we need to present the following lemma, which plays a key role in the main
theorems.

Lemma 3 Let (o, 5;) € (0,1] and F;,G; € C(J x R* x R",R™), i = 1,2. Then, the coupled
system of nonlinear fractional 1-integral equations is given by

%51_1 L ted (2.4)

o
—
>

Ga(s,u(s),v(s))ds
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Now, the product space X := C'(J,R") x C'(J,R") is a GBS with the following norm:

Also, let the operator T = (’]I‘l, ']I‘Q) : X — X defines

T(u,v) = (T1(u,v), Ta(u,v)), (2.5)
with
(T ))(B) =1+ [ “Dl(s)w(t) - f(s))all Fy(s, u(s), v(s))ds (2.6)
+f el 9" o i(&)z))aﬁarle(s,u(s),v(s))ds
and
(Talwo)(0) = b+ [ NN G ). (2.7
+/ il 9” e f(ﬁzgﬁl%102(s,u<s),v(s))ds

Let's list the following hypotheses:
(HPy) For i = 1,2, the functions F; and G; are continuous on J x R™ x R"
(HP,) There exist L, > 0 and Lz, > 0, Z = (F,G), i = 1,2, where

HE(Sﬂ Uy, vl) - E(Sa U2, ,02)

_U2H7

HGi(SanUl) - Gi(S,Uzyvz)

_v2H7

for all t € J and each uq, v1, ug, v9 € R™.
(HP3) A;,B; < 1, where
Ay =ALp +BLp, Ay =AsLg, +Bslg,
B, = AjLp, +BiLp, By = AyLg, + BoLe,.

For computational convenience, we introduce the following notations:

a o @) =) o (p(t) = p(0)) e
1 T(a+1) ' T(m+as+1)

a o PO =) o (plt) = p(0))
TG T TGt

(Leallal + L o) + Fo.mas]
b I'(ar+as+1) ’
el + T llol) + G

F(Oél—FC(Q—'—l)

Next, we are in a position to investigate and prove the uniqueness result by using Perov’s fixed
point theorem.
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Theorem 9 Let the hypotheses (HP,)—(HP3) hold. Then, the coupled system of nonlinear frac-
tional 1-integral equations possesses one and only one solution.

Proof 2 In order to show that T has an exactly one fixed point, we will use the Perov'’s fixed point
theorem. Indeed, we prove that the mapping T is Ayar-contraction on X.
Now, for given (uy,vy), (uz,v9) € X and t € J, using (HP,) and (HP), we can get

M%wmﬂw—@mMmmH

/ “ ? 9)0( Dy s (5 1(5) = s, )
+/ Ll tzal i(ai))al+a2_l Fy(s,u(s),v1(s)) — Fa(s, ua(s), va(s))||ds
< [/ EHAD =B (1) = sl + i) — o)) s
[ D= AT (L () = ws(s)] + () — o)) s

I
< D=2 (L s = el + L o = )
(p(t) — pl0))

L — L _
Flart ap 1) (Ll =l + Lalo — )

+

Ar (L un = uzll + L oy = va])
1@%WM—UM+LmWa—wW

Hence,

HTl(Uhm) — Tl(u2,v2)H < {A1LF1 +B1LFQ} lur — usl|

||U1 - U2H

4 [Aliﬂ + Byl

= Adflur — uz]| + Bl — v
By the same technique, we can also get

HTQ(Ul, Ul) — TQ(U27U2)H < {A2LG1 + BQLG2:| ||U1 - UQH

+ [Agigl + B2£G2:| ”’Ul — UQH

= Aollur — us|| + Bol|vr — val|.
This implies that

[T (1, 01) = T(ua, v5) |, < Asarll (w1, 01) = (s, 09)]1x,

A B

According to (HP3), we have Afy,r — 0 asn — oo. Thus T is contractive and due to the Perov’s
theorem, T has exactly one fixed point. Thus, the coupled system of nonlinear fractional 1)-integral
equations (1) possesses a unique solution in X.

where
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The following result is achieved based on the Krasnoselskii's Theorem [8|in GBS.

Theorem 10 Let (HP,) and (HP3) hold. Then, the coupled system of nonlinear fractional -
integral equations admits at least one solution.

Proof 3 In order to use Theorem , we need to take a set Q¢ C X such that Q¢ is closed, convex,
bounded and define it as

Qe = {(u,v) € X |[(u,v)[[x < &F,
with § := (&1, &) € R such that

&1 > p1 My + po My,
& > p3 My + pa My,

where My, My and p;,i = 1,4 are non-negative real numbers that will be specified later.
Now, consider the mappings U = (Uy,Us) and V = (V1,V5) on Q¢ as

= [ A=A (o). (o)
S — (g))Prt+h2—1
Us(u,0)(t) = | Lo )(wgﬂl —f(ﬁji B e oo,

and

Vil v)(0) = 01+ i SEHEEENEFi (s, u(s), o(s))ds,

V(u,0)(t) = b2 + [ ELGEDD Gy (5, u(s), v(s))ds.

It is obvious that both U and V are well-defined. Moreover, by Lemma [3 the mappings form the
system ([2.4) as

T(u,v) := (Uy(u,v), Uy(u,v)) + (Vi (u,v), Vo(u,v)). (2.9)

Our purpose is to confirm this fact that U and V fulfill all properties of Theorem|[8 For simplicity,
we set
-Fi.max .= sup ||Fz(ta 07 0)”7 Gi.max .= sup HGz(t) 07 0)”7

tel tel
and for better clarity, the proof is broken down into three steps.
Step 1 : U(u,v) + V(u,v) € Qg, V(u,v), (u,v) € Q.

In fact, from (HPs), for (u,v), (u,v) € X, Vt € J, we can obtain

U1 (u, v) ()]
< [/ EOE AV () 6) — Fs.0.0)] 45,00
<[ go’(s)(soétga—l i<&>>) (L) + L o)) + Fmae] ds

< By (Lisllull + L o) + P

< By Lp |lull + Bliﬂ”““ + B1 F1. max-
Hence,

101 (u, 0)[| < Auflu]l + Biffo]l + Cy. (2.10)
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By similar procedure, we get
[0 (w, 0)[| < Azljull + Ba|[v]| 4 Ca, (2.11)
with

Al = IBlLFla Bl = BlI:Fu Cl = IB1F’1.maX7
AZ = B2LG27 82 = ]B2]ZG17 C2 = EQGQ. max-

Thus, the inequalities (2.10) and ({2.10]), implies that

[uu,v)|, = ( ) < Byar ( HZ” ) + ( g; ) , (2.12)

where

In a similar way, we get

_ Vi (4, v) ||ull 61
% - <D t , 2.13
H (U,, U)HX ( Vg(l_b,’l] ) >~ WMAT ( ||U|| + 92 ( )
where B
Ay A
]DMA']T = A ,A_
2 Ay
Recombine (2.12)) and (2.13)), it implies that
. [ Il C1 + 6,
[u vl + V(@ 9)], < Buaar ( T A N T R AN (2.14)

Therefore, we check for § = (&1, &2) € R such that U(u, v) 4+ V(u,v) € Q¢. Regarding to this, in
view of (2.14)), it is sufficient to verify that

e )+ (3 ) <(2),

where CMA’]T = IBMA’]I‘ + DMA’H‘y and
My (Ci+6;
My ]\ Co+0y )

( " ) < (I— Cyuar) ( ; ) (2.15)

Since the spectral radius of Cyyt is < 1. According to Theorem |4, we have the matrix (I — Cyar)
is non-singular and (I — Cyat) ™" has positive elements. So, (2.15) is equal to

(2 ) 2<H—AMM>1<%;>.

I—A -1_ [ P1 P2 ,
( ) <p3 Pa

Equivalently

In addition, if we take
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thus, we find
&1 > p1 My + po Moy,
& > p3 My + palMs.

Therefore, U(u,v) + V(u,v) € Q.
Step 2 : The mapping V is Dysr-contraction on Q.

Indeed, Vt € J and for any (uy,v1), (uz,v2) € Q¢. By similar procedure in the proof of Theorem[9,
it is not difficult to verify that

[V, 01) = Vug, v9)||, o, < Duaarll (g, 01) = (3, 09) .
Since the spectral radius of Dyiur is < 1. Hence, the mapping V is an Dyar-contraction on Q.

Step 3 : The mapping U is continuous and compact.
By the continuity of G, and G, we deduce that U is continuous. Moreover, we show that U is
uniformly bounded on Q. From (2.12)), and V(u,v) € Q¢, we find that

[uG,v)], = ( ) < Bugar ( 2 ) + ( 2 ) < .

This means that the mapping U is uniformly bounded on Q.
At the last step, we are going to prove that U(Qy) is equicontinuous. From the hypotheses
(HP4) and (HP»), for (u,v) € Q¢, and t; <ty for any t1,t, € J, we obtain

U1, 0)(t2) = Ui (u, v) (1)

U (u,v)
Us(u,v)

to /S _ s a1 +tags—1
) [ LA AN

a1 + ag)

b (s — p(s))taz—l
_ /0 & ><so(rtl()a1 f;B Fi(s,u(s), v(s))ds|

t1 ,S o s a1tas—1
:H/o A )(80(132()041 f(aZ; Fy (s, u(s),v(s)) ds

2 ¢/(s)(elta) = pls) M

" t1 F(Ozl —|—a2) 1 (8,u(3)7v(3))ds

(s — p(s))tae—l
_ /D ?( )(wgfl()al f(ai; Fy (s, u(s), v(s)) ds|

o [ A E)(elt) = @)~ (p(tn) — p(s) T2
o r (051 + Oé2>

t2 ¢/ (s)(p(ta) — p(s)) ™21
t I' (o1 + a2)

£ (s, u(s),v(s)) [[ds

+

1F3 (s, u(s), v(s)) [|ds

[ (Laallull + Leyliol) + Fo mas]
I (Ozl + ag + 1)
[(Lasliull + Ly [0]) + Fo. ]
I (041 + ag + 1)

[ (Ll + L [0]) + P s
I (Oq + as + 1)

(9 (12) = pl@)™+72 = (g (82) = (1)) = (o (1) ()2

}

(¢ (t2) = (1)) 7

(2 (82) = 0 (#0)) 72 + | (t2) — 9(@)) 772 = (p (1) (@) ™+

|-
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Then

101 (u, v)(t2) = Us(u, ) (t1)l| < Ay [2 (¢ (t2) — @ (t1))™ T + ‘(90 (t2) = (@)™ 7 — (¢ (t1) p(a) ™ T

|-

Similarly,

10 (11, 0)(£2) — Ua(as, o) (10)I] < Ao [2 (0 (12) — 0 (04 + (0 (12) — (a)) "+ — (0 (1) (@) "+

|-

Therefore,

101 (u, v) (t2) — U (u, v)(t1)]|
[U(u, v)(t2) — U(u, v)(t1)| =

102w, v)(t2) = Ua(u, v)(t1)||

- ( A1 2 (02) = @ ()77 4 (0 (t2) = 9(@))™ % = (p (1) (@)™ +72] ] )

s [2(p(t2) = 9 (00))H2 + (2 (t2) — (@) 2 = (i (t1) (@) H2

Thus, we deduce that T(Q;) is equicontinuous. Due to Arzela—Ascoli’s theorem, we conclude that
the mapping U is compact. Hence, the requirements of Theorem [§ are fulfilled. Thus, in view of
the Krasnoselskii’s FPT, we derive that the mapping T = U + V defined by possesses at
least one fixed point (u,v) € Q¢, which is the solution of the coupled system of nonlinear fractional
Y-integral equations ((1)).

Now, we end this section by discussing the UH stability of the coupled system of nonlinear
fractional v-integral equations by utilizing its solution in the sense of integral form given as

u(t) = Ty (u,v)(t), v(T) = To(u,v)(T),

such that T; and Ty are given in (2.6 and (2.7)).
Let us define the following mappings S;,S; : X — C'(J,R) as:

{Dal,w@(t) — Fi(t,u(t),o(t)) — I*¥Fy(t,u(t), o(t)) = Si(a, 0)(t), fe ]
DAes(t) — Gi(t, a(t), 5(t)) — P22 Gy(t, a(t), 5(t)) = Sa(i, D) (1),
In addition, we assume that the next inequalities
11, 9)(7)|| < e,
TEJ, (2.16)

for some €1, €5 > 0, are to be held.

Definition 17 [4] The coupled system of nonlinear fractional \-integral equations (1)) is UH stable
if there are constants w; > 0,i = 1,4 such that Ve;,e; > 0 and for all solution (u,v) € X of

inequality (2.16]), 3 a solution (u,v) € X of (1)) such that
Hﬂ(’t) — u('t)H < w161 + wyeg,
TeJ
[5(7) = v(1)|| < wser + wiea,

Theorem 11 Consider the hypotheses of Theorem [ to be held. Then the coupled system of
nonlinear fractional 1-integral equations is UH stable.
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Proof 4 Let (u,v) € X bee the solution of the coupled system of nonlinear fractional 1)-integral
equations (1)) satisfying (2.6 and (2.7)). Assume that (@, v) is any solution verifying (2.16)):

{Dwa(t) = Fy(t,a(t),o(t)) + 19 Fy(t, a(t), 5(t)) + Si(a@, 0)(t), o
Do#p(t) = Gi(t, a(t), o(t)) + I™#Ga(t, a(t), 0(t)) + Sa(a, ) (¢),
So
N L' (s)(p(t) —p(s)™ 1
a(t) =Ty (a,v)(t) —i—/o Do) Si(@, v)(s)ds, (2.17)
and
o) =Tt 1)) + [ AN ey (218)
Now, and give
. . L' (s) (o) — o(s)™ e s -
a0 - m@ o)) < [ F L s o)) s
< Ase, (2.19)
and
~ o Le'(s)(e(t) — () e (- -
o(8) = Ta(, 5)0)| g/o LA S F(a:)” |82, ) (s) s
< Asgen. (2.20)
Thus, by (H2) and inequalities (2.19)), (2.20), we get
[a(t) = u(®)| = [[at) — Ta(@, o)) + Ta(@, 0)(t) - u(t)|
S H’[L( Tl u U H + HTl ( ) - Tl(uﬂ})(t)H
< Aver + (Al — ull + By |5 — v]]) -
Hence we get
i — ull < Aver + (Al — ul| + Byl|5 —v]]) (2.21)
Similarly, we have
15— v]l < Asea + (Aaflit — ull + Balo — v]) - (2.22)

Inequalities ((2.21)) and(2.21)) can be rewritten in a matrix form as
U — Ae
T—A o=l ) o [ Aser) 2.23
( MAT) ( ||U—U|| = AQEQ ( )
where Ayt is the matrix given by (2.8). Since the spectral radius of Ayt is < 1; by Theorem @
we deduce that (I — Ayat) is non-singular and (I — Ayar) ™! possesses positive elements. Hence,

(2.23)) is equivalent to the form
& — 1 [ Aie
< (T —
( [0 =l )~ (1= Auaaz) Asey )7

{a —ul| < p1Are; + pahaey,

which yields that

10— v|| < psAier + pshses,

where p;,i = 1,4 are the elements of (I — Ays)~t. Consequently, the coupled system of nonlinear
fractional v-integral equations is UH stable.
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2.2 Applications

We provide an example in this part to investigate and guarantee the validity of the results.

Exemple 1 Consider the following coupled system of nonlinear fractional 1)-integral equations

D?%’ul(t) = Fy (t,u(t),v(t)) + I%’¢F2(t,u(t),v(t)), e )= [0.1] (2.20)
Ds#uy(t) = Gy (8, u(t), v(t)) + I3¥Ga(t, u(t), v(t)), - |
with (p)—Caputo fractional integrals conditions
w(0) =1, (2.25)
v(0) = 2, '

Fa (0, ),00) = S + g eos(e(0)
Gy (t,u(t),v(t)) = cos™" |uit)|> + 14371)(75)\;
Gs (t,u(t),v(t)) = SW + sin™! (;) cos (|0 (1)) + 4t.

Obviously, the functions F;, G;, (i = 1,2) are continuous. Furthermore, for all t € J and each
uy, V1, ug, U2 € R™ we have (HP,) satisfied as follows:

| E5(t, up,v1) — Fy(t, ug,vs)| < Lip |Juy — us|| + Li|Jvr — s,

|Gi(t, w1, v1) — Gi(t, ug, v2)| < Lg,||ur — us| + I_JGZ- v — e,
1 1 - 1 - 1
here Ly, = —— Ly = —, L, = —, L, = -
where F11 100’ Flz 10° 1F 49’1F2 9’
Lo, =-.La, = - La. = = Lo, = —.
Gy s LGy s LGy 37 Go 9

and we can calculate that
A, =1.08807, Ay = 0.963259,B; = 1.12838, B, = 1.08807.

Thus, we get B
Ay = [A1Lp, +BiLp| < 0.123718,

Ay = [AsLg, + BoLa,| < 0.60350475,
By = [ALp, +BiLg,| < 01475796372,

By = |[AsLg, + BaLg,| < 0.8651213333.

Hence, all conditions of Theorem|9 are satisfied. Therefore the coupled system of nonlinear fractional
y-integral equations ([2.24)-(2.25)) has one and only one solution. Consequently, by referring to
Theorem we easily conclude that the solution is UH stable.
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Chapter 3

Existence and Uniqueness of Solutions for
a coupled system of nonlinear fractional
integral equations in two Variables

Fractional integral equations have gained significant attention in recent years due to their ability
to accurately model processes involving memory and hereditary properties. In this chapter, we
investigate the existence and uniqueness of solutions for a coupled system of nonlinear fractional
integral equations involving two variables. The system is considered under the framework of the
y-Riemann—Liouville fractional integral, with particular focus on the special case ¢ (t) = ¢, which
corresponds to the classical Riemann—Liouville integral. By employing tools from fixed point theory in
generalized Banach spaces, we establish sufficient conditions ensuring the existence and uniqueness
of solutions. These results contribute to the broader understanding of nonlinear fractional systems
and provide a foundation for further analytical and numerical studies.

3.0.1 Statement of the problem and main results

This chapter discusses the existence as well as uniqueness of solutions for the following system:

u(e,y) = () + [ / i (;;))m_lfl(s,t,u(s,t),v(s,t>)dtds
+ [ / - alajzl)l(y(;;fgﬂ fols,t,u(s, 1), v(s, 1) )dtds, )
o=t s [ [ st toga
+ / / - 37:1_:6;1)1@(;2272;21g2(5,t,u(s,t),U(S,t))dtdS,
(3.1)

where ]~: [O, Tl] X [0, TQ] ) Tl, T2 > 07 (0[1, 062) , (@1,62) s (71,’72), ((51,(52) € (0, 1] X (O, 1],
and a,as : I — R, f1, f2, 91,92 : Ix R? — R are given continuous functions.

Our first result on the uniqueness is based on the Perov's fixed point theorem coupled with the
Chebyshev vector-valued norm.

Theorem 12 Let the following assumptions hold:
( H{ ) The functions f1, f2, 91,92 : I x R2 — R are continuous.
( H) ) There exist constants p;,q;, Di, di,© = 1,2 such that
|fi (2,9, ur,01) = fi (0,9, u2,92)| < Dilur — ug| + G [v1 — va|

|gZ (37,%“17“1) — 9 <I7y7u2ay2)| S ﬁz |U1 - U2| +qz |Ul - U2|
for all (z,y) € I and each (uy, 1), (ug, vs) € R2.
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Then the coupled system (2) possesses a unique solution provided that the spectral radius of the
matrix A is less than one, where the matrix A is defined as below

T‘fl TO‘Q " Ta1+51 Ta2+52 Tal Taz " Ta1+51 Ta2+52
A — | @ P+ e m?  Ter i A + Marem it 82
- T’Yl Tvz Tv1+51 T72+52 . T“ T’Yz Tv1+51 T72+52

+

T o T (2 F82+0) 42

T DM0et D P T T (a1 D P2 T (et b2
3.2

Proof 4 Consider the Banach space C(I,R) equipped with the norm

[ullso = sup [u(z,y)l.
(z,y)€l

Consequently, the product space X := C(I,R) x C(I,R) is a generalized Banach space, endowed
with the vector-valued norm
[[flos
[[(u, 0)][x,00 1= ( :
0]l

In order to transform the problem @) into a fixed point problem, we define an operator & =
(61, 62) : X — X as:

S(u,v) = (61(u,v), Ss(u,v)) (3.3)

where

041 1 y . t)agfl

(S1(u,v)) (z,y) = ar(z,y +/ / (z =) I () fi(s,tu(s,t),v(s, t))dtds

:L‘ _ S a1+51 1(y . t)a2+5271
+/ / (a1 + B1) I (a2 + fa) fa(s,t uls, t), v(s, 1))dtds,

and

(Ga(u,v)) (z,y) = az(z,y +/ / (z = s yw;)vz— g1(s,t,u(s,t),v(s,t))dtds,

QZ—S 71+51 1<y_t)72+52—1
s, t,u(s,t),v(s,t))dtds,
[ NEE AT e e ACIRICORICD)

We will use Perov’s fixed point theorem to demonstrate that & has a unique fixed point. To
underline this fact, it is enough to show that & is A-contraction mapping on X. In fact, for all
(u1,v1), (ug,v5) € X and (x,y) € I, keeping in mind the definition of the operator &, together
with assumption (HY), we can write
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(S, ul,vl))(w y) = (61 (ug,v2)) (2, 9)|

al 1 _ 4\az—1
</ / y(a;;) (1 |ua(s,t) — ua(s, )] + a1 |vi(s, 1) — va(s, t)]) dtds
_ Oz1+51 1(,, _ \az+p2—1
+/ / (a1 + B1)T (y(a;l B2) (D2 |ur(s,t) —ua(s, t)| + dafvi(s,t) — va(s, t)]) dtds

. 3 T — S a1 1 —t as—1
< (P1 |lur — U2||oo + G [Jvr — vz|| (/ / y(a )) dtds)
2

— a1+51 1(y _ t)ocz-i-ﬁz—l
(B2 flua = uzlloe + Gz ffn = // dtds
(B2 [lur — uall o + G2 [Jor — w2l ) ( R AT CRTN
e 0

= up —u + v — v
—an+nw%+n>®ﬂ“ R

Ta1+ﬁl Ta2+ﬁ2
+ 1 2

D(ar + 1+ Dl (ag + B2 + 1

>>®Mm—ﬂﬁw+®WM—WMJ

Hence
Toq TOQ TOJ1+51 TOC2+52
&1 (ur,v1) — 61 (ug, v < L__2 p1 + 1 2 D Uy — U
161 (u1,v1) — &1 (ug,v2)|l4 < (F(a1+1)F(a2+1)p1 NETEES (a2+62+1)p2 lur — 2|
Tal T042 Ta1+51 Ta2+,32
Qi + ! 1 — v2]
Il + )F(a2+1) Mg+ 6+ 1T (a2+52+1)

In a similar way, we get:

T’Yl T’Y2 T’Yl+51 T"/2+52
G (uy,v1) — 6o (ug,v < 1+ U] — U
162 (w1, v1) = &2 (uz, va)llog (F(m T D T T+ o+ Dl (et 6a - )P > lur = o
T’Y1 T’Y2 T“/1+61 T72+52
T Q@+ [[v1 — va]
DT+ )M T T(31 461+ DT (32 + 02 + 1)

By the previous two inequalities we arrive at

16 (u1,v1) = & (uz, v2)|lx o = A (w1, v1) — (u2,v2) [l o »

where A is the matrix given by (3.2). Since the spectral radius p(A) < 1, then & is a Perov
contraction. As a result of Perov’s fixed point theorem, there exists a unique fixed point for the
operator S, which corresponds to a unique solution for the coupled system @) X.

Our second result on the uniqueness is based on the Perov's fixed point theorem combined with
the Bielecki vector-valued norm.

Theorem 13 Let the assumptions (H}) and (HY) are satisfied. Then the the coupled system
formulated in[J has a unique solution.

Proof 5 Before moving further, let us consider on the space C'(I,R) the Bielecki norm ||-||s defined
as below:

|lul|s = sup~yz<x’y)| A > 0. (3.4)
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It is obvious that C'(I,R) is a Banach space with this norm || - ||s since it is equivalent to the
infinity norm || - ||so. Consequently, the product space X := C(I,R) x C(I,R) is a generalized
Banach space, endowed with the Bielecki vector-valued norm

o)l = (117

Now, we apply Perov’s fixed point theorem to prove that G has a unique fixed point. Indeed,
it is enough to show that & is X-contraction mapping on X via the Bielecki’s vector-valued norm.
For this end, given (uy,v1), (ug,v2) € X and (x,y) € 1, using (H}), and Lemma @ we can get

(&4 (Ulavl)) (l’ y) — (61 (uz, v2)) (z,9)]

) y—t)‘”*l : o
/ / T (as) (D1 |u1(s,t) — ua(s, t)| + q1 |vi(s, t) — va(s,t)]) dtds
_ Oz1+ﬁl 1 _ p\ag+Ba—1
T A Ty el s+ ol — ) s

. . ZL' _ S O11 1 — ¢ as—1 .
< (B [Jur — w2l + a1 [Jvr — vall ) (/ / y(%)) e +”dtds)

o o . a1+51 1(y _ t)a2+52*1 A+ gt
+ (P2 |Jus —uz||oo+(12||v1 —UQH a1+51) (g + 32) c tds

6)‘(-'5+y) . .
S Yortes (D1 [Jur — wel| ls + &l v1 — v2f|»)
6)‘(97"!‘?/)
T Narthitonths (B2 [[ur — ual| ls + Gol v1 — v2[[) -

Hence

P1 D2
161 (ur,v1) — 61 (w1, v2) ||y < <)\a1+a2 + )\a1+ﬁ1+a2+62> |ur — usl|q

q1 d2
+ ()\aﬁ—ag + )\a1+51+a2+52> Hvl - ’UZH%

As previously, we can derive

D p
162 (ur,v1) — &2 (ur, v2) ||y < (Mliw + /\71+51_2w2+52> [ur — ual|y

qq [eP
- <)\71+'Y2 + )\'Yl+51+72+52> ||U1 o UQH‘B

This implies that

16 (u1,v1) — & (uz, )|y g = X || (wr,v1) — (u2,v2)[lx

where . . . .
b1 + P2 q1 + 92
x _ Ao taz Aa1+B1+aa+82 Aa1taz A1 +B1+az+82 (3 5)
b1 + b2 q1 + d2 : ’
PERED AV1H01+F72+32 A2 A71H01+72+32

Taking \ large enough it follows that the matrix X is convergent to zero and thus, an application
of Perov's theorem shows that & has a unique fixed point. So the coupled system (@) has a unique
solution in X.

Now we give our existence result for the problem . The arguments are based on the Schauder’s
fixed point theorem in generalized Banach spaces.
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Theorem 14 Assume that (Hy) holds. In addition assume that'
( Hj ) There exist positive real constants a;, b;, c;,af, b;, ci, i = 1,2, such that

|fi(x7u7 U)| < a +bl|u| +Ci‘v|7
|9:(z, u, v)| < ai + bilu] + cjfv],
for all (z,y) € I and each (u,v) € R2.
Also, if p(D) < 1, such that

T‘lll T Tal+gl TO‘2+[32 T TD‘Q TD‘1+61 TQQ+B2

1 1o
D — | T+ DIy a2+1)b1 ™ (a1+51+1)F(a2+52+1) 2 Tlar D (agt L T (a1+51+1) Moz i) 2
- Y1 2 Y161 my2+o2 71 2 Y161 my2+o2
T e T) T} . T T o 4 T) T] o
F(’Y1+1)F('Y2+l) 1t F(’Y1+61+1)F(72+52+1) 2 T(y1+1)T(y2+1) "1 F(’Y1+51+1)F('yz+62+1) 2

(3.6)
Then the coupled system mentioned in @) has at least one solution.

Proof 6 We shall show that the operator & defined in satisfies the hypotheses of the
Schauder’s fixed point theorem generalized Banach space ( Theorem |:71) Define a subset B, of
X by

B, = {(u,v) € X: [[(u, v)[lx00 < 0} (3.7)

with o := (01, 02) € R% such that

01 > o1N] + o3Ng,
02 > o3N7 4+ o N3,

Where N1,Ny and o};1 = 1,2 are non-negative real numbers that will be specified later. More-
over, notice that B, is closed, convex and bounded subset of the generalized Banach space X. For
clarity, we will divide the remain of the proof into several steps.

Step 1: S(u,v) € B, for any (u,v). Indeed, for (u,v),(z,y) € X and for each (z,y) € I,
from the definition of the operator &, and assumption (H}), we can get

S R IR A A+ o e e LR R

{L‘ . S a1+ﬂ1*1(y _ t>az+52*1
/ / (o + 1) T (g + Pa)
(x — )y —t)*t
< by [[ull >0 / /
<lla1l,, + (a1 + brfJulloc + calv]] ar) T (ay)

m _ 8 a1+51 l(y _ t)a2+62—1

(ag + balu(s, )| + calv(s, t)]) dtds

dtds

~+ (a9 + bal|ul|ls + ¢ voo// dtds
+ (a2 + baulloe + 0] M A T
T T2
<lla + a1 + by ||ulls + c1||V]| 0o
<l + Fag iy 0 Pillle + allvlle)
Tlllﬁ-ﬂl Tg2+,32
+ ag + bal|ullee + c2]|V]|0o) -
P(a1+ﬁl+1)r(a2+ﬁg+1)( 2+ baul 2/[llec)
Hence
Ta1 Ta2 T?l""ﬂl Tg2+,82
Gi(u,v <lla + 1+ a
161(; )l < llarllo T(ar + Dl(as + 1) T Tlar + B+ Dl(an + B +1) 2
o a2 Ta1+,31 Ta2+,32
+ L__2 by + ! 2 bo | [Jwlac
['(ay + (g + 1) I(ag + 61+ DI (ag + B2 + 1)
Tcl)q ng T113q+61 ng-ﬁ-,@z
+ T €1+ ca | [lv]]oo
(1 + (a2 +1) [(ay + 1+ DI (g + B2 + 1)
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By similar procedure, we can obtain

T T2 T71+51 T72+52
6 u, v S a* + 1 2 a* + 1 2 a*
181w, 0)lloe < llatlloc P+ 10(e+1)"" T+ 0+ DI (e +d2+1) 2
T’l}'l T’2}’2 T’1Y1+51 T’2}'2+52
* + * -
(r(’n + D 4+1) ' T+ 6+ D0 (e + 5+ 1) ) il
Y1 Y2 Y1+901 y2+92
( LS eSS ) o)
(v 4+ D(72 + 1) (v, + 01 + )0 (y + 62 + 1)

Thus the above inequalities can be written in the vectorial form as follows

&1 (u, v)]| )
S(u,v)|xe = o0
16w, v)l <||62<u,v>||oo
a1+51 Ta2+52

T T92
<Hul|oo> n (““le t far et ™ t Farsor (a2+ﬁ2+1)a2>

HUHoo T T2 T;’”‘Sl T;’2+‘52

a] +

1 2 *
Ha2Hoo + T(y1+1)T(y2+1) F(71+61+1)F(72+62+1)a2

where D is the matrix given by @)
Now we look for o = (g1,02) € R% such that S(u,v) € B, for any (u,v) € B,. To this end,
according to (3.7), it is sufficient to show

T T%2 Ta1+51 Taz+52

T,
NCOW o1l + Farireern® + Fa b et mrD @ S (@
0 T T3 T etz ) = \gy)

lozlloe + s DrGD 2]  TEa TG 22

Equivalently
N*
() =0-m(3) "
Where
T o Tt o2 the
(N’{) - (HalHoo T T T T Ta A DT (e et D) 22
N#* - T T2 % T’Yl+61 T’Y2+52 * '
2 ||a2||oo + F(’y1+11)1—‘(’32+1)a1 T

1“(’)’1-1-51+1) (72+52+1)

Since the matrix D is convergent to zero. It yields, from Definition [11] that the matrix (I — D)
is nonsingular and (I — D)~ has nonnegative elements. So, (3.8) is equivalent to

Tal a2 TD‘1+51 To‘2+32
1 a; +
01 “ (I—D)" F(al+1)r(a2+1) F(a1+51+1) (a2+52+1)
05 —( - ) T T;2 . T‘r1+51 T”r2+52 :
N ey ey L B Vo ey e L

In addition, if we take

we can arrive at
* * * *
01 > 01N} + o3N3,
02 > o3Nj + o N3

Which means that &(u,v) € B,,.
Step 2: G is compact and continuous. Firstly, observe that the operator & is continuous, owing
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to the continuity of functions of f1, fo, g1 and go. The next task is to show that & is uniformly
bounded on B,. From (3.7), and for each (u,v) € B, we can get

stwoe = (180 ) <0 (2) + (3) <=

This proves that G is uniformly bounded. B
Finally, we show that & (B,) is equicontinuous. Let (u,v) € B, and any (z1,v1) , (z2,y2) € I, with
x1 < xy and y; < yo. Taking (HY) into consideration we can find

161 (u,v) (22, 42) — G1(u,v) (x1,91)] < lar (22, y2) — ax (T2, y2)]

b v - - e
+allfalgl+c1@2/ [ @ =9 =07 = @ = 9" (g ) dras
1

b _ -
+a1+ 191+0192/ / (22 — )" (g — 1)L dids
Y1
a;+b c 1 .
n 1+ 101+ 192/ / (25 — $)° 7 (yo — )2  dtds

a+b —|—c o o
L& 1@1 192/ / (22 — 5) 11(y2—t)21dtds
Y1

a1 —i— b101 + €102
(1 + B1) T (g + B2)
/ /yl a1+51_1 (yl o t)a2+52—1 . <m2 - 8)041"‘51_1 (y2 — t)a2+62_1:| dtdS

b y _ _
az + D901 + C202 / / 2 (x2 . S)Oq-i-ﬁl 1 (y2 . t)az-‘rﬁz 1 dtds
I'(oq + B1) I (e + Ba) Jar Jy

ag + bao1 + 200 / /yl a1+81-1 a+B2—1
_ —t dtd
['(ar + 1) T (g + Ba) 0 (72 =) 62 =9) )

T (2121;12@1 222?:52 / /yy (g — 8) T (yy — )% dtds
<lay (72,92) — a1 (72,92)]
ap +bio1 + cr00
Moy +1)T (g +1)
ag + boo1 + €202
Flar+61+ )T (g + o+ 1)

[$g1+51 <y2 . yl)az—l-ﬁQ . (232 . xl)a1+ﬂ1 (y2 . yl)a2+52 + yngrﬁz <x2 . x1>a1+31} _

Similarly, it can be shown that

(25" (Y2 — y1)™? — (w2 — 1) (y2 — 1) + 152 (22 — 21)""]

+2

G2 (u,v) (12,y2) — Gou (z1,y1)| < |ag (21, 91) — a2 (72, 12)|
aj +bjor +cjoo [
P+ DT (pp+1)
a5 + b301 + c500
F(vi+0+1)C(2+d+1)

[x'2y1+51 (y2 N y1)72+52 B (xz B x1)71+51 (y2 n )'72+52 + y’72+52 ( Ty — 1’1)%4_61} .

As x1 — x9 and y; — s, the right-hand side of the above inequalities tends to zero indepen-
dently of (u,v) € B,. Hence, the operators &, and &, are equicontinuous and thus the operator
G is equicontinuous. By Arzela-Ascoli's theorem, we deduce that & is a compact operator. Thus
all the assumptions of are satisfied. As a consequence of Schauder’s fixed point theorem, we
conclude that the operator G defined by has at least one fixed point (u,v) € B,, which is just
the solution of system (3). This completes the proof of the Theorem(3.3).

(o — 1) — (2o —21)" (Y2 — 1) * + y3° (22 — 21)""]

+2
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3.1 Applications

We finish this chapter by constructing examples regarding the above results.

Exemple 2 Consider the following system:

_ al 1 as—1
u(x,y) = (x — («*+4%) / / (a;)) fi(s,t,u(s,t),v(s,t))dtds
T — 5) 041+51 1(y _ t)a2+/32—1
—i—/ / al+51) (o2 1 52) fa(s,t,u(s, t),v(s,t))dtds, :
'Yl 1 t)“/g—l (:E,y) €
v(z,y) = sin(x +y) +/ / (72) g1(s,t,u(s,t),v(s,t))dtds,
_ ’Y1+51 1 Yo+d2—1
/ / x 371 -t (@/(721:)r 579208, tuls 1), vls, ))dtds,
(3.9)
where
a = (a1,a2) = (0.5,0.6), 8 = (81, B2) = (0.8,0.75),7 = (71, 72) = (0.25,0.75),
§ = (1,09) = (0.75,0.25), T, = Ty = 1,1 = [0,1] x [0, 1],
and

Glxy) = (x —y)e 47
G(x,y) = sin(x +y)

X, v, u(x,y), v(x = sin (Ju(e,y)l) sin~! (+y) cos (|v3(x b'e
R e (B2 cos (1) + 4+

Lo—(xty)
fQ(X, Y7u(X,Y),V(X,y>) — COSil <|U(X,Y)|) 4 1€

4 1+ [v(x,y)]
_ u(x,y) v(x,y)
gl(X7 Y U_(X, Y)7 V(X7 Y>> - 6X+y+4(1 + |u(X, y)|) X4y +2
1 u(x,y) + /1 +0(xy)
gQ(X7 Y7u(XJY)7V(X7Y>) = (X+y+ 2)2 2 +Sln|V(X7Y)|

Clearly, the functions g, and g, are continuous. Moreover, for any (uy,v1), (ug,v2) € R? and
(x,y) € I we have

If; (x,y,u1,v1) — g1 (X, ¥, uz, vo)| < 0.25 |u; — ug| 4 0.25 [vy — vy

It (x,y,u1,v1) — g2 (X, ¥, U2, ¥2)| < 0.25|uy — ug| + 0.25|vy — v

g1 (%, y, 01, vi) — g1 (X, ¥, uz, va)| < €% |uy — us| 4 0.25 [v; — vo

lg2 (X, ¥, u1,v1) — g2 (X, ¥, U2, o) < 0.25]|uy — ug| + 0.25 vy — val.
So assumption ( H, ) is satisfied with

P = e % & =q, =DP1=D2=04 =Dy = = 0.25.
Furthermore, the matrix A given by (3.2)) has the following form

1 1 1 1
A — <4F(1.5)F(1.6) + 4r'(2.3)[(2.35) AL(1.5)I(1.6) + 4r(2.3)r(2.35)>
= 1 1 1 1

T2 (L75) T @@ ar(7s)I(m) T arere)

Using the Matlab program we can get the eigenvalues of A as follows o1 = 0.0698, 05 = 0.9742.
This shows that A converges to zero. Therefore, by Theorem the coupled system (3.9)) has a
unique solution.
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Exemple 3 Consider the following system:

ulw ) =x+y" +/ / ;; (_a?)a2_1f1(3at7u(8,t),v(s,t))dtds
+/ / :E—zjizl;(y(;;r;;?_lf2(3,tyu(s,t),v(s,t))dtds, )
v(z,y) = xe* +y+/ / ) (%;)W_lgl(sat,u(s,t),v(s,t))dtds, (z,y) €1
/ / 7:115:51)1 (y(;;}:;;ﬂ g2(s, t,u(s, t),v(s, t))dtds,
(3.10)

where

a = (o1, a2) = (0.25,0.75), 3 :~(51,52) = (0.75,0.25),7 = (m1,72) = (0.25,0.75),6 = (61,62) =
(0.75,0.25), Ty = 10, Ty = 20,1 = [0, 10] x [0, 20],

and

f1 (Xa Y, U(X7 Y)a V<X y

~—

X+y

~ @+ () + Ve )

g (x,y,u(x,y),v(x,y)) = (1 + €X+y> In(1 + |u(x,y)|) + €< arctan v(x,y)
X+y

(I+ u,y)| + vy

Observe that f;, 5,81, g, are continuous and satisfy the condition (H}) with

fQ(Xuyau(X7 Y)’ ( Y

g (Xv Y u(X7 Y)’ V<X’ Y)) =

Pr=D =14+, Q1=q =€Pr=0Q=Dy=0q =2
In addition, the matrix X given by ({3.5)) has the following form

1 1 e2+3 e+2
*= (ﬁv)( e+3 et+2 )
Taking \ large enough it follows that the matrix X is convergent to zero and thus, an application
of Theorem |13 shows that the coupled system (3.10)) has a unique solution.
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Conclusion and Perspectives

In this memory, we have conducted a comprehensive study on the existence, uniqueness, and sta-
bility of solutions for a class of coupled systems of nonlinear integral equations involving the -
Riemann-Liouville fractional integral. Our investigation has been carried out within the framework
of generalized Banach spaces endowed with vector-valued norms, commonly referred to as Perov-
type spaces. This choice of analytical setting has allowed us to deal effectively with the complex
structure of the systems under consideration, particularly due to the nonlocal and memory-dependent
nature of the fractional integral operator. By combining the tools of fixed point theory with the
structure of vector-valued norms and convergent-to-zero matrices, we have been able to obtain
several important theoretical results. Using Schauder's fixed point theorem, we established the ex-
istence of at least one solution under suitable compactness and continuity assumptions. Then, by
applying Perov's fixed point theorem, which generalizes Banach's contraction principle to the set-
ting of vector-valued norms, we proved the uniqueness of the solution. Moreover, we have extended
our analysis to address the concept of Ulam—Hyers stability, a crucial property that ensures the
robustness of solutions under small perturbations in the data. By employing the matrix convergence
technique, we derived sufficient conditions under which the system exhibits Ulam—Hyers and gen-
eralized Ulam—Hyers—Rassias stability. The theoretical findings were supported by carefully chosen
illustrative examples that confirm the effectiveness and applicability of our approach.

Beyond the results obtained, this work opens up several promising directions for further research.
One natural extension would be to apply similar analytical techniques to systems of nonlinear frac-
tional differential equations, particularly those involving Caputo or Hadamard derivatives, which are
also commonly used in modeling real-world phenomena with memory. Furthermore, incorporating
time-delay effects or impulsive dynamics into the fractional framework would offer a more realistic
representation of many physical, biological, and engineering systems. Another valuable direction
would be the development of numerical methods aligned with the theoretical conditions established
in this thesis, allowing for practical approximations of solutions while preserving properties such as
stability and convergence. Additionally, exploring stochastic variants of fractional integral equations
could be of great interest, especially in contexts where uncertainty and random fluctuations play a
significant role. Finally, applying the analytical tools developed here to specific models in population
dynamics, viscoelastic materials, control theory, or finance would further demonstrate the practical
relevance of this work. In conclusion, this thesis contributes to the growing literature on fractional
calculus and fixed point theory by bridging abstract mathematical analysis with applicable results,
providing a solid foundation for both theoretical advancement and real-world modeling.
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