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Résumé

L'analyse de réseaux est un outil indispensable pour découvrir les relations et les
principes organisationnels inhérents aux systemes complexes. Dans ce domaine, cette
these aborde le défi fondamental de la détection de communautés dans les réseaux
complexes, en se concentrant particulierement sur les graphes attribués ot la struc-
ture topologique et les caractéristiques des nceuds sont disponibles. Intégrer efficace-
ment cette information riche pour identifier des communautés cohésives demeure une
tache essentielle a la compréhension des systemes complexes. Ce travail contribue au
domaine en proposant a la fois une compréhension systématique des méthodologies
existantes et de nouvelles contributions algorithmiques. Nous établissons d’abord une
taxonomie compléte qui catégorise les techniques de détection de communautés selon
les méthodes classiques, d’apprentissage automatique traditionnel et d’apprentissage
profond, offrant une revue structurée de 1'état de I'art. S’appuyant sur cela, des études
comparatives rigoureuses sur des modeles de réseaux neuronaux sur graphes (GNN)
proéminents, y compris les approches basées sur des CNN et des autoencodeurs de
graphes (GAE), identifient les limitations de performance actuelles. Nos contributions
méthodologiques incluent premiément AA-LPA, un algorithme heuristique classique
qui améliore 1'algorithme de propagation de labels (LPA). En tirant parti de 1'indice
Adamic-Adar et en intégrant des mécanismes déterministes pour la priorisation des
neeuds et la résolution des égalités, AA-LPA améliore significativement la stabilité et
la robustesse face a 1’aléatoire dans les graphes non attribués. La seconde contribution
principale est G2ZACO, un nouvel autoencodeur de graphes profond pour les réseaux
attribués, qui intégre un objectif de regroupement K-means a la reconstruction dans le
but de maximiser les distances inter-communautés et de minimiser les distances intra-
communautés. Une innovation clé est sa stratégie d’optimisation unique, qui dissocie
les mises a jour des centroides K-means de la propagation du gradient pour gérer ef-
ficacement la non-différentiabilité, assurant une formation stable et une performance
robuste dans l'apprentissage de représentations de nceuds orientées vers le regroupe-
ment via l’attention multi-tétes. Les évaluations empiriques sur divers ensembles de
données de référence démontrent que nos méthodes fournissent des solutions efficaces.
AA-LPA est testé sur des ensembles de données de réseaux sociaux classiques, ou il
améliore significativement la stabilité par rapport au LPA traditionnel. En outre, G2ZACO

est rigoureusement évalué sur des ensembles de données de réseaux de citation et de



réseaux sociaux, surpassant de maniére constante les approches de référence de 1'état
de I'art. Cette thése apporte des connaissances et des outils précieux pour 1’analyse
de réseaux, offrant une solution complete pour la détection de communautés dans les
graphes complexes et attribués.

Mots clés : Détection de communautés, Réseaux Neuronaux sur Graphes, réseaux
attribués, autoencodeurs de graphes, représentation de nceuds, réseaux sociaux, réseaux
de citation, algorithme de propagation de labels.




Abstract

The intricate relationships and organizational principles inherent in complex systems
are effectively deciphered through network analysis, an indispensable tool in this regard.
Within this field, this thesis addresses the fundamental challenge of community detec-
tion in complex networks, particularly focusing on attributed graphs where both topo-
logical structure and node features are available. Effectively integrating this rich infor-
mation to identify cohesive communities remains a critical task in understanding com-
plex systems. This work contributes the field by offering both a systematic understand-
ing of existing methodologies and novel algorithmic contributions. We first establish a
comprehensive taxonomy that categorizes community detection techniques across clas-
sical, traditional machine learning, and deep learning paradigms, providing a structured
state-of-the-art review. Building on this, rigorous comparative studies on prominent
graph neural network models, including CNN-based and Graph Autoencoder (GAE)-
based approaches, identify current performance limitations. Our methodological con-
tributions include AA-LPA, a classical heuristic algorithm that enhances the Label Prop-
agation Algorithm (LPA). By leveraging the Adamic-Adar index and incorporating de-
terministic mechanisms for node prioritization and tie resolution, AA-LPA significantly
improves stability and robustness against randomness in non-attributed graphs. The pri-
mary contribution is G2ACO, a novel deep graph autoencoder for attributed networks.
G2ACO integrates a K-means clustering objective with reconstruction, with the aim of
maximizing inter-community and minimizing intra-community distances. A key inno-
vation is its unique optimization strategy, which decouples K-means centroid updates
from gradient propagation to effectively handle non-differentiability, ensuring stable
training and robust performance in learning clustering-oriented node representations
via multi-head attention. Empirical evaluations on various benchmark datasets demon-
strate that our methods provide effective solutions. AA-LPA is tested on classical social
network datasets, where it significantly enhances stability compared to traditional LPA.
Moreover, G2ACO is rigorously evaluated in both citation network datasets and social
networks, consistently outperforming state-of-the-art baselines. This thesis contributes
to valuable insights and tools for network analysis, providing a comprehensive solution

for community detection in complex and attributed graphs.




Keywords : Community detection, Graph Neural Networks, attributed networks,
graph autoencoders, node representation, social networks, citation networks, Label

Propagation Algorithm.
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Introduction

Context

Across the field of network analysis, one of the most essential and long-standing prob-
lems is community detection (also known as graph clustering or network partition-
ing). While the investigation of communities has roots as early as the 1920s in sociology
and social anthropology (Rice, 1927), it is predominantly after the turn of the 21st cen-
tury that advanced scientific tools were developed and applied primarily to real-world
data (Newman and Girvan, 2004).

In this unsupervised task, the goal is to uncover cohesive clusters of nodes in a net-
work, where the links connecting nodes inside a cluster are stronger and more frequent
than those linking them to nodes outside that cluster. This pattern reflects the principle
of homophily, which refers to the tendency for similar individuals to associate with one
another, as expressed by the adage “Birds of a feather flock together” (McPherson et al.,
2001).

The underlying premise is that these communities often correspond to functional
modules, organizational units or semantically meaningful clusters within the system.
The successful identification of such latent structures is not merely an academic exer-
cise; it yields profound practical implications. For instance, in bioinformatics, it can re-
veal disease gene modules; in social sciences, it helps understand group dynamics and
information flow; and in cybersecurity, it aids in detecting malicious botnets. There-
fore, rapidly and reliably detecting these hidden communities is vital to fully leverage
network data’s analytical strengths and to guide effective decision-making in today’s

data-centric world.
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Motivation

Despite the foundational importance of community detection, existing methodologies
face significant limitations, particularly when confronted with the increasingly high-
dimensional and complex nature of networks. Traditionally, many community detection
approaches have focused almost exclusively on network topology. These include meth-
ods such as hierarchical clustering techniques, modularity optimization, spectral clus-
tering, and various dynamic algorithms. While these established methods offer valuable
insights into network structure and often yield interpretable results, they frequently suf-
fer from issues such as sensitivity to initial conditions, leading to non deterministic so-
lutions, and inherent difficulties in processing networks that evolve over time.

A more critical challenge arises from the growing availability of attributed network
data, where nodes possess rich semantic and feature information beyond basic con-
nectivity. Classical algorithms struggle to efficiently fuse this high dimensional, multi
source information. Their inability to jointly leverage both network topology and node
attributes often leads to suboptimal community detection, overlooking crucial semantic
relationships embedded within the data.

To address these limitations and better harness the complexity of contemporary data,
the field has seen a significant shift from older techniques towards more advanced mod-
els. This evolution has been particularly driven by the advent of deep learning, which has
revolutionized the ability to process and learn from high dimensional data across vari-
ous domains. In the context of network analysis, this advancement has culminated in the
emergence of Graph Neural Networks (GNNs) (Wu et al., 2022). GNNSs are specifically
designed to operate directly on graph structured data, enabling them to learn power-
tul, low dimensional representations that effectively capture complex topological and
semantic patterns.

Many GNN variants have demonstrated success in extracting meaningful features
from graph structured data. Among these, Graph Autoencoders (GAEs) stand out as
a particularly promising framework for unsupervised representation learning, as they
extend the autoencoder paradigm to handle data in non Euclidean spaces (Thomas and
Welling, 2016). GAEs learn a compact latent representation by reconstructing the in-
put graph, thereby effectively reducing high dimensionality while preserving essential
structural and attribute information. These models can seamlessly integrate diverse in-

puts, such as node features, edge attributes, and even precomputed embeddings, into
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their latent space.

A core component of many advanced GNN architectures is a self-attention mecha-
nism, which assigns importance to relevant neighboring nodes to improve embedding
quality. This mechanism is crucial to capture the local network structure and create more
powerful node embeddings, and is a key component of several prominent GAE-based
clustering methods (Velickovi¢ etal., 2018; Wang et al., 2019; Zhou et al., 2023). However,
a single attention head may be insufficient to capture the multiple and diverse aspects
of relationships among nodes that are essential for nuanced community detection.

To perform clustering within the latent space, many models adopt a dual objective.
Several strategies have been proposed to integrate a clustering objective into the GAE’s
training. One common approach is to employ indirect methods that use probabilistic
clustering loss, such as KL (Kullback-Leibler) divergence, to guide the latent space to-
wards a desirable cluster distribution (Wang et al., 2019; Zhou et al., 2023). Although
effective, this approach can produce soft assignments that may not always result in max-
imally separated or distinct communities. Alternatively, deep clustering approaches that
seek to directly use a K-means objective to enforce cluster compactness, such as Simul-
taneous Deep Clustering (SDC) (Yang et al., 2017), often encounter a different set of
problems. These methods, while innovative, are primarily designed for Euclidean data
such as images and text. This limits their direct applicability to complex, graph struc-
tured data for the purpose of community detection, especially as they also struggle with
the non differentiability inherent in hard cluster assignments.

This dichotomy highlights a critical research gap. The absence of a unified framework
that can learn an enhanced representation and effectively address the clustering objective

challenge underscores a significant limitation in the current state-of-the-art.

Contributions

The contributions of this thesis are organized into four main areas. Firstly, this thesis
presents a comprehensive state-of-the-art review of community detection techniques.
This review is structured around a novel organized taxonomy that categorizes these
methods into three main classes: classical approaches, traditional machine learning-
based models, and deep learning-based paradigms. This framework effectively high-
lights the methodological progress in the field, enabling a clear contrast of the advan-

tages and limitations inherent to each class.
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Secondly, this work includes two distinct and in-depth comparative studies focused
on discovering cohesive communities using Graph Neural Network (GNN) techniques.
The first study (Bekkair et al., 2023) rigorously compares CNN-based community detec-
tion methods, examining two taxonomized approaches (edge transformation and node
transformation) in various non-attributed networks, including Karate, Email datasets
and Dolphins (Zachary, 1977; Girvan and Newman, 2002; Lusseau et al., 2003). The
second study (Bekkair et al., 2024) provides a thorough analysis and investigation of
graph autoencoders (GAEs) for attributed network-based community detection. This
study explores two main GAE categories (simple versus dual encoder), each focusing
on GCN or GAT-based architectures, evaluating five distinct AE models in major cita-
tion networks (CiteSeer, Cora, and PubMed (Giles et al., 1998; McCallum et al., 2000;
Sen et al., 2008)).

Our third contribution is the Adamic-Adar Label Propagation Algorithm (AA-LPA)
proposal (Bekkair et al., 2025b), a classical heuristic algorithm that improves the tra-
ditional Label Propagation Algorithm (LPA) (Raghavan et al., 2007). Based on the
Adamic-Adar index measure, AA-LPA significantly improves LPA stability and ef-
fectively removes its inherent randomness through several deterministic mechanisms.
These include node prioritization via AA-derived centrality to guide propagation order,
AA-weighted label influence amplified by community size, and deterministic tie reso-
lution using structural centrality to ensure consistent partitions. The algorithm was rig-
orously tested on three benchmark datasets (Karate, American Football, and Dolphins)
(Zachary, 1977; Girvan and Newman, 2002; Lusseau et al., 2003)).

Ultimately, regarded as the main contribution of this thesis, we propose Graph
Attention Autoencoder Clustering-Oriented (G2ACO) (Bekkair et al., 2025a), a novel
deep learning model based on graph autoencoder architecture. G2ACO is specifically
designed to detect communities and extract highly useful node embeddings for graph
clustering tasks by jointly leveraging both the network topology and node attributes. It
achieves this by orienting the learned representations using a K-means objective along-
side the reconstruction loss. This K-means objective aims to maximize the distance be-
tween communities while minimizing the distance within communities. A key method-
ological innovation is its unique optimization strategy, which effectively handles the non-
differentiability of K-means by decoupling centroid updates from gradient propagation,
thereby ensuring stable training and robust performance. This model was fully tested
on two different types of attributed networks: citation networks (CiteSeer, Cora, and
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PubMed (Giles et al., 1998; McCallum et al., 2000; Sen et al., 2008) ) and a social network
(BlogCatalog (Li et al., 2015)).

Organization

The structure of this thesis is organized into two main parts:

Part I laid the essential groundwork. Chapter 1 provides a comprehensive back-
ground on fundamental concepts in graph theory, machine learning, deep learning, and
their specialized applications to graph data. Chapter 2 then offers a review of existing
community detection methodologies, culminating in a detailed taxonomy that catego-
rizes approaches from classical methods to contemporary deep learning methods, thus
establishing the context and highlighting the research gaps addressed in this work.

Part II constitutes the core contribution of this thesis, presenting original research
designed to push the boundaries of community detection. Chapter 3 begins with an in-
depth comparative study. This chapter rigorously evaluates prominent community de-
tection techniques across different paradigms, including CNN-based methods for non-
attributed networks and Graph Autoencoder (GAE)-based models for attributed net-
works. The insights derived from this comparative analysis directly inform and justify
our subsequent methodological proposals. Chapter 4, details our contributions: AA-
LPA, an enhancement for stable classical community detection in non-attributed net-
works, and G2ACO, a novel deep graph autoencoder with a unique clustering-oriented
optimization strategy for attributed graphs.

Finally, Chapter 5 provides the general conclusion of this thesis by revisiting the re-
search problem and objectives, summarizing the main contributions, and outlining fu-

ture perspectives in the form of open questions and possible extensions.



FiIrRsT PART

Background and State of the Art

7

« ) azls th.\j\jTQﬂ f)i »

Ibn Qayyim al-Jawziyya,
Miftaah Daar as-Sa’aadah, 1/142



CHAPTER 1

Background

His Background chapter introduces the core concepts that form the founda-
tion of this thesis, bringing together graph-theoretic fundamentals, machine
learning paradigms, deep-learning architectures and their adaptations to
graph-structured data. By establishing essential vocabulary and guiding in-
tuition, the reader is equipped to fully understand and critically engage with

the rest of the thesis.

1.1 Graph Theory

Graph theory was first introduced in 1735 when Leonhard Euler presented the problem
of traversing each of the seven bridges of Koénigsberg exactly once without repetition.
This problem laid the foundation for graph theory by modeling the city’s layout as a net-
work structure (Euler, 1741). In this network representation, landmasses were depicted
asnodes (also known as vertices), and the bridges connecting them as edges. Graph the-
ory provides a powerful mathematical tool for modeling and analyzing complex systems
of interconnected elements. It is widely used to represent various real-world networks.

Formally, a graph G is defined by G = (V, E'), where V' = {v;, vs, ..., vy} is a collection
of N = |V| nodes connected with a set of M edges E = {ej,ea,...,en} (Figure 1.1).

An attributed graph (Zhang et al., 2018) can be represented as a triplet G = (V, £, X),
where X = {x,Xs,...,xy} € RV*™ is the attribute matrix of size N x m, and each vector
x; € R™ denotes the attribute vector of node 1.
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Figure 1.1—A simple undirected graph with seven nodes and its adjacency matrix A,

which encodes the graph topology.

A bipartite graph is one whose vertex set can be partitioned into two disjoint, non-
empty subsets U and V/, so that every edge joins a vertex in U to one in V' (Figure 1.2).
More generally, a k-partite graph partitions its vertices into k disjoint subsets, with no
edges within the same subset. A complete k-partite graph, denoted K,,, 5, .. n,., iS one in
which every possible edge between vertices in different subsets is present.

A path in a graph is a sequence of vertices in which each consecutive pair is joined by
an edge, and no vertex (and hence no edge) is repeated. In contrast, a walk allows vertices
and edges to be revisited. A subgraph of a graph G = (V. E) is any graph G’ = (V', E')
with V' C V and £’ C E, such that each edge in £ connects vertices in V' (Sedgewick
and Wayne, 2011; Barabasi and Pésfai, 2016).

Figure 1.2—A complete bipartite graph Kj 3.

Node Centrality

A key concept in graph theory and network analysis is the notion of node centrality, which
quantifies the importance or influence of a node based on its position within the graph.

One of the simplest measures is degree centrality, defined for a node v as follows:

Cp(v) = le\fg_@l), (1.1)
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where deg(v) is the number of edges incident to v and /N —1 is the maximum possible
degree in a simple undirected graph. This normalization ensures 0 < Cp(v) < 1.

A more global measure is betweenness centrality, which captures the extent to which
anode lies on shortest paths between other node pairs. For each ordered pair of distinct
nodes (s, t), let o, denotes the number of shortest paths from s to ¢, and let o, (v) be the

number of those paths that pass through v. The betweenness centrality of v is then

Cs(v) = 3 ”sot_@) (1.2)
s,teV st
s#tF#v

High betweenness indicates a node’s critical role in connecting disparate parts of the
graph. Other commonly used centrality measures include closeness centrality, which is
based on the average shortest-path distance from a node to all others, and eigenvector
centrality, which assigns higher scores to nodes connected to other high-scoring nodes.
Collectively, these metrics provide complementary views of node importance, from local
connectivity to global flow of information (Erciyes, 2021).

Graph Representations

Depending on their intended application, a graph G = (V, E') may be encoded in any
of several formats. In the adjacency matrix representation, one associates to each pair of
vertices v;, v; € V the entry

1, (vi,v;) € E,
Q5 = ( ]) (13)

0, otherwise,
yielding an N x N binary matrix (Figure 1.1). This format permits O(1) time adja-
cency queries at the cost of O(n?) storage. Alternatively, the adjacency list representation
assigns to every node v € V the list of its neighbors N'(v) = {u|(v,u) € E}, which
uses O(N + M) space and allows one to iterate efficiently over all edges incident to a
given node. Finally, the edge list simply records the set {(u,v) | (u,v) € E}, providing a
minimal O(|E|)-size description of the graph’s connections.
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Graph Laplacians

In addition to the adjacency-matrix, adjacency-list, and edge-list representations, many

algorithms rely on the graph Laplacian (Hamilton, 2020). Let G = (V, E) be an undirected

graph, adjacency matrix A = [a;;]};_;, and degree matrix D = diag(d;,...,dy) where
d; = 3_; a;;. The (combinatorial) Laplacian matrix is defined asL = D — A.

By construction, L is symmetric positive semi-definite, and its spectrum (the set of
eigenvalues) encodes connectivity properties. For instance, the multiplicity of the zero
eigenvalue equals the number of connected components in G. A commonly used variant

is the symmetric normalized Laplacian.
Lym = DV/2LD'/? = I-D '/2AD /2, (1.4)

where (\;(L*sym)) denotes the (i)-th eigenvalue of the normalized Laplacian, satisfying
0 < Ai(Leym) < 2. In spectral clustering and graph convolutional networks, Ls,, ensures
that nodes with varying degrees are treated on an equal footing.

Another form is the random-walk (asymmetric) normalized Laplacian.

L = D'L = 1-D'4, (1.5)

whose eigenvalues lie in [0, 2] and whose rows sum to zero. L, governs the transition

dynamics of a simple random walk on G.

Graph Traversal

Graph traversal is most commonly performed by two complementary algorithms,
breadth-first search (BFS) (Moore, 1959) and depth first search (DFS) (Tarjan, 1971). Start-
ing from a designated source vertex s, BFS proceeds “level by level,” visiting first those
vertices at distance one from s, then those at distance two, and so on. In contrast, DFS
explores as deeply as possible along each branch before backtracking: starting from s, it
selects an unvisited neighbor and continues along that path until no new vertices remain,
then backtracks to explore alternative branches. DFS is often implemented recursively or
with an explicit stack. Together, these representations and traversal strategies form the

foundation for efficient storage, querying, and analysis of complex network structures.

10
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Network Categories

In network analysis, data are commonly organized into categories such as social net-
works, citation networks, biological networks, and various other graph types, each char-
acterized by unique structural properties and applications (Fortunato, 2010).

Social networks model the relationships and interactions among individuals or or-
ganizations, uncovering patterns of influence, information diffusion, and community
structure. Prominent examples include Facebook’s friendship graph, where vertices rep-
resent users and undirected edges denote mutual “friend” links, and interaction net-
works on platforms such as Instagram or TikTok, which researchers use to study how
behaviors (for example, news sharing or product adoption) propagate through tightly-
knit user clusters.

Citation networks represent scholarly documents as nodes and directed edges as
citations, tracing the propagation of ideas, the emergence of research fronts, and the
scholarly impact of individual works. Unlike social networks, citation graphs are inher-
ently acyclic because a paper cannot cite itself directly or indirectly. The high-energy
physics arXiv citation network!, for example, has been analyzed to identify influential
papers and to map the temporal evolution of scientific disciplines (Leskovec et al., 2005).

Biological networks capture molecular and cellular interactions such as protein—pro-
tein associations, gene regulatory relationships, or metabolic pathways, revealing func-
tional modules, signaling cascades, and mechanisms underlying disease. The Saccha-
romyces cerevisiae protein—protein interaction (PPI) network, in which proteins are nodes
and experimentally determined binding events form edges, serves as a canonical dataset
for detecting overlapping complexes and predicting protein functions (Barabasi and Olt-
vai, 2004).

Other networks extend beyond social, citation, and biological domains to include
transportation systems (for example, road and airline networks), critical infrastructure
(e.g, power grids and water-distribution systems), and technological topologies (e.g,
communication networks, the World Wide Web, and the Internet’s autonomous-system
graph). Analyses of these networks yield insights into system resilience, traffic opti-
mization, and vulnerability to failure. For instance, examining how disruptions at key
airports cascade through the U.S. domestic airline network.

'http://snap.stanford.edu/data/ (Stanford Large Network Dataset Collection, SNAP). Accessed
2025-10-18.

11
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1.2 Machine Learning

The quest to endow machines with human-like intelligence is a longstanding problem
in the field of artificial intelligence. It can be traced back to Alan Turing’s seminal ques-
tion, “Can machines think?” (TURING, 1950). Despite decades of progress, artificial
intelligence remains an open and multifaceted research area, comprising numerous sub-
fields. Among these, machine learning—a data-driven methodology for extracting pat-
terns and making predictions, has gained particular prominence. Machine learning it-
self is organized into several paradigms, including supervised learning, unsupervised
learning, semi-supervised learning, and other paradigms like reinforcement learning

and self-supervised learning.

1.2.1 Supervised Learning

Supervised learning refers to the subset of machine-learning algorithms that leverage
labeled data during training to learn a mapping from inputs to outputs (Bishop, 1995).
Concretely, given a dataset D = {(x;, y;) }}\,, the goal is to infer from a hypothesis space

‘H, a function f : X — ) that minimizes a chosen loss function L:

~

N
= argrfgig%;ﬁ(f<xi),yi). (16)
When )Y is a finite set of classes, the problem is known as classification, where the objective
function typically employs a categorical loss such as the binary cross-entropy (BCE) for
binary classification or cross-entropy loss for multiclass problems. Conversely, when Y
is a set of real-valued vectors, the task corresponds to regression, commonly optimized
using the mean squared error (MSE) loss.

Supervised learning dominates many practical applications, driven by the increasing
availability of annotated data. Advances in data-collection platforms, crowdsourcing,
and sensor networks have fueled vast labeled corpora in domains ranging from com-
puter vision to natural language processing (LeCun et al., 2015).

This paradigm also extends naturally to graph-structured data. For example, in
node-level tasks, machine learning models are trained to predict node labels by exploit-
ing the structural information encoded within the graph. Classical approaches such as
label propagation, graph kernels, and probabilistic relational models leverage topologi-

12
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cal similarities to infer labels and uncover underlying relational patterns.

1.2.2 Unsupervised Learning

Unsupervised learning refers to the class of machine-learning algorithms that operate
without labeled data (Bishop, 1995). Formally, given a dataset D = {x;}}¥; with x; € X,
the objective is to discover the underlying structure or distribution of the data in the
absence of labels y;. Unsupervised methods are especially powerful when annotated
data is scarce or expensive to obtain. In graph-based learning, for example, they enable
community detection, node embedding, and anomaly identification based solely on the
topology and attributes of the graph (Fortunato, 2010; Perozzi et al., 2014; Grover and
Leskovec, 2016; Hamilton, 2020; Su et al., 2022).

Two primary tasks in unsupervised learning are clustering and dimensionality re-

duction.

1.2.2.1 Clustering

Clustering aims at partitioning the data into K groups such that the points within each
cluster are more similar to each other than to the points in other clusters. A widely
used method is K-means clustering, which iteratively minimizes the intra-cluster sum
of squared distances. Given a dataset D = {x;}, € RV*? and a specified K, the K-
means alternate between assigning each point to its nearest centroid and updating each
centroid to the mean of its assigned points (Krishna and Murty, 1999). Formally, it solves

the following problem.

{C.ay=argmind > x— " (17)

7=1 XiGCj

where C' = {C‘l, e C’K} is the set of clusters, i = (fi1,. .., fix) are the cluster cen-
troids, C; denotes the set of points assigned to cluster j, ;1; € R?is the centroid of cluster
j,and x; € R fori = 1,...,N. Here K is the number of clusters, N the number of
data points, d the data dimensionality, and ||-|| the Euclidean norm. As detailed in Al-
gorithm 1. The time complexity of the standard K-means algorithm scales as O(N KdT'),

where T is the number of iterations required for convergence.

13
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Algorithm 1 K-means Clustering

Require: Dataset {x;}Y, C R?, number of clusters K, tolerance ¢

Ensure: Cluster assignments C}, ..., Ck and centroids ji1, .. ., ik
1: Initialize centroids { u§0)}§(:1 > Initial centroids at iteration 0
2: fort=1,2,...do > Assignment step

3: foreachi=1,...,N do

4: ngt) ¢ arg minjeqr, .k} ||Xi — ugt_1)|]2
5: end for > Update step
6: foreachj=1,...,K do
7 1
“gt) @ Z Xi
Gl e
iie; ' =j
8: end for
9: if max; ]|u§t) - u§t_1)]\ < € then
10: break
11: end if
12: end for

13: return {C](-t)}, {uEt)}

1.2.2.2 Dimensionality Reduction

Dimensionality reduction techniques project high-dimensional data into a lower-
dimensional space while preserving essential structural properties; these methods re-

duce dimensionality through a mapping:

f:XCRY =RY d< N. (1.8)

where X represents the input feature space containing data samples x; € &, and f
transforms each data sample to a low-dimensional representation.

Principal Component Analysis (PCA) (Jolliffe and Cadima, 2016) identifies orthog-
onal directions of maximal variance through eigen decomposition of the covariance ma-
trix %XTX for mean-centered data X € RV*™. Here, N denotes the number of samples,
and m represents the dimensionality (number of features) of each sample. The pro-
jection matrix W, € R™*? contains the top-d eigenvectors corresponding to the largest
eigenvalues, where d < m is the reduced dimensionality. The transformed represen-

tation is then obtained as Y = XW,, providing a lower-dimensional embedding that

14
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preserves the maximum variance in the data.

LisNgE = sz'j 108 %7 (1'9)

i#j K

with ¢;; computed from Student’s t-distributed embeddings optimized via gradient de-
scent.

Autoencoders (Kramer, 1991) represent an advanced class of nonlinear
dimensionality-reduction models, encompassing architectures such as convolu-
tional, variational, and graph autoencoders. They naturally extend to non-Euclidean
domains, including graphs, enabling the modeling of complex data distributions and
the learning of task-specific embeddings; details are deferred to Section 1.3.4.

These methods enable visualization of complex data structures, noise suppression,
and efficient feature extraction for downstream tasks; in graph domains, they are rou-
tinely utilized for community detection, node classification, link prediction, anomaly
detection, and graph compression.

1.2.3 Semi-supervised Learning

Semi-supervised learning is a learning paradigm that bridges the gap between super-
vised and unsupervised learning. The objective is to build effective models using a small
amount of labeled data combined with a large amount of unlabeled data (Van Engelen
and Hoos, 2020). Formally, the training set is composed of two parts: a labeled dataset
D; = {(xi,¥:) };2, and an unlabeled dataset D, = {x;}’*,, where typically n; < n,. The
objective is to learn a function f : X — ) that generalizes well to unseen data.

The success of semi-supervised learning relies on several core assumptions (Zhu and
Goldberg, 2009). The smoothness assumption states that points that are close in the in-
put space are likely to have the same label. The cluster assumption suggests that the
data form discrete clusters, and points within the same cluster tend to share labels. Fur-
thermore, the manifold assumption posits that high-dimensional data lie on a lower-
dimensional manifold, and learning is easier in this space.

Numerous methods have been proposed to exploit unlabeled data under these as-
sumptions.

Semi-supervised learning is especially valuable in domains where labeled data is
scarce or expensive to obtain, such as bioinformatics (Zhu et al., 2021) and medical

imaging (Jiao et al., 2024), while unlabeled data is abundant. In the context of graph
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learning, semi-supervised approaches have proven effective for tasks such as node clas-
sification (Kipf and Welling, 2017), where only a few nodes are annotated and the label
information must be propagated through the network structure.

1.3 Deep Learning

Deep learning encompasses a family of machine learning methods based on the compo-
sition of multiple layers of artificial neurons, capable of modeling highly complex and
non-linear relationships within high-dimensional data. In this section, we present the
fundamental concepts and terminology necessary for understanding the remainder of
this thesis, with a particular emphasis on principles relevant to deep learning: we first
introduce the basic building blocks underlying most deep architectures, then detail con-
volutional neural networks (CNNs) and autoencoders, illustrating their principles and
applications.

1.3.1 Fundamental Architecture

We present the core architecture, covering feedforward neural networks, activation func-
tions, the concepts of overfitting and underfitting, and regularization techniques.

A feedforward neural network (FFN) is a foundational architecture in deep learning
that implements a sequence of affine transformations interleaved with pointwise non-
linearities (Rosenblatt, 1958; Rumelhart et al., 1986)

a® —x  ZO —WO D L pO O = qf)(z(f))7 (1.10)

forlayers ¢ = 1,..., L, where W) and b are the weight matrix and bias vector, and ¢ is

(L) may be passed through a task-specific

an activation function. The final output y = a
transformation (e.g., softmax for classification).

Activation functions introduce the nonlinearity necessary for the network to approxi-
mate complex, non-linear mappings. Common choices include the rectified linear unit

(ReLU) and its variants (Nair and Hinton, 2010; Maas et al., 2013):
CbReLU(Z) = max((), Z), (111)

¢LeakyReLU(Z) = max()\z, Z), A E (O, 1), (112)
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as well as the sigmoid and hyperbolic tangent functions (Bishop, 1995):

1
¢o(2) = T (1.13)
P () = (1.14)

For multiclass classification, softmax activation in the output layer converts logits z; into
a probability distribution (Bishop, 1995):

e

Qbsoftmax(z)i = Z oz (115)

J

Ovetfitting and underfitting represent a fundamental trade-off in machine learning
model generalization. The learning process typically involves fitting a model to a train-
ing set and evaluating its performance on a separate test set to estimate real-world perfor-
mance. Overfitting occurs when a model learns the training data too well, including its
noise and statistical fluctuations, resulting in high training performance but poor gener-
alization to the test set. In contrast, underfitting occurs when a model is too simplistic
to capture the underlying structure of the data, leading to suboptimal performance on
both the training and test sets. These phenomena are formally characterized by the bias-
variance tradeoff (Hastie et al., 2009), where underfitting corresponds to high bias and
overfitting to high variance.

Regularization techniques are used to prevent overfitting and improve generalization.
FFNs employ regularization techniques such as dropout and norm penalties. In dropout
(Srivastava et al., 2014), each hidden activation is multiplied by a binary mask £ ~
Bernoulli(1 — p), where p € [0, 1] is the dropout rate, during training:

i = ¢9 o p(WO AV 4 pO), (1.16)

where ® denotes element-wise multiplication. At test time, when all neurons are ac-
tive, activations are scaled by the retention probability 1 — p to maintain the expected
magnitude of activations:

a® = (1—p) - (WO 2l 1 p®), (1.17)

Alternative implementations may use inverted dropout, where scaling is applied during
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training instead.
Norm penalties (weight decay) add a term to the loss that penalizes large weights. For
example, with an L, penalty the objective becomes

L
£t0tal = Edata + A ZHW(Z)H%‘, (118)

(=1

where Ly, is the data-fitting term and A > 0 controls the strength of regularization
(Krogh and Hertz, 1992). Similarly, L, penalties encourage sparsity in the weight matri-
ces.

1.3.2 Convolutional Neural Networks

Convolutional Neural Networks (CNNs) are a widely adopted deep-learning architec-
ture designed to exploit the local spatial or temporal dependencies present in grid-
structured data, such as images, audio signals, or text sequences (LeCun et al., 1998).
By applying learnable convolutional filters, CNNs capture local features while shar-
ing weights across the input, which dramatically reduces the total number of param-
eters compared to fully connected networks. These models naturally extend to one-
dimensional (e.g., time series or text) and two-dimensional (e.g., images) inputs. A
typical CNN consists of alternating convolutional layers, which extract hierarchical pat-
terns through learned kernels, and pooling layers, which downsample feature maps to
achieve translation invariance and further parameter efficiency. Together, these com-
ponents enable CNNs to learn rich, spatially aware representations with relatively low
computational cost.

Convolutional layers operate by applying learnable filters to small, spatially contigu-
ous regions of the input. For example, in an image the first convolutional layer typically
detects simple edge patterns, horizontal, vertical or diagonal, by convolving the image
with a set of small kernels (e.g. 3 x 3 or 5 x 5 filters). Subsequent layers build upon these
low-level features to recognize increasingly complex structures: the second layer may
combine edge detectors into motifs such as corners or textures, and deeper layers can
assemble these motifs into semantic parts (eyes, mouths, or other object components).
Each convolutional layer uses multiple filters of the same spatial size in parallel, produc-
ing a corresponding set of feature maps that preserve the two-dimensional topology of
the data.
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The spatial dimension of the output after each convolutional layer is determined by

S LIS 119

here, IV is the size (height or width) of the input feature map, f is the size of the con-

Equation 1.19.

volutional kernel, P is the amount of zero-padding applied to the input, and S is the
stride with which the kernel is moved. The total number of output channels is equal to
the number of filters applied in that layer.

Pooling layers are strategically inserted after convolutional operations to reduce the
spatial dimensions of the feature maps. They function by aggregating values within lo-
cal sliding windows, summarizing the statistics of each receptive region to produce a
compact, lower resolution representation. The most common operations are max pool-
ing, which extracts the maximum value to emphasize the most salient features, and av-
erage pooling, which computes the mean for smoother downsampling. Variants include
Lo-norm pooling, L,-pooling, stochastic pooling, adaptive pooling, and global pooling.
Critically, the pooling is applied independently to each channel, preserving the chan-
nel count while compressing the spatial resolution. This downsampling provides key
benefits: it reduces the computational cost and memory footprint for subsequent layers,
mitigates overfitting by imparting translation invariance and reducing parameters, and

increases the receptive field to integrate broader contextual information.

1.3.3 Recurrent Neural Networks

Recurrent Neural Networks (RNNs) were first introduced by Elman (1990) to model
sequential data by maintaining a hidden state that evolves over time. At each time step
i, an RNN takes an input vector x(¥) and the previous hidden state ht~! to produce a
new hidden state h® and an output y”, as shown in Equation 1.20 and illustrated by
Figure 1.3.

h® = f(Wx? + U,h Y +by),
(i) o (i) i g (1.20)
y" :g(Wth "‘by)

where f and g are non-linear activation functions, and W, U,, and W, are learnable
weight matrices with biases b, and b,,. This recurrence enables the network to integrate
information over arbitrary sequence lengths, making RNNs well-suited for tasks such
as language modeling, time-series forecasting, and speech recognition.
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However, RNNs suffer from vanishing and exploding gradients when learning long-
term dependencies (Bengio et al., 1994). To address these issues, the Long Short-Term
Memory (LSTM) architecture introduces memory cells along with input, forget, and
output gates to regulate information flow and decide when to retain or discard informa-
tion over extended sequences (Hochreiter and Schmidhuber, 1997). The Gated Recur-
rent Unit (GRU) simplifies this mechanism by merging the forget and input gates into a
single update gate and combining the cell state with the hidden state, thereby reducing
computational complexity without sacrificing performance (Cho et al., 2014a).

(1 ) (t-1) )
h(O) h h o h h “__ o

Figure 1.3—Recurrent neural network architecture

1.3.4 Autoencoders

Autoencoders (Kramer, 1991) are unsupervised neural networks that learn compressed
representations of unlabeled data through a dual-phase compression-reconstruction
process. Their architecture enables applications across diverse data modalities (images,
text, graphs) including dimensionality reduction, community detection, anomaly detec-
tion, and feature extraction.

The fundamental architecture comprises three core components (Figure 1.4): an en-
coder that condenses high-dimensional inputs into compact low-dimensional embed-
dings, a decoder that reconstructs inputs from these embeddings, and a loss function

that quantifies reconstruction fidelity.

20



Chapter 1. Background

Enocoded
data
Input ENCODER RS DECODER Output
Original Reconstructed
Input input

Figure 1.4—End-to-end autoencoder workflow illustrating how input data is com-
pressed into a latent representation through the encoder and then reconstructed by the

decoder, enabling unsupervised feature learning and data dimensionality reduction.

To illustrate, consider a photographic input x of an automobile. The encoder ¢enc
functions as a feature extractor, distilling salient attributes such as silhouette profile,
wheel configuration, and grille geometry into a latent representation z, while suppress-
ing irrelevant details. Subsequently, the decoder ¢4.. generates a reconstructed output
x exclusively from z, without reference to the original input. Reconstruction accuracy is
optimized through a loss function £ that penalizes deviations in structural integrity or
chromatic properties.

An autoencoder implements the pipeline:
x € RP 2 7 c R X 3 e RP, d< D, d,DeN. (1.21)

where d/D defines the compression ratio. The bottleneck constraint forces information

distillation:
Z = denc(x;0,) = 0(Wx+b,), O,={W,cR™ b, c R} (1.22)

with ¢ denoting nonlinear activation such as ReLU, sigmoid, etc. The decoder recon-

structs the input:
X = Ggec(2;04) = Y(Wyz +by), 04={W,; € RP* b, € R} (1.23)

where 9 is output activation.
Loss functions and optimization include Mean Squared Error (MSE; Equation 1.24),
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which is convex, sensitive to outliers, and assumes Gaussian noise; Binary Cross-Entropy
(BCE; Equation 1.25), which provides a probabilistic interpretation and is typically
paired with a sigmoid output; and Kullback-Leibler (KL) divergence (Equation 1.26),
which measures the divergence between two Gaussian distributions P and Q).

1
Lyvsg = D Ix — x||3 ( Mean Squared Error)
(1.24)
1 2D
LpcE = -5 Z[xl log(#;) + (1 — z;) log(1 — ;)] (Binary Cross-Entropy)
i=1
(1.25)
LxrpQ) = Z P(i)log o0 (Kullback-Leibler divergence)
(1.26)

The global objective minimizes:

min Z L(x )+ AQ(0) (1.27)

where Q(0) = ||[W||% is weight decay regularization, A controls overfitting, and N is the

number of samples. Gradients are computed via chain rule:

oL oL OX oz
oW, X ' oz COW, (1.28)
~~ ~~

Reconstruction error  Decoder Jacobian  Encoder Jacobian

Here, 9 represents the gradient of the loss w1th respect to the reconstructed input,
reflecting the reconstruction error. The term X captures the sens1t1v1ty of the decoder

weights affect the latent code. This formulatlon outlines the full backpropagation path
through the autoencoder architecture.
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Variants and Specialized Architectures

The basic autoencoder framework has been extended through various specialized ar-
chitectures tailored to different learning objectives. Below, we describe key variants of

autoencoders, each designed to enhance specific aspects of representation learning.

Sparse Autoencoders: Olshausen and Field (1996) enforce sparsity in neuron activa-
tions through population-level constraints such as L1 regularization or KL divergence
penalties applied to hidden units. These biologically inspired constraints ensure that
only a small subset of neurons is activated for any given input, aligning with the infor-
mation bottleneck principle observed in neural systems. The resulting representations
are highly interpretable and specialized, effectively eliminating redundancy in high-
dimensional data. Sparse autoencoders have been successfully applied in unsupervised
pretraining for image recognition (Vincent et al., 2008), the discovery of neuroscience-
aligned visual features (e.g., orientation-selective filters) (Olshausen and Field, 1996),
and dimensionality reduction in genomics by isolating statistically salient latent fac-
tors (Eraslan et al., 2019).

Denoising Autoencoders: Vincentetal. (2010) aim to reconstruct clean inputs from ar-
tificially corrupted versions (e.g., via Gaussian noise or masking), thereby encouraging
the model to learn noise-invariant features. The reconstruction loss between the origi-
nal input and its denoised version promotes robustness to input perturbations. These
models are widely used in tasks such as data imputation for incomplete records (e.g.,
medical datasets), robust feature extraction in noisy environments (e.g., speech signals),

and self-supervised pretraining for downstream tasks like semantic segmentation.

Variational Autoencoders (VAEs): Kingma and Welling (2014) introduce a proba-
bilistic framework wherein latent variables are modeled as Gaussian distributions (Fig-
ure 1.5). The encoder outputs both the mean and variance for each latent dimension,
enabling stochastic sampling through the reparameterization trick. Training optimizes
a joint objective that balances accurate reconstruction with regularization of the latent
space toward a predefined prior distribution. VAEs are particularly effective for genera-

tive modeling, uncertainty-aware anomaly detection, and disentangled feature learning.
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Figure 1.5—Variational Autoencoder (VAE) architecture showing input encoding to la-
tent distribution (mean and variance), sampling, and reconstruction through the de-

coder.

Convolutional Autoencoders (CAEs): Masci et al. (2011) employ convolutional lay-
ers in the encoder and transpose-convolutional (deconvolutional) layers in the decoder
to exploit spatial locality and translation invariance. The encoder progressively reduces
spatial dimensions via convolutions and pooling operations while extracting hierarchi-
cal features. The decoder reverses this process using learned upsampling kernels.

A typical example on the MNIST dataset (Guo et al., 2017) uses three consecutive 3 x 3
convolutions with ReLU activations and stride 2 (with 32, 64, and 128 filters), reducing
the 28 x 28 x 1 input to a compact 3 x 3 x 128 tensor, which is flattened to a 10-dimensional
code. The decoder mirrors this structure using three 3 x 3 transpose-convolutions (stride
2; filters 128, 64, 32), followed by a 1 x 1 deconvolution with sigmoid activation to restore
the original resolution. Despite the narrow bottleneck, this architecture achieves high-

fidelity reconstructions.

Graph Autoencoders: Thomas and Welling (2016) adapt the autoencoder framework
to non-Euclidean domains by incorporating GNNs within the encoder and/or the de-
coder. These models are designed to learn node or graph-level embeddings that preserve
the topological structure of the graph. Graph autoencoders are especially valuable when
the relationships between entities carry essential information, such as in social networks,
citation graphs, or molecular structures. This thesis emphasizes this class of models and
explores their use in graph-structured data. A detailed discussion of their architecture

and operational mechanisms is presented in the subsequent sections.
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Figure 1.6—Overview of the different levels of learning tasks on graphs, including node-
level, edge-level, subgraph (community)-level, and graph-level prediction tasks.

1.4 Machine Learning on Graphs

Graph-structured data naturally emerge in diverse domains, including social networks,
biochemical compounds, knowledge graphs, and molecular structures. These data types
pose unique challenges for machine learning models due to their non-Euclidean nature,
irregular topology, and variable size. Deep learning on graphs aims to build neural ar-
chitectures that capture and exploit the relational information embedded in such struc-
tures. The prediction tasks on graphs can be broadly categorized by their level of gran-
ularity: node-level, edge-level, subgraph-level (e.g., community-level), and graph-level
tasks (see Figure 1.6).

Node-level models aim to infer attributes or labels for individual nodes in a
graph. A prominent example is protein structure prediction, as demonstrated by Al-
phaFold 3 (Abramson et al., 2024). In this setting, amino acids in a polypeptide chain are
represented as nodes, with edges encoding spatial or sequential proximity. The model
learns to predict the 3D structure of proteins by propagating information across the
graph using attention mechanisms and relational reasoning (see Figure 1.7). The key
idea is to ensure that each node embedding reflects both its local biochemical context
and global structural constraints.

Edge-level, such as edge classification and link prediction, concentrate on forecasting
the existence or specific type of relationship between pairs of nodes (Wu et al., 2021).
Link prediction is widely applied in social networks, recommendation systems, and
biomedical domains. In recommendation systems, for instance, PinSage (Ying et al,,
2018) operates on bipartite user—item graphs where existing edges signify historical in-
teractions. The model learns to estimate the likelihood of unobserved user—item links,
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Figure 1.7—AlphaFold predicts a protein’s 3D structure from its amino-acid sequence.
Example structures predicted using AlphaFold 3 for bacterial proteins (Abramson et al.,
2024).

directly facilitating the generation of personalized recommendations. A parallel appli-
cation is seen in drug—drug interaction prediction, where models like Decagon (Zitnik
et al., 2018) represent drugs as nodes and interaction types as distinct edge labels; here,
the model’s primary function is to predict missing links to uncover potential therapeutic
synergies or adverse side effects.

Subgraph-level (Atastina et al., 2017; Ur Rehman et al., 2021) focuses on discovering
patterns or assigning labels to substructures within a graph. Community detection (For-
tunato, 2010) in social networks exemplifies this task: nodes represent users, and edges
indicate interactions. The objective is to identify densely connected groups of nodes that
correspond to real-world communities or interest groups.

Graph-level tasks involve predicting properties of the entire graph, such as drug dis-
covery or physics simulation. In drug discovery, for instance, a molecule is modeled as a
graph where atoms are nodes and chemical bonds are edges. The goal is to learn a rep-
resentation of the whole molecule to predict pharmacological properties such as toxicity
or binding affinity (Konaklieva and Plotkin, 2023). These tasks typically involve aggre-
gating node and edge information into a global embedding vector through pooling or
readout operations.

Another important concept in graph machine learning is the distinction between
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transductive and inductive learning: transductive learning trains and predicts on the ex-
act nodes or edges observed during training, whereas inductive learning builds a model
that can generalize to entirely new, unseen nodes or edges.

In the following sections, we detail two foundational approaches in deep learning on
graphs: graph embedding and graph neural networks (GNNs). While graph embed-
ding focuses on learning compact vector representations of nodes, edge or entire graphs,
GNN s enable end-to-end training using neighborhood aggregation and message pass-

ing.

1.4.1 Graph Embedding

Most real-world networks are complex, and processing and analyzing their data is chal-
lenging. Graph embedding methods address this challenge by mapping the network
into a low-dimensional space that preserves essential structural and feature information.

Graph embedding encompasses a family of techniques designed to represent graph
entities—nodes, edges, or entire subgraphs in a continuous vector space of much lower
dimensionality (d < |V|), while retaining the most salient structural and attribute in-
formation. Let G = (V, F) be a graph with adjacency matrix A € RY*" and optional
node-feature matrix X € R¥*™. A node embedding seeks to ensure that two struc-
turally or semantically similar nodes in the original graph are mapped to nearby points

in the latent space. Formally, an encoder
ENC:V — R

assigns to each node v; a vector z; = ENC(v;) such that, for any pair of nodes v;,v;, a
graph proximity measure Sg(v;, v;) is approximated by a similarity function in the em-
bedding space, Sg(z;,z;) (see Figure 1.8).

1.4.1.1 Classical Graph Embedding Methods

Classical graph embedding methods typically involve two steps: constructing a sim-
ilarity graph from node features, then applying dimensionality reduction to preserve
structural properties (Cai et al., 2018).

Locally Linear Embedding (LLE) (Roweis and Saul, 2000) first computes optimal
reconstruction weights for each node based on its k-nearest neighbors. It then learns low-
dimensional embeddings that preserve these local reconstruction relationships. While
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Figure 1.8—Visualization of node embedding where adjacent nodes in the graph are

mapped to close points in the latent space, preserving structural similarity.

effective for maintaining local geometry, LLE is sensitive to neighbor selection noise and
requires solving an N x N eigenproblem.

Multidimensional Scaling (MDS) (Borg and Groenen, 2007) directly embeds nodes
to preserve given pairwise distances. The classical variant uses eigen-decomposition of
the double-centered distance matrix, providing an analytic solution for global distance
preservation but scaling cubically with node count.

Isometric Mapping (Isomap) (Tenenbaum et al., 2000) first estimates geodesic dis-
tances via the shortest paths on a k-NN graph, then applies MDS to preserve these man-
ifold distances. This captures global manifold structure effectively, but inherits MDS’s
cubic complexity and sensitivity to graph connectivity.

Laplacian Eigenmaps (Belkin and Niyogi, 2003) solve a generalized eigenvalue prob-
lem using the normalized graph Laplacian. The solution embeds nodes such that adja-
cent vertices remain close in the latent space, emphasizing local smoothness over global

distance preservation.

1.4.1.2 Modern Graph Embedding Methods

Modern graph embedding methods aim to preserve both local or global structural prop-
erties of the original graph by modeling various orders of node similarity. First-order
proximity ensures that directly connected nodes remain close in the embedding space,
while second-order (and higher-order) proximity captures similarity in nodes” neigh-
borhood distributions or more distant relational patterns. In this section, we explore
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several essential approaches for graph representation.

DeepWalk (Perozzi et al., 2014) is an unsupervised graph-embedding algorithm that
learns low-dimensional node representations by combining random walks on the graph
with neural-language-modeling techniques. Its objective is to embed each node v € V'
into a vector ®(v) € R? (with d < |V|) such that nodes that are structurally similar in
the original graph remain close in the embedding space.

DeepWalk proceeds in two main phases. First, it treats truncated random walks on the
graph G as sentences and nodes as words, thereby transforming the graph into a corpus
of node-sequences. In this Random-Walk Sequence Generation process, for each node v,
DeepWalk generates T independent random walks W = (vg, vy, ..., v;) of fixed length ¢.
Each walk begins at vy = v and proceeds by moving at each step to a uniformly sampled
neighbor. These walks capture both first-order (direct) and higher-order (multi-step)
proximity patterns among nodes.

In the second phase, DeepWalk learns continuous vector representations for each
node by training a language model on the generated walks. It employs the two classic
Word2Vec architectures: Skip-Gram and Continuous Bag-of-Words (CBOW). These models
aim to preserve the information of the graph structure by capturing the co-occurrence
relations between nodes in the graph, thereby maximizing the likelihood of node co-oc-
currences within a sliding window of size w. Consequently, these models capture the
relational and semantic information conveyed by node neighborhoods.

The Skip-Gram (Mikolov et al., 2013b) variant aims, for each target node v; , to pre-
dict its surrounding context nodes within the window. Formally, if we generate a corpus
of node sequences of total length 7" and use a context window of size w, the objective is
to maximize the log-likelihood of observing context nodes given each center node:

Y Y loga(ualo(w) (129)

t=1 —w<j<w, j70
A simple neural network with one hidden layer computes this probability. Denoting the
one-hot encoding of v; by x € {0, 1}V], we have the following:

h—W xcR. u—WTheRV, Pulv)—= P (1.30
(u | vs) S exp(i) )

zeV

where W, W’ are learned weight matrices and u,, denotes the component of u corre-
sponding to node u. For example, after training, inputting a node associated with the
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word 'climate’ might produce a high probability for the node "weather’, illustrating that
the model has captured meaningful semantic relationships between them.

To reduce the O(]V'|) cost of the full softmax in Equation (1.30), a Skip-gram variant
employs hierarchical softmax (Scarselli et al., 2009), organizing nodes into a binary Huff-
man tree (Salakhutdinov and Hinton, 2009), which reduces the per-training-example
complexity to O(log |V'|) (Perozzi et al., 2014).

The CBOW variant reverses the Skip-Gram objective by predicting each target node
from the average embedding of its context nodes. For a random walk W' = (v, ..., v;)

and a window size w, the context vector ¢; for a target node v; is defined as:

w

= — ®(v;y ;) € R (1.31)

The CBOW objective is to maximize the log-probability of the target node given its

context: .

mq?x;bg P(v; | ¢), (1.32)
This is typically implemented using the same hierarchical softmax or negative sampling
techniques as Skip-Gram. Architecturally, CBOW mirrors Skip-Gram but uses the aver-
aged context vector ¢; as its input instead of a single one-hot vector.

Figure 1.9 presents the Skip-Gram and CBOW architectures side by side, show-
ing how they invert the direction of prediction while relying on the same neural-lan-
guage-model framework. In the sentence “the city is beautiful today” with window size
w = 2, Skip-Gram treats each central word as input and learns to predict its neighbors.
For example, “city” predicts “the,” “is,” and “beautiful,” and “is” predicts “the,” “city,”
“beautiful,” and “today,” as detailed in Table 1.1. By contrast, CBOW combines the em-
beddings of the surrounding words, such as “the,” “is,” “beautiful,” and “today” when
the target is “city” and learns to predict the missing central word.
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Figure 1.9—Comparison of the Skip-Gram and CBOW models used in Word2Vec:
Skip-Gram predicts surrounding context nodes given a central target node, whereas
CBOW predicts the target node from its surrounding context (Mikolov et al., 2013a).

Table 1.1—Example training pairs for Skip-Gram and CBOW on the sentence “the city
is beautiful today” with a window size w = 2.

Model Sentence Training Pairs

Skip-Gram the city isbeautiful today (city, the), (city, is), (city, beautiful)
the city is beautiful today (is, the), (is, city), (is, beautiful), (is, today)

CBOW the city isbeautiful today ([the, is, beautiful], city)
the city is beautiful today ([the, city, beautiful, today], is)

Node2Vec is a deep-learning algorithm introduced by researchers at Stanford Uni-
versity (Grover and Leskovec, 2016) that, like DeepWalk, aims to learn low-dimensional
representations of graph nodes. It advances the first phase of DeepWalk by employ-
ing a second-order random walk that incorporates information about the previous step
rather than relying solely on a first-order walk. To generate neighborhood samples for
each node in V, Node2Vec interpolates between BFS and DFS strategies via two user-de-
fined parameters, p and ¢. At each step of the walk, the transition probability from the
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current node v to a neighbor z is given by Equation 1.33.

Ty

if (v,2) € E,
Pleci=x|cii=v)={ 2 (1.33)
0 otherwise,
where 7, is an unnormalized transition weight, and Z is a normalization constant.
In an unweighted graph, one typically sets m,, = w,, = 1.
To bias the walk according to the previous node ¢ , Node2Vec defines the transition

probabilities as follows:

Tor = Qpglt,T) - Wy,

where the bias factor o, 4(t, ) depends on the shortest-path distance d;, between the

previous node ¢ and the prospective next node x. Specifically,

lf dtx — O,
pglt,z) =<1 ifd, = 1,

When d;, = 0, the walk returns to the immediately preceding node with a probability
proportional to 1/p. When d,,, = 1, it moves to a neighbor of v that is adjacent to t; when
di; = 2, it explores nodes two hops away from ¢, with that probability scaled by 1/q.
By adjusting p and ¢, practitioners can control whether the sampling favors local neigh-
borhoods (small ¢), emphasizing community structure or broader exploration (large ¢)
capturing more global roles. For example, setting p = 1 and ¢ = 2, this choice biases the
walk toward nodes closer to the current node, enhancing local structural learning, while
p = 1 and ¢ = 0.5 encourage exploration of more distant nodes, and thus better cap-
ture global community patterns. The resulting biased random walks are then fed into
a Word2Vec-style optimization, as in DeepWalk, to produce continuous vector embed-
dings that reflect both local and global graph topology. As illustrated in Figure 1.10, this
biasing mechanism effectively balances exploration and exploitation during the sam-

pling process.
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Figure 1.10—Illustration of the Node2Vec random walk strategy controlled by the pa-
rameter o, which guides the exploration trade-off between local and global neighbor-
hoods (Grover and Leskovec, 2016).

Building on DeepWalk’s equivalence to matrix factorization, Text-Associated Deep-
Walk (TADW) (Yang et al., 2015) extends this paradigm by jointly factorizing a random

walk-derived node co-occurrence matrix M. Its objective function is formalized as:
minw,p [|M = W' H|E + 31X = H|. (1.34)

Crucially, rather than relying solely on the graph’s structural information encoded
by its adjacency matrix A, TADW innovatively infuses each node’s latent representa-
tion (captured in H) with rich semantic content. This semantic information is extracted
from the nodes” associated textual data via a pre-processed text—feature matrix X. The
optimization of this formulation is efficiently achieved through an iterative process of
alternating least squares and truncated Singular Value Decomposition (SVD). This inte-
grated approach not only meticulously preserves the graph’s topological properties but
also effectively encodes nuanced node semantics, leading to notable performance gains.

Large-scale Information Network Embedding (LINE) (Tang et al., 2015) stands as
a prominent probabilistic edge-reconstruction model engineered to derive continuous
vector representations from large graphs. Its design innovatively captures both local and
global network structures by simultaneously preserving two distinct notions of proxim-
ity. Furthermore, LINE exhibits remarkable versatility, accommodating directed or undi-
rected, and weighted or unweighted graphs. In contrast to random-walk-based method-
ologies like DeepWalk and Node2Vec, which implicitly sample node sequences, LINE
adopts an explicit approach: it directly constructs pairs of adjacent nodes (representing

one-hop relationships) and optimizes two separate, yet complementary, objectives.
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The first-order proximity mechanism models the joint probability of observing an

undirected edge (7, j) with an associated weight w;; as shown in Equation 1.35.

n(i,j) = o(zz;), (1.35)

where o (z) is the sigmoid function. The core of this objective is to minimize the Kullback-
Leibler divergence between the empirically observed edge-weight distribution and the
model’s predicted distribution. This rigorous optimization process ensures that strongly
connected node pairs are ultimately mapped to proximate positions in the embedding
space.

In contrast, second-order proximity is designed to capture the conditional proba-
bility of a context node j given a source node i. This objective treats each node i as a
“source” and its neighbors j as “contexts” and is maximized by the following formula-

tion:

exp(z’»Tzi)
Lo = il J , 1.36
D ) (130

Here, z; and z) denote distinct vector representations, specifically assigned when a

%

node acts as a source and a context, respectively. This particular objective function re-
quires nodes that share similar structural neighborhoods to converge toward proximity
within the embedding space.

Following independent optimization of these two objectives, typically achieved by
stochastic gradient descent, often enhanced with negative sampling for accelerated con-
vergence, LINE consolidates the learned representations. It does this by concatenating
the derived first-order and second-order embeddings for each node, yielding a compre-
hensive final embedding that encapsulates both direct connectivity and broader contex-
tual similarities.

Metapath2Vec (Dong et al., 2017) extends the embedding of random walk to hetero-
geneous information networks by guiding walks along predefined metapaths, sequences
of node types that capture schema-level semantics. For example, in a bibliographic net-
work, an author-paper-venue metapath highlights coauthorship patterns and publish-
ing venues. Metapath2Vec first generates node sequences strictly following the chosen
metapath pattern, ensuring that each step transitions to the correct node type. These con-
text-preserving walks are then fed into a heterogeneous Skip-gram model, which learns
type-aware embeddings by maximizing the probability of observing correct meta-type
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neighbors. The result is a set of embeddings that reflect both structural proximity and
semantic relationships within a network.

Struc2vec (Ribeiro et al., 2017) embeds nodes by capturing structural equivalence
rather than mere proximity. In contrast to methods such as DeepWalk or Node2vec,
which assume that nodes sharing neighbors are similar, Struc2vec formalizes structural
equivalence through the principle that nodes v; and v, share equivalent roles if their
extended neighborhoods exhibit isomorphic degree distributions at multiple scales.
Specifically, v; and v, are structurally equivalent when for every hop distance k, the
multisets of k-hop neighbors Ry (v;) and Ry (v2) possess similar degree distributions. To
operationalize this, Struc2vec constructs a multilayer auxiliary graph where each layer
k corresponds to a hierarchy of structural comparisons. The meta-distance f;(vq,v2) be-
tween nodes is defined recursively as:

f_l(U1, Ug) = 0, fk(vl, 1)2) = fk_l(Ul,’Ug) + D(S(Rk(vl)), S(Rk(vg))) (/{? Z O) (137)

Here, s(R;(v)) denotes the sorted degree sequence of the k-hop neighborhood and
D(s1,s2) = DTW(sy,s2) computes the hierarchical dynamic time warping distance
between sequences, measuring minimal-cost alignment under sequence warping con-
straints.

These meta-distances induce edge weights in layer :

wy(v1,v2) = exp(— fi(v1, v2)) (1.38)

with vertical edges connecting each node’s instances across adjacent layers. The ex-
ponentially decaying weights ensure random walks preferentially transition between
structurally isomorphic nodes. Random walks of length ¢, repeated v times per node,
move within layer k£ to neighbor x with probability proportional to W, (v, x), or shift
up/down a layer with probability 1—p. Finally, the collection of walks trains a Skip-Gram
model (window size w, embedding dimension d, negative sampling) exactly as in Deep-
Walk, yielding embeddings that reflect structural roles rather than mere adjacency.

Other Methods such as ComE(Cavallari et al., 2017) introduces community-aware
embeddings by jointly learning node vectors and probabilistic community membership
distributions. Unlike traditional methods representing nodes with single points, ComE
models overlapping community structure by capturing affiliations across multiple com-

munities. Training alternates between inferring community assignments via variational
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inference optimizing categorical distributions over & communities per node and updat-
ing embeddings via a Skip-gram objective augmented with community regularization.

Community2vec(Martin, 2017) refines community-aware representation by incorpo-
rating hierarchy. Building on first- and second-order proximities, it constructs a com-
munity hierarchy via modularity-based detection. Random walks alternate between
node-level and community-level transitions: a walker may traverse within a commu-
nity to capture local structure or jump to parent/child communities to encode broader
context. A unified Skip-gram framework processes these mixed sequences, producing
embeddings that reflect intra-community cohesion and inter-community relationships,
enhancing performance in community detection, link prediction, and node classifica-
tion.

Each method balances expressiveness, scalability, and preservation of distinct graph
properties, enabling practitioners to select embeddings suited for tasks ranging from
link prediction to graph classification.

1.4.2 Graph Neural Networks (GNNs)

Since the advent of deep learning, remarkable progress has been made in Euclidean data,
such as images in computer vision and sequences in natural language processing, by ex-
ploiting their grid-like structure. However, many real-world datasets naturally possess
non-Euclidean structures best represented as graphs or manifolds, and classical deep
neural networks do not readily generalize to such irregular domains. Researchers have
identified several key challenges when applying deep learning to graph-structured data:
the irregular topology of graphs defies standard operations like convolution and pool-
ing; graphs vary widely in size, connectivity, and node/edge attributes, often requiring
bespoke architectures; the scale of modern graphs, such as social networks with bil-
lions of nodes demands highly efficient, scalable algorithms; and diverse application
domains (from molecular biology and chemistry to 3D modeling) call for domain-in-
formed feature-extraction strategies. Addressing these challenges gave rise to the field
of Graph Neural Networks (GNNs), which were first formalized by Gori et al. (2005)
and Scarselli et al. (2009) and are now studied broadly under the umbrella of geometric
deep learning.

Graph Neural Networks (GNNs) demonstrate strong capabilities in processing
graph-structured data by effectively extracting and learning non-linear feature represen-

tations. They enable the projection of complex networks into lower-dimensional spaces

36



Chapter 1. Background

while preserving the structural and semantic properties of the original graph. This pow-
erful paradigm has been applied to a wide range of tasks, including community detec-
tion, anomaly detection, recommender systems, natural language processing, drug dis-
covery, signal and image processing, and bioinformatics (Wu et al., 2022).

Graph Neural Networks (GNNs) update node representations iteratively at each
layer. In this general framework, the embedding of a node is refined by two fundamen-
tal functions: aggregation, which gathers information from its neighbors, and combi-
nation, which merges this aggregated information with the node’s own previous rep-
resentation (Xu et al., 2019). This process transforms raw graph-structured data into
structure-aware latent embeddings that capture the relational dependencies inherent in
non-Euclidean systems.

Formally, let h¥Y be the embedding of node v at layer £ — 1. The update at layer
k proceeds in two steps. First, the aggregation step gathers representations from each
neighbor u € N (v):

al®) = AGGREGATE,,({ A{"V : u e N(v)}) (1.39)

Second, the combination step merges the aggregated information with the node’s
previous state:
h{¥) = COMBINE, (h{"V, a{M) (1.40)

v

In the next parts, we review the most widely used GNN architectures.

1.4.3 GNN Architectures

In this section, we review the principal families of Graph Neural Network architectures,

focusing on their defining characteristics and representative models.

1.4.3.1 Graph Convolutional Networks (GCNs)

Graph convolutional networks (Kipf and Welling, 2017) extend the convolution oper-
ation from regular grids to graph-structured data. They are among the most widely
used architectures, owing to their simplicity and strong performance across a variety of
tasks. Most GCN variants can be classified into two families: spectral methods and spa-
tial methods (Wu et al., 2021). Spectral GCNs are defined in the spectral domain based

on the graph Fourier transform, whereas spatial GCNs operate in the vertex domain by
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aggregating features from local neighborhoods.

Spectral GCNs: Spectral methods construct graph convolutions by analogy with the
classical Fourier transform. The graph Fourier transform decomposes an input signal
into orthogonal basis functions associated with the eigenvectors of the graph Lapla-
cian. Given an undirected graph with adjacency matrix A and degree matrix D (where
D=5 ; A;;), one can define the combinatorial Laplacian L = D — A and its symmetric
normalization Ly, = I — D~/?AD~'/2,

Bruna et al. (2014) first introduced spectral graph convolutions via the eigendecom-
position Ly, = UUT, which yields an orthonormal basis U of graph Fourier modes and
a diagonal matrix of eigenvalues. A learnable spectral filter gy acting on a graph signal
x € R" is defined by:

go*x =Ugs()U'x, (1.41)

where gy() = diag(f) specifies trainable spectral coefficients. Because full eigende-

composition costs O(n?), Defferrard et al. (2016) approximate gy(A) using Chebyshev

polynomials in the rescaled Laplacian:

-2
L= Lym—1, (1.42)

>\max

yielding fast, localized convolutions without explicit spectral decomposition. Kipf
and Welling's first-order approximation further simplifies the filter to

go xx =~ 0(1+ D /2AD™'/?)x, (1.43)

which gives rise to the standard GCN layer (Kipf and Welling, 2017).

Spatial GCNs Spatial methods define convolution directly in the vertex domain by
aggregating and combining feature messages from each node’s local neighborhood. Let
H(-D € R™ denote the matrix of node embeddings from layer [ — 1. At layer [/, the
update for node i is given by the following formula:

Ay -

HY = » Y_HY 1>w<l>), (1.44)

<j6N(i)U{i} \ ﬁz’iﬁjj

as in Equation 1.44, where A=A+Iand Bu‘ =5 ; gl-j, one can alternatively separate
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neighbor and self contributions:

= a< > ——L_Hw0 4 5 Hgl*”w“)), (1.45)
JEN i) \/DWDH Dii
highlighting the distinct roles of neighbor and self-loop messages (Equation 1.45).
Here, o is a nonlinear activation function and W® e R¥<? ig a learnable weight matrix
shared across all nodes.
A concrete instance of this framework is Kipf and Welling’s GCN (Kipf and Welling,
2017), which employs the symmetric normalized aggregation and combine step in ma-

trix form:
HO — o (D~2AD-2HI-DWO), (146)

sharing parameters across edges and scaling efficiently to large graphs via sparse

matrix multiplication.

1.4.3.2 Graph Attention Networks (GATSs)

Graph Attention Networks (GATs) (Velickovi¢ et al., 2018) extend GCNs by incorpo-
rating a learnable attention mechanism (Vaswani et al., 2017) that dynamically weights
neighbor contributions based on feature relevance. Widely adopted in areas such as
natural language processing and computer vision, this mechanism enables each node to
focus on the most informative neighbors. In contrast to GCNs, which treat all neighbors
equally.

GATs incorporate the self-attention mechanism into graph learning by enabling each
node to selectively aggregate information from its neighbors based on learned impor-
tance weights. This is achieved by computing pairwise attention scores between a node
and its immediate neighbors. The unnormalized attention score between nodes ¢ and
J in the layer [ is computed as in Equation 1.47, where feature vectors from the previ-
ous layer are first linearly projected into a latent space using a shared weight matrix W'
and then passed through a shared attention mechanism o' followed by a LeakyReLU
non-linearity. These scores are then normalized using the softmax function, as shown in
Equation 1.48, to obtain attention coefficients a ! that sum to one over the neighbors of
node 7.

el, = LeakyReLU (a (W02 Wiz ""}) (1.47)

(2
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l exp(cl,)
I Y en explel,) (1.48)

where N; denotes the set of neighbors of node i. These coefficients serve as adaptive

weights that quantify the relative importance of each neighbor during the aggregation
process.

The updated representation of node i is then obtained by computing the weighted
sum of the transformed features of its neighbors, followed by a non-linear activation
function, as shown in Equation 1.49.

D_ g (Z agjwng“)) : (1.49)

JEN;

where ¢ is a non-linear activation function.

Multi-head attention is employed to jointly capture diverse interaction patterns and
to project node features into multiple latent subspaces. Each attention head indepen-
dently learns a distinct similarity function over a node and its neighbors, enabling the
model to attend to different aspects of the local structure (Velickovi¢ et al., 2018). The
individual outputs from each head are then concatenated to form the final node repre-
sentation, as defined in Equation 1.50.

H o (Z alitWhiz(! 1) , (1.50)
= JEN;

where || denotes concatenation over the H attention heads, a " is the attention co-
efficient computed by the h-th head at layer /, and W"! is the corresponding learnable
weight matrix.

While concatenation is commonly used to combine the outputs of multiple atten-
tion heads, an alternative approach at the final layer is to apply a pooling operation by
averaging the representations from each head (Velickovi¢ et al., 2018). This strategy re-
duces the dimensionality while retaining the aggregated information across heads. The
corresponding formulation is given in Equation 1.51:

< ZZQMWM l”) (1.51)

h=1 jeN;

40



Chapter 1. Background

where all terms follow the same definitions as in Equation 1.50, and the final node
representation is obtained through average pooling across the H attention heads.

1.4.3.3 GraphSAGE

Hamilton et al. (2017) introduce GraphSAGE (Graph SAmple and aggreGatE), an in-
ductive graph convolutional framework designed for large-scale networks. Unlike trans-
ductive GCNs, GraphSAGE generalizes to unseen nodes by learning how to aggregate
teature information from a fixed-size, sampled neighborhood. At each hop—denoted
by the superscript “hop” for every node v € V, a set of neighbors N (v) is sampled, and
their representations from the previous hop are aggregated into a single vector. This ag-
gregated neighborhood vector is concatenated with the node’s own representation from
the previous hop and transformed via a shared weight matrix W(h°P) followed by a non-
linear activation ¢, as in Equation 1.52. Figure 1.11 provides a schematic overview of
GraphSAGE.

h{*P) = ¢([h(P~) | AGGREGATE({h{™P~) : u € N (v)})] WP)), (1.52)

where || denotes concatenation.

GraphSAGE offers several choices for the AGGREGATE function. In the mean ag-
gregator, one computes the element-wise average of the sampled neighbor represen-
tations, yielding an inductive analogue of a spectral GCN, as shown in Equation 1.53.
The LSTM aggregator treats the sampled neighbors as a sequence and feeds their repre-
sentations through an LSTM network. The final hidden state of this LSTM serves as the
aggregated vector, thereby capturing ordering-dependent interactions among neighbors
(Equation 1.54).

hP) = o [0 |y D B W), (1.53)
ueN (v)
B — g [nP~D || LSTM(h(eP =), . h{iop=D)] witor)). (1.54)

Finally, the pooling aggregator first applies a nonlinear transformation to each neighbor
representation and then performs element-wise max-pooling over the set, as in Equa-
tion 1.55.
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, Aggregator 1 —

Aggregator 2
.O 6 % Unsampled node O

Figure 1.11—Illustration of the GraphSAGE idea: sampling neighbors, aggregating their
representations, and updating node embeddings (Hamilton et al., 2017).

B0 = of [0 | max o(R{P W 4 b)] ). (1.55)

GraphSAGE can be trained in a supervised fashion, e.g., by minimizing cross-entropy
loss for node classification or in an unsupervised regime, where embeddings are opti-
mized with a contrastive objective that encourages similarity between sampled neighbor

pairs and discourages similarity with random negative pairs:

L=— Z log o (zzzv) + Q- Eynp, v logo (—ZIqun)] : (1.56)
(u,v)EP

where, the summation . is over all positive pairs, where a pair consists of a node
u and its neighbor v. The vectors z,, and z, are the learned embeddings for nodes u and
v. The sigmoid function, o, maps the dot product to a similarity score between 0 and
1. The term () is the negative sampling ratio, which controls how many non-neighbor
nodes are sampled. The expression E,, .p, () denotes the expectation over a random
negative sample v,, drawn from a distribution P,(v).

1.4.3.4 Message Passing Neural Networks (MPNN)

The Message Passing Neural Network (MPNN) framework provides a general formula-
tion for GNNs based on iterative message and update functions (Gilmer et al., 2017). In
this paradigm, each iteration ¢ consists of two core steps. First, every node v aggregates
messages from its topological neighborhood N (v) using a learnable message function
M,:
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m{) = Y M, (h{"" h{V e,), (1.57)
ueN (v)
where e, denotes optional edge features. The node’s state is then refreshed by an update

function U,, which integrates the aggregated message m! with the node’s previous state:

h{ = U, (h{~Y, m"). (1.58)

After T such iterations, a readout function R pools the final set of node embeddings

{hq(,T) :v € V'} to produce a graph-level representation for downstream prediction tasks:
g=RMH veV). (1.59)

This architecture, which aligns with the general framework introduced in this section,
captures the essential message-passing mechanism through Equations 1.57 and 1.58,
with Equation 1.59 enabling graph-wide predictions. The MPNN framework thus
serves as the foundational template for many influential variants, including Graph-
SAGE (Hamilton et al., 2017) and Graph Attention Networks (Velickovic et al., 2018).

1.4.3.5 Gated Graph Neural Network

Gated Graph Neural Networks (GGNNs) extend standard message-passing frameworks
by integrating the Gated Recurrent Unit (GRU) mechanism (Cho et al., 2014b), which
allows each node to control how much information it receives from neighbors while
retaining relevant past context, thus effectively modeling long-range dependencies and
evolving interactions (Li et al., 2016).

The iterative node update at step ¢ refines the state of node 7 through a structured
sequence. The process begins with message aggregation, where a contextual message
mgt) is computed for node i by summing the previous hidden states of its neighbors:

m” = > hi"Y (1.60)
JEN(3)

This aggregated message then feeds into the gated information control phase. Here,
two gating vectors are computed to manage the state transition. First, the update gate

zgt) determines the balance between retaining the previous state and incorporating new
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information:
2 = o(W.m{" + U.h{'"). (1.61)

i

Concurrently, the reset gate rgt) controls how much of the past state contributes to a can-
didate update:

1) = o(W,m!” + U,h{'""). (1.62)

Finally, the state update produces the new hidden state. A candidate activation BE”
is first generated by combining the aggregated message with a gated version of the pre-

vious state:

h" = tanh(W,m!” + U, (! @ h!'™")). (1.63)

The new state hgt) is then formulated as a gated interpolation between the previous
state and this candidate, weighted by the update gate:

h =1 -z"eh' Y +z"on?. (1.64)

In this formulation, o denotes the logistic sigmoid function, ® the element-wise prod-

uct, and W, and U, are learnable weight matrices. This gated update mechanism em-

powers GGNNs to stabilize learning over long sequences of propagation steps, leading to

their successful application in data-rich domains such as program verification (Li et al.,
2016).

1.4.3.6 Graph Autoencoders (GAEs)

Building on the definition provided earlier, where graph autoencoders “adapt the au-
toencoder framework to non-Euclidean domains by incorporating GNNs within the en-
coder and/or decoder” and learn embeddings that preserve topological structure, this
section delves into the specific architecture and motivations behind GAEs. In essence,
graph autoencoders (GAEs) pair a GNN-based encoder (e.g., GCN, GAT, GraphSAGE)
with a decoder, often a simple inner product or a more complex neural network, that re-
constructs the original graph structure, typically by predicting topology and optionally
node features. This reconstruction objective provides a strong unsupervised training
signal. By forcing the model to capture the graph’s connectivity, GAEs learn dense, low-
dimensional node representations that are well suited to tasks where relational informa-

tion and structural similarity are critical, such as link prediction, community detection,
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and downstream semi-supervised classification (Su et al., 2022; Wu et al., 2022).
Concretely, we consider undirected graph G = (V, ) with N nodes. Let X € RV*™
denote the node feature matrix, where m is the dimension of the feature vector for each
node. Let A € {0, 1}"*¥ be the adjacency matrix. The encoder maps (X, A) into a com-
pressed latent embedding matrix Z € RV*¢, where d is the embedding dimension. This

is achieved via one or more GNN layers:

Z = Encoder(X,A) = GNN(X, A), (1.65)

where each row z, is the embedding of node v. The decoder then reconstructs the
adjacency (or its probabilistic variant) from these embeddings, most commonly using

an inner-product decoder:

A=o(zZ"), (1.66)

where ¢ is an activation function, and training minimizes an objective function such
as the binary cross-entropy reconstruction loss.

Recent advances have further enhanced GAEs. By imposing a Gaussian prior on
Z and adding a Kullback-Leibler divergence term. Variational Graph Autoencoders
(VGAEs) (Thomas and Welling, 2016) learn smoother latent spaces that facilitate gen-
erative modeling of graphs and provide stronger regularization. Meanwhile, for hetero-
geneous or attributed graphs, domain-specific decoders have been developed to recon-
struct multiple relation types or node and edge attributes, extending the applicability
of GAEs to domains such as social networks, citation graphs, and molecular structures.
These innovations, combined with demonstrated success on link prediction, community
detection, and dynamic graph modeling, underscore the foundational role of GAEs in

unsupervised graph representation learning.

1.5 Conclusion

In summary, this background chapter has laid the groundwork by defining graphs, out-
lining the key learning paradigms, surveying deep-learning architectures and showing
how these ideas extend to graph data. In the next chapter, we will formally define the
community-detection problem, examine its applications and standard benchmarks, and

present a state-of-the-art review of community-detection methods organized according
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to the taxonomy developed in this thesis, thereby setting the stage for the novel contri-
butions that follow.
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State of the Art

ommunity detection in complex networks has become a pivotal research

area due to its wide range of applications in domains such as social net-

work analysis, biology, and recommendation systems. This chapter pro-

vides a comprehensive overview of the state of the art in community detec-

tion, offering insights into the evaluation metrics used to assess algorithm

performance, the datasets that serve as benchmarks, and the practical applications that

motivate this research. We begin by introducing key evaluation metrics and datasets,

including synthetic and real-world networks, followed by a discussion of the domains
where community detection plays a crucial role.

The chapter then systematically explores the evolution of community detection al-
gorithms, beginning with classical approaches based on graph theory and optimiza-
tion techniques. Next, we transition to traditional machine learning-based techniques.
Building upon this, we delve into the recent surge in deep learning-based community

detection.
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2.1 Community Detection

Community detection is a fundamental task in network analysis, aiming to partition
the nodes of a graph into £ communities C' = {C4,Cs, ..., C,}. Although there is no
universally accepted definition, the most widely used characterizations emphasize both
structural and semantic cohesion. Semantically, a community is a set of nodes that share
similar attributes, such as belonging to related categories, exhibiting analogous behav-
ioral patterns, or performing similar functional roles. Structurally, a community is a sub-
graph whose nodes are densely interconnected yet sparsely connected to nodes outside
the subgraph. Thus, a well-defined community maximizes internal cohesion, reflected
by high intra-community edge density and node degrees, and minimizes external ties,
consistent with the principle that intra-community connections should outweigh inter-
community ones (Fortunato, 2010).

Communities may be classified as disjoint, overlapping, or hierarchical. Disjoint
communities partition nodes such that C; N C; = ) for all i # j. Overlapping com-
munities allow nodes to belong to multiple groups simultaneously, so there exist i and
J with C; N C; # 0. Hierarchical communities form nested structures in which larger,
loosely connected clusters encompass smaller, densely interconnected subcommunities,
often visualized as a dendrogram to reveal multilevel organization.

The notion of a community can vary by domain. For example:

e Sociology: A social unit (group) defined by its members’ shared identity and “we-
feeling” (sentiment), often bounded by geography (community of place) and/or
common interests (community of interest), and characterized by the patterns of
social interaction and shared institutions that allow the members to sustain a com-
mon life (Fortunato, 2010)

e Ecology: A set of interacting species coexisting within a particular environ-

ment (Lusseau et al., 2003).

e Economics: Individuals sharing a common market and engaging in exchange of
goods and services (Reichardt and Bornholdt, 2007).

e Political Science: A population defined by geographic or political boundaries

sharing a collective political identity, such as a nation or state (Zhang et al., 2008).
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e Biology: Interdependent organisms inhabiting the same geographic area and in-
teracting with each other (Barabasi and Oltvai, 2004).

e Computer Science: Users or organizations that interact and share common inter-
ests or objectives (Newman and Girvan, 2004).

2.1.1 Evaluation Metrics

To evaluate methods for the task of community detection, we describe the most com-
monly used evaluation metrics: NMI, ARI, F1-Score, and Modularity Q.

Normalized Mutual Information (NMI) is a widely used metric for evaluating commu-
nity detection performance. It quantifies the similarity between the detected community
structure (C*) and the ground truth (C') by leveraging mutual information and entropy
of the partitions. Higher NMI values indicate a stronger alignment between the two
community assignments. NMI is defined by Equation 2.1 (Amelio and Pizzuti, 2015).

kb ni; N
NMI(C, C*) = — R :” n’,i*log mh (2.1)
> iz nilog ¥ + Zj:l n;log %

The Adjusted Rand Index (ARI) measures the similarity between detected and ground-

truth partitions by comparing all pairs of nodes, counting agreements and disagree-
ments, and correcting for chance. It yields values in the range [—1, 1], where higher
scores indicate stronger alignment with the ground truth (Hubert and Arabie, 1985).
oo 2 (W) -G X, GG
ARI(C,C") = -~ > . I (2.2)
312 (2) + Zj (5)] -2 (2) Zj (5)”(2)

In Equations (2.1) and (2.2), k and k* denote the number of ground-truth and de-

tected communities, respectively. C'and C* represent the true and predicted community
assignments. n;; is the count of nodes that belong to the community ¢ in C' and the com-
munity j in C* simultaneously.

Modularity, introduced by Newman and Girvan, measures how much the density of
edges within communities exceeds what would be expected in a random graph with the

same degree distribution. It takes values between —1 and 1, with higher values indicating
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stronger community structure. The modularity is given by Equation 2.3.

k

Q= (ccc—al), (2.3)

c=1

where £ is the number of communities, e,. is the fraction of all edges that lie within com-
munity ¢, and a. is the fraction of all edge-ends (stubs) attached to nodes in community
c. Here, e.. captures the observed intra-community connectivity, while a? represents its
expected value under the null model.

Newman reformulated modularity for spectral optimization. For an undirected
graph G = (V, E), adjacency matrix A, and node degrees k; = Z A;;, the spectral defi-

J
nition is given by Equation 2.4.

Q@ = 10 (A~ 55 s(ci ), 24)

Z?]

where 6(c;, ¢;) = 1 if the nodes i and j belong to the same community and 0 otherwise.

];"kj is the expected

The term A;; is the edge (possibly weighted) between i and j, and 77

edge weight in the null model.

The F1-score integrates precision and recall through their harmonic mean, providing
a single balanced measure of the performance of an algorithm (Yang et al., 2013). It is
defined by the Equation 2.5.

2 X Precision x Recall

F1 2.5
Precision + Recall (25)
Precision — True Positives
" True Positives + False Positives
Recall — True Positives

True Positives + False Negatives

NMI measures the agreement between ground truth and predicted community as-
signments, while ARI evaluates clustering quality by correcting for chance agreements.
The F1-Score harmonizes precision and recall to assess both the accuracy and complete-
ness of individual community assignments. Modularity, in turn, quantifies the coher-
ence of detected communities by comparing the observed density of intra-community
edges to that expected in a random graph. Together, these four metrics provide a com-
prehensive evaluation: NMI and ARI capture overall partition agreement and clustering
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fidelity, the F1-Score highlights assignment accuracy versus coverage, and modularity
reflects the structural strength of the communities.

2.1.2 Datasets

Both real-world networks and synthetic benchmarks are considered, covering a range of

sizes, densities, and community structures.

2.1.3 Real-World Datasets

We explore several well-known networks drawn from social, co-authorship and cita-
tion domains. Nodes represent entities (users, authors, documents), edges denote
interactions (friendships, collaborations, citations), and many include node features
and ground-truth community labels (possibly overlapping). Table 2.1 summarizes key
statistics for the real-world datasets we explore.

Table 2.1 —Summary of real-world community detection datasets. Columns: F = fea-
ture available, S = feature dimension, C = number of communities, O = overlapping
membership (v'= yes, X = no). A v'indicates the presence of node features or overlap-

ping communities.

Category Dataset Nodes  Edges F s C O
Social Zachary’s Karate Club 34 78 X - 2 X
Dolphins 62 159 X - 2 X
American Football 115 613 X - 12 X
Email-Eu-core 1,005 16,706 X - 42 X
Facebook 1684 792 28,048 V 15 17 Vv
BlogCatalog 5196 171,743 v 8,189 6 X
Co-authorship ENG 14,927 98,610 v 4800 16 Vv
CS 21,957 193500 v 7,800 18 V
Citation Cora 2,708 5429 v 1433 7 X
CiteSeer 3,327 4732 v 3,703 6 X
PubMed 19,717 44,338 V 500 3 X
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2.1.3.1 Co-authorship and Social Networks

Co-authorship and social networks are commonly used in graph mining and community
detection tasks. In these networks, nodes often represent individuals such as authors or
users, and edges represent interactions like collaborations or friendships. Some datasets
also include node features derived from user profiles or textual content, and many pro-
vide ground-truth community labels, including overlapping memberships.

Zachary’s Karate Club: This classic dataset represents social interactions among 34
members of a university karate club, with 78 edges denoting friendships. The network
is frequently used to test community detection algorithms, with ground-truth commu-
nities corresponding to a real-life split in the club (Zachary, 1977).

Dolphins Network: This network captures the social structure among 62 bottlenose
dolphins observed in Doubtful Sound, New Zealand. The 159 edges represent frequent
associations, and the network is naturally divided into two communities (Lusseau et al.,
2003).

American Football: This graph contains 115 college football teams from the 2000 sea-
son, where edges represent scheduled games. The 613 edges define communities corre-
sponding to 12 athletic conferences (Girvan and Newman, 2002).

Email-Eu-core: This dataset models email communication between 1,005 members of
a large European research institution. It includes 16,706 email links and 42 ground-truth
departments as communities (Leskovec et al., 2007).

Facebook 1684: An ego-centric social network of 792 users and 28,048 links. Commu-
nities are based on user-defined circles (e.g., family, friends, coworkers). The network
includes 15-dimensional binary profile features (Mcauley and Leskovec, 2014).

Computer Science Co-authorship (CS): A large co-authorship network with 21,957
authors and 193,500 collaboration links. Each author is described by a 7,800-dimensional
feature vector derived from the publication data. The network includes 18 overlapping

research communities (Shchur and Giinnemann, 2019).
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Engineering Co-authorship (ENG): Similar to the CS dataset, the ENG network com-
prises 14,927 authors and 98,610 co-authorship links, with 4,800-dimensional feature
vectors. It contains 16 research-based communities with significant overlap (Shchur and

Glinnemann, 2019).

BlogCatalog: The BlogCatalog network is a social graph of 5,196 users linked by
171,743 social relationships. Each user is associated with an 8,189-dimensional feature
vector constructed from blog metadata and tag information. The dataset includes six
overlapping community labels that represent user interests. BlogCatalog is widely used
to evaluate attributed community detection methods due to its high dimensionality of

characteristics and realistic social structure (Li et al., 2015).

2.1.3.2 Citation Networks

Citation networks are structured graphs in which the nodes represent scientific docu-
ments and the edges denote the citation relationships. These datasets provide structured
node features derived from textual content such as paper titles and abstracts. However,
raw text is not included; only feature vectors (e.g., binary word presence or TF-IDF rep-

resentations) are available.

Cora: The Cora dataset consists of 2,708 scientific publications classified into seven top-
ics related to machine learning. Each node represents a publication, and the edges de-
note citation relationships, resulting in 5,429 undirected links. Every document is char-
acterized by a binary feature vector, indicating the presence or absence of 1,433 unique
terms extracted from the text. This dataset is widely used for benchmarking graph-based
learning tasks due to its moderate size and rich feature representation (McCallum et al.,
2000).

CiteSeer: CiteSeer is a citation network comprising 3,327 computer science publica-
tions grouped into six categories. The network includes 4,732 citation links, which form
an undirected graph. Each document is described by a 3,703-dimensional binary word
vector, constructed by mapping the title and abstract to a predefined vocabulary. Cite-
Seer offers a more challenging structure due to its higher feature sparsity and noisier

class distribution compared to Cora (Giles et al., 1998).
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PubMed: PubMed, a database curated by the National Library of Medicine of the
United States, hosts a wealth of scientific literature, particularly in the life sciences and
biomedical fields. Its citation dataset on diabetes includes 19,717 research articles, each
classified into one of three categories (Diabetes Mellitus: Experimental, Type 1, or Type
2). The associated citation graph contains 44,338 connections. Each article is repre-
sented by a 500-dimensional feature vector based on TF-IDF scores of medical terms.
The PubMed dataset provides a large-scale and semantically rich test to evaluate graph
algorithms in the biomedical domain (Sen et al., 2008).

2.1.3.3 Synthetic Benchmarks

Synthetic benchmarks serve as controlled testbeds for evaluating community detection
algorithms under varying network conditions. Unlike real-world data, synthetic graphs
allow precise control over structural properties (e.g., degree distribution, community

size, mixing) so that the algorithm behavior can be systematically assessed.

LFR benchmarks: The Lancichinetti-Fortunato—Radicchi (LFR) benchmark
graphs (Lancichinetti et al., 2008) are widely considered the standard for evaluat-
ing community detection algorithms under realistic network heterogeneity. They
generate synthetic networks with power-law distributed degrees and community sizes,
allowing precise control over the mixing parameter y (the fraction of a node’s links
connecting outside its planted community). By tuning ; and the exponents of the
degree and community-size distributions, LFR benchmarks simulate diverse network
topologies, from well-separated communities to highly overlapping structures, making

them indispensable for stress-testing algorithmic robustness across detection regimes.

Girvan-Newman (GN) benchmarks: The Girvan—-Newman benchmark (Girvan and
Newman, 2002) is one of the earliest synthetic models for assessing clustering perfor-
mance. It generates networks with N = 128 nodes divided into four equal-sized com-
munities (32 nodes each), where each node has an average degree of k = 16. The ratio
of intra- to inter-community links is controlled by a tunable parameter (din/dout). din
and d, are the expected number of links inside a node’s community (intra-community
degree) and the expected number of links connecting to other communities (inter-
community degree), respectively. Despite its simplicity (uniform degrees and com-

munity sizes), it remains useful for illustrating classical divisive algorithms (e.g., edge-
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betweenness removal) in idealized settings before progressing to complex benchmarks
like LFR.

2.1.4 Application Domains

Community detection techniques have proven useful in a variety of fields, offering in-
sight into latent groupings and improving downstream tasks (Su et al., 2022). Typical
areas are discussed in the following parts:

Recommender Systems

By identifying user communities with shared interests or behaviors, recommender sys-
tems can suggest items that are popular within a user’s community, thereby improving

personalization and relevance (Hao et al., 2023).

Community Search

Given a query node or set of seed nodes, community search aims to quickly find the
most relevant community subgraph containing them. This is useful in social networks,
citation graphs, and web navigation (Fang et al., 2020).

Anomaly Detection

Anomaly detection in networks uses community structure as a baseline for “normal” in-
teractions: most connections occur within densely linked node communities. Edges that
span unrelated communities or deviate from expected patterns are flagged as anoma-
lies (Safdari and Bacco, 2022). This approach can uncover fraud rings in financial net-
works, misinformation campaigns on social media, and failures in critical infrastructure

by highlighting behavior that diverges from the established community layout.

Online Social Networks

Community detection in online social networks (OSNs) underpins a wide range of prac-
tical applications. By uncovering clusters of users with similar interests or behaviors, it
enables more accurate personalized recommendations and targeted advertising on plat-
forms such as Facebook and LinkedIn (Kumar et al., 2006; Konstantinidis et al., 2013). In
cybersecurity, community-based methods have been employed to identify coordinated
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botnets and fraudulent accounts on Twitter, thereby curbing misinformation and mali-
cious campaigns (Ferrara et al., 2016). During emergencies, detecting emergent com-
munity structures in real time helps map interdependent user groups, improving the
allocation of resources and the efficiency of crisis response efforts (Sakaki et al., 2010).
In terrorist networks, “friend-of-a-friend” influence models further illustrate how latent
communities can reveal covert operational cells (Waskiewicz, 2012).

Biochemistry

Community detection techniques have become indispensable in the analysis of biochem-
ical networks, where they reveal functional modules and elucidate complex biologi-
cal processes. In protein—protein interaction (PPI) networks, densely connected sub-
graphs often correspond to multi-protein complexes or signaling cascades, so identifying
these communities helps predict protein function and prioritize drug targets (Spirin and
Mirny, 2003). In metabolic networks, community structure uncovers pathways or reac-
tion clusters that share common substrates and regulators, highlighting key metabolic
modules and their cross-talk (Guimera and Amaral, 2005). In gene co-expression net-
works derived from transcriptomic data, community detection groups genes with corre-
lated expression profiles, facilitating the discovery of co-regulated gene sets and putative
transcriptional regulators (Langfelder and Horvath, 2008).

Functional Brain Networks

Community detection in brain networks uncovers modules, such as default mode, vi-
sual, and sensorimotor systems, by grouping nodes with dense intra-module and sparse
inter-module connections, thereby capturing the balance between segregation and in-
tegration in healthy cognition (Power et al., 2011). In disorders like Alzheimer’s and
schizophrenia, altered community structure, manifested as reduced intra-module con-
nectivity or shifted module boundaries, serves as a biomarker of dysfunction and helps
track disease progression and treatment effects (He et al., 2008).

Given the wide range of techniques developed for community detection, ranging
from early graph-theoretic heuristics to modern neural models, it is essential to structure
the field into coherent methodological categories. In this survey, we adopt a taxonomy
that classifies community detection approaches into three major families: (i) classical
methods (Section 2.2), encompassing modularity optimization, spectral clustering, and
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label propagation algorithms; (ii) traditional machine learning-based methods (Sec-
tion 2.3), including statistical inference models, nonnegative matrix factorization, and
topic modeling; and (iii) deep learning—based methods (Section 2.4), which leverage
neural architectures such as graph convolutional networks, attention mechanisms, and
generative models.

To visually summarize this classification, Figure 2.1 presents our adopted taxonomy
and representative methods within each category. In addition, Figure 2.2 provides a
chronological overview of key developments in the field, illustrating the evolution from
classical algorithms to learning-based and deep neural approaches.
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Agglomerative

Hierarchical Clustering Divisive
Optimizations Hybrid
Graph Partition

Classical Algorithms
Dynamical

Spectral Clustering
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L _ _ Methods
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Figure 2.1—Taxonomy of community detection methods adopted in this survey. The
tield is organized into three main categories: classical algorithms, traditional machine
learning—based approaches, and deep learning-based models. Each category contains

representative techniques.
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2.2 Classical Community Detection Algorithms

There are many classical approaches to uncover community structures in graphs,
which can be grouped into several main categories. These include hierarchical meth-
ods, dynamic approaches, density-based techniques, spectral clustering, and optimiza-
tion-based methods.

2.2.1 Hierarchical Methods

Hierarchical clustering methods work by forming nodes into nested partitions, often il-
lustrated as a dendrogram (Figure 2.3). In such a dendrogram, leaves correspond to
individual nodes and internal nodes denote successively larger communities, exhibit-
ing multiple levels of vertex groupings: small clusters contained within larger clusters,
which themselves are contained within even larger clusters, and so on. A key advan-
tage of hierarchical clustering is that it requires no prior information about the number
or size of clusters. However, it produces numerous possible partitions without provid-
ing a clear criterion for selecting the one that best reflects the graph’s true community
structure. Hierarchical clustering takes one of three forms: divisive, agglomerative, or
hybrid, each offering a distinct strategy for splitting or merging nodes to form nested

community levels (Su et al., 2022).
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(a) Example of a dendrogram cut at a certain level to form communities in
a seven-node network [v1, ..., v7]. Arrows on the left and right illustrate bot-

tom-up (agglomerative) versus top-down (divisive) clustering directions.

Community C)
{’Ulv V2, U3}

®
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Community (5
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(b) Example of detecting two communities (C; and C?) in a seven-node net-
work, laid out so that each community’s internal structure is clear. The dashed
gray “bridge” edge between vz and vy corresponds exactly to the height at

which the dendrogram was cut.

Figure 2.3—Illustration of hierarchical clustering: (a) the dendrogram showing how nodes
merge or split at each level, and (b) the resulting graph with two detected communities.

2.2.1.1 Divisive Approach

Divisive methods, also known as top-down hierarchical approaches, operate on a fun-

damental principle: communities emerge by systematically identifying and removing
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edges that bridge distinct clusters, thereby disconnecting network regions. This philos-
ophy adapts hierarchical clustering techniques to graph structures, but with a critical
distinction. The core challenge lies in establishing a robust criterion to distinguish these
inter-community connections (bridges) from intra-community edges. These methods
begin with the entire network as a single community of size N. At each iteration, one of
the existing communities is selected and split into two subcommunities. This splitting
procedure continues recursively until every community contains exactly one node.
Edge betweenness centrality serves as a widely used criterion for identifying inter-
community edges, first formally defined by Freeman (1977) and adapted by Girvan and

Newman (2002) for community detection. For an edge e, it is expressed as:

D st Ost(€)
Zs#t Ost 7

where o, denotes the total number of shortest paths (geodesics) between nodes s and

B(e) = (2.6)

t, and o(e) is the number of those shortest paths that traverse edge e. Intuitively, an
edge with high betweenness lies on many shortest paths and therefore serves as a bridge
between different regions of the network. By iteratively removing edges of highest be-
tweenness, one effectively disconnects the network along its weakest inter-community
links, thereby revealing a nested hierarchy of partitions.

The Girvan-Newman (GN) algorithm proceeds as follows:

1. Compute the betweenness centrality B(e) for every edge e in the current network.

2. Identify and remove the edge e* with maximum betweenness; if multiple edges tie
for maximum, break the tie arbitrarily.

3. Recompute betweenness centrality for all remaining edges in the modified net-
work.

4. Repeat steps 2-3 until no edges remain (or until the desired number of communi-
ties has been obtained).

The computational bottleneck of Girvan-Newman lies in recomputing edge-
betweenness after each edge removal. Calculating edge-betweenness on a graph re-
quires O(M N) time, and when the graph is sparse (M = O(N)), this reduces to O(N?).
Because this computation must be repeated for up to M edge removals, the overall com-
plexity becomes O(M x (MN)) = O(M?>N), which, in the sparse regime where
M = O(N), simplifies to O(N?).
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2.2.1.2 Agglomerative Approach

Agglomerative hierarchical clustering for community detection initializes with N sin-
gleton partitions (one per node) and iteratively merges the pair of communities yield-

M
denotes adjacency, k; degree of node i, and M total edges. This greedy optimization

ing the highest modularity gain, as formalized by AQ = ;- [2Aij L } where A;;

framework was pioneered by Newman (2004), who established modularity maximiza-
tion as the merging criterion to reveal optimal community structures. The approach
constructs a dendrogram through successive merges until all nodes coalesce into a sin-
gle community, with the optimal partition identified at the global modularity maximum

Qmax = Maxy_, [lﬁ — (L) 2} where [. and d. represent intra-community links and total
community degree, respectively. While theoretically principled, the original algorithm’s
O(N?) complexity on sparse graphs limited scalability. This bottleneck was addressed
by Clauset et al. (2004) through the CNM (Clauset-Newman-Moore) algorithm, which
achieves O(N log® N) complexity via three innovations: (1) a max-heap storing AQ val-
ues for all adjacent community pairs, enabling O(1) retrieval of optimal merges; (2) a
balanced tree tracking community memberships; and (3) incremental updating where
only AQ) values for neighbors of merged communities require recalculation. By reduc-
ing merge operations from quadratic to near-linear efficiency, CNM enabled community
detection in networks with over 10° nodes, demonstrating 100-fold speedups over the
baseline approach while maintaining equivalent modularity optimization. Subsequent
refinements have further optimized CNM'’s heap structures, but its core architecture re-

mains foundational for scalable agglomerative clustering in network science.

2.21.3 Hybrid Approach

Hybrid methods combine both divisive and agglomerative strategies. CDASS (Commu-
nity Detection in Complex Networks Using Structural Similarity) (Zarandi and Rafsan-
jani, 2018) is a representative example of a hierarchical hybrid approach. The algorithm
simultaneously applies edge removal and community merging. Specifically, it begins
by randomly removing low-similarity edges, fragmenting the graph into several discon-
nected components, each considered a preliminary community. These initial communi-
ties are then merged based on a modularity-inspired evaluation function to approximate
the actual community structure. Finally, an evolution-based function is used to select the
partition that best represents the global community configuration.
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2.2.2 Graph Clustering

Graph clustering (or graph partitioning) involves dividing the nodes into k groups to
minimize the number of edges between groups. The parameter k determines the number
of communities. In practice, partitioning a network into k£ communities requires cutting
edges between groups. The total number of edges crossing communities is called the
cut size (Fortunato, 2010). Kernighan-Lin algorithm (Kernighan and Lin, 1970), orig-
inally developed to optimize electronic circuit layouts, minimizes interconnections be-
tween components on separate boards. This foundational heuristic splits a graph into
two equally sized subsets using a gain function ) which quantifies the net benefit of
moving a node between subsets by comparing intra- and inter-community edges. After
initializing two disjoint sets (randomly or with prior information), node pairs (one from
each set) are evaluated for swapping, with each node moved at most once per pass. The
sequence of swaps yielding the highest cumulative gain () is applied. To escape local
optima, () is recalculated after each tentative swap, and the configuration with maximal
gain is retained. This pairwise-exchange procedure iterates until all nodes are evaluated.

Beyond local-swap heuristics, spectral bisection (Barnes, 1982) leverages the eigen-
structure of the graph Laplacian L = D — A (where D is the degree matrix and A the
adjacency matrix). The nodes are partitioned according to the Fiedler vector (the eigen-
vector corresponding to the second smallest eigenvalue of L), with components divided
by sign or rank to achieve a balanced bipartition that approximately minimizes the size
of the cut. Other graph clustering approaches include geometric cuts, multilevel algo-
rithms, and level-structure partitioning (Karypis, 1997; Pothen, 1997).

2.2.3 Density-Based Techniques

Data distributions can exhibit diverse geometries, and non-convex structures may as-
sume arbitrary shapes. Conventional methods such as k-means often struggle with these
irregular clusters. In contrast, DBSCAN (Density-Based Spatial Clustering of Applica-
tions with Noise) (Ester et al., 1996) leverages density connectivity principles to detect
arbitrarily shaped clusters using only two parameters, ¢ (the radius of the neighborhood
around a data point) and MinPts (the minimum number of points required within ¢ to
form a dense region), while explicitly identifying noise.
Formally, for a dataset V and a point p € V, the e-neighborhood is defined as:
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N:(p) ={r eV |dist(p,r) <e} (2.7)

A point p qualifies as a core point if |N.(p)| > MinPts. As shown in Figure 2.4, DB-
SCAN groups points into core points, border points, and noise based on the two param-
eters € and MinPts and is able to recover arbitrarily-shaped clusters.

DBSCAN then categorizes each point as follows: if | N (p)| > MinPts, p is a core point;
if p does not satisfy this criterion but lies within the e-neighborhood of some core point,
p is a border point; otherwise, p is classified as noise. Clusters emerge as maximal sets
of density-connected core points, with border points assigned to the clusters of their as-
sociated cores. This density-based framework has inspired numerous extensions (You
et al., 2016; Xu et al., 2007). For example, SCAN (Structural Clustering Algorithm for
Networks) identifies disjoint communities, bridge nodes (which link clusters), and out-

liers in large networks by analyzing edge density between nodes (Xu et al., 2007).
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Figure 2.4—Illustration of the DBSCAN algorithm. (Left) Clustering result on an il-
lustrative two-ring dataset. (Right) The DBSCAN criteria: a point p is a core point if
|N:(p)| > MinPts; a border point if it lies in the e-neighborhood of a core point but has
|Ne(p)| < MinPts; otherwise it is a noise.

2.24 Spectral Clustering

Spectral clustering is a widely adopted method for grouping data points or nodes within
a graph, leveraging the spectral characteristics of the data or the graph Laplacian matrix.
The core principle of spectral clustering involves representing data points or graph nodes
in a reduced-dimensional embedding, obtained from the eigenvectors of the Laplacian,
such that clusters become more distinguishable in this lower-dimensional space. Once

the embedding is computed, a conventional clustering algorithm (e.g., k-means) is ap-
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plied to partition the points based on their coordinates in the spectral domain (Amini
et al., 2013; Deng et al., 2024).

Metaheuristic methods detect community structure by exploring the solution space
in a systematic way without guaranteeing a global optimum. In contrast to heuristics
that depend on problem-specific rules, metaheuristics offer general search frameworks
inspired by natural processes. Examples include Genetic Algorithms (Holand, 1975),
Particle Swarm Optimization (Kennedy and Eberhart, 1995), and Simulated Anneal-
ing (Kirkpatrick et al., 1983). There is extensive research on metaheuristic approaches
for community detection (Bara’a et al., 2021).

Genetic Algorithms improve candidate partitions through selection, crossover, and
mutation while a fitness function directs the search toward better solutions. Particle
Swarm Optimization relies on collective movement patterns to update solution posi-
tions. Simulated Annealing uses controlled randomness to escape local optima and ap-
proach high-quality solutions. Hybrid and hierarchical variants extend these principles
by combining metaheuristic search with recursive graph partitioning. Saoudi and Mous-
saoui (Saoud and Moussaoui, 2018) introduce a hierarchical genetic approach that ap-
plies evolutionary optimization at each bipartition to maximize modularity. The graph
is recursively divided once an optimal split is found, producing a dendrogram that re-
flects the hierarchical organization of the network. The method is evaluated on small
classical social-network datasets, such as Zachary’s Karate Club, Dolphins, and Ameri-
can Football.

2.2.5 Optimization-Based Methods

Optimization broadly refers to the process of determining input parameters or argu-
ments that maximize or minimize a given objective function. In the context of commu-
nity detection, a prominent task is identifying community structures in networks by op-
timizing a quality function, most commonly modularity @) (a formal definition of mod-
ularity is provided in Section 2.1.1). Modularity-based algorithms address this problem
by evaluating the quality of graph partitions.

Newman and Girvan introduced the concept of modularity and proposed a greedy
algorithm for community detection using modularity as a hierarchical clustering crite-
rion (Newman and Girvan, 2004). The algorithm initializes with each node as its own
community and iteratively merges community pairs to achieve the maximum modu-

larity gain at each step. This agglomerative process continues until no further merges
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improve modularity, resulting in a hierarchical dendrogram of communities.

Modularity optimization gained broader attention with the Louvain method by Blon-
del et al. (2008), which operates in a series of passes, each consisting of two phases. In
the first phase, every node is treated as a separate community. For each node v;, the algo-
rithm calculates the modularity gain from moving v; into the community of each neigh-
bor v;, with gains ranging from —1 to +1. If the highest gain is positive, v; is reassigned
to the corresponding community; otherwise, it remains unchanged. This process contin-
ues until no single-node move yields a modularity increase. Although the node update
order does not significantly affect final modularity, it can influence computational cost,
and heuristic node ordering may improve convergence.

Once phase one concludes, the second phase constructs a new network by collaps-
ing each community into a “super-node”. Edges between super-nodes represent the
aggregate weight of edges between their constituent nodes, and self-loops capture intra-
community connections. This coarse network becomes the input for the next pass. The
two-phase process repeats until modularity can no longer be improved. Through iter-
ative coarsening and refinement, the Louvain method efficiently uncovers hierarchical
community structures.

Building upon the Louvain method, the Leiden algorithm (Traag et al., 2019) intro-
duces a refinement step between the two original Louvain phases. This step ensures that
each community is internally connected, thus preventing fragmented clusters. Leiden
also improves convergence speed and uses a more effective aggregation strategy that
reduces the number of levels and overall runtime.

The SimCMR algorithm (Tunali, 2021) introduces a novel similarity-based approach
to community detection. It fundamentally shifts focus from traditional node-node sim-
ilarity metrics, instead operating through an iterative optimization framework centered
on two uniquely defined similarity indices: node-community similarity (Snc) quanti-
fied as Snc(v,C) = % where N(v) denotes the neighbor set of node v and |C|
represents community size, and community-community similarity (Scc) defined as
Scc(C;, Cj) = Téﬁlgj ? with e(C;, C;) counting edges between communities C; and C;. The
algorithm initiates with singleton communities. It then iteratively reassigns nodes to

maximize Snc and merges communities when Scc exceeds a dynamic threshold 7. Cru-
cially, Leiden-inspired connectivity constraints are enforced during merging to prevent

fragmentation. This process repeats until modularity gains fall below a convergence
threshold e.
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Metaheuristic methods detect community structure by exploring the solution space
in a systematic way without guaranteeing a global optimum. In contrast to heuristics
that depend on problem-specific rules, metaheuristics offer general search frameworks
inspired by natural processes. Examples include Genetic Algorithms (Holand, 1975),
Particle Swarm Optimization (Kennedy and Eberhart, 1995), and Simulated Anneal-
ing (Kirkpatrick et al., 1983). There is extensive research on metaheuristic approaches
for community detection (Bara’a et al., 2021).

Genetic Algorithms improve candidate partitions through selection, crossover, and
mutation while a fitness function directs the search toward better solutions. Particle
Swarm Optimization relies on collective movement patterns to update solution posi-
tions. Simulated Annealing uses controlled randomness to escape local optima and ap-
proach high-quality solutions. Hybrid and hierarchical variants extend these principles
by combining metaheuristic search with recursive graph partitioning. Saoudi and Mous-
saoui introduce a hierarchical genetic approach (Saoud and Moussaoui, 2018) that ap-
plies evolutionary optimization at each bipartition to maximize modularity. The graph
is recursively divided once an optimal split is found, producing a dendrogram that re-
flects the hierarchical organization of the network. The method is evaluated in terms
of NMI and Modularity Q on small classical social-network datasets, such as Zachary’s
Karate Club, Dolphins, and American Football.

2.2.6 Dynamic Approaches

Dynamic Methods leverage simulated dynamic processes, particularly random walks
or information flow, to uncover community structure by analyzing how entities interact
and influence each other through iterative steps within the network.

Walktrap (Pons and Latapy, 2005) is a dynamic community detection method that
uses random walks to capture the community structure. The idea is that short random
walks tend to stay within the same community, and nodes visited in similar walks are
likely to belong to the same group. The algorithm computes pairwise node similarities
based on random walk distances and performs agglomerative clustering to uncover a
hierarchical community structure.

Another dynamic approach is the InfoMap algorithm (Rosvall and Bergstrom, 2008),
which applies the map equation of information theory to reveal the structure of the com-
munity by minimizing the Shannon entropy. The aim is to obtain an optimal partition

without specifying the number of communities. A random walker either stays within its
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current community or moves to a neighboring community. The map equation measures

the expected description length of this process:

k
L(M) = q~ H(Q) + Z pl H(PY). (2.8)

Here, k is the number of communities, H (-) denotes Shannon entropy, and ¢, = Zle Qi
is the total probability of exiting any community (where ¢, ~ is the probability of leaving
community i), and p/, is the fraction of all node visits that occur within community i. The
term H(P') measures the average code length for identifying nodes within community

i, and the community-level entropy H (()), defined as:

@ ; Z§:1 qj Og( 2521 an> 23)

quantifies the average code length for community names. Minimizing L (M) bal-
ances the cost of encoding movements between communities against the cost of encoding
movements within them.

In practice, InfoMap builds transition probabilities via random walks, generating se-
quences of node visits. These sequences are encoded with a two-layer Huffman scheme:
the first layer assigns a code to each community, and the second layer assigns codes to
nodes within that community. By grouping sequences with similar prefixes, InfoMap
encourages nodes with comparable random-walk behavior to cluster together. Iteration
continues until no further reduction in the map equation is possible, yielding a partition
that reflects the dynamic flow of information.

The Label Propagation Algorithm (LPA), introduced by Raghavan et al., represents
a foundational approach to community detection that operates exclusively on network
topology without requiring predefined parameters or optimization objectives, achieving
remarkable efficiency with near-linear time complexity O(M ), where M is the number of
edges, which enables scalable application to massive networks (Raghavan et al., 2007).
The algorithm starts by assigning each node a unique label, then iteratively updates la-
bels through asynchronous local propagation where nodes sequentially adopt the most
frequent label among their neighbors resolving ties through random selection, causing
tightly connected node clusters to rapidly converge toward consensus labels as labels
propagate preferentially through dense regions, with the process terminating when no

label changes occur and connected components sharing identical labels forming com-
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munities.The complete procedure is formalized in Algorithm 2, while Figure 2.5 illus-
trates its stepwise execution on a simple graph, demonstrating how nodes like v, adopt
neighbors’ labels (v3) and vg aligns with v; during propagation until stabilization reveals
distinct communities.

Despite these strengths, LPA suffers from well-documented limitations including
outcome instability due to random tie-breaking (Raghavan et al., 2007), the "monster
community” problem where dominant labels absorb disproportionate regions (Leung
et al., 2009), oscillatory behavior in bipartite structures, resolution limits in sparse re-
gions, and absence of an objective function for quality validation. These issues have
spurred numerous enhancements: Deterministic variants, such as the entropy-driven label
propagation algorithm, eliminate randomness through entropy-based rules instead of ran-
dom selection (Chen et al., 2017)., while LPAm incorporates modularity maximization
to avoid trivial solutions and improve community quality; edge-weighted approaches
such as LPAc leverage edge clustering coefficients to prioritize connections within dense
local neighborhoods, substantially improving detection accuracy in networks with het-
erogeneous community structures (Zhang et al., 2007); similarity-informed methods in-
corporate Jaccard similarity between neighbor sets to weight label influence, enhancing
performance in networks with ambiguous community boundaries (Wang et al., 2017b);
scalability-focused innovations like FLPA (Fast Label Propagation) achieve orders-of-
magnitude speedups through queue-based processing of active nodes and optimized
local moves, enabling real-time community detection in billion-edge graphs (Traag and
Subelj, 2023); finally, centrality-driven extensions exemplified by LPA-S integrate node
centrality metrics and common neighbor analysis to prevent monster communities and
stabilize results, particularly in scale-free networks where high-degree nodes dominate
propagation (Douadi et al., 2024). This evolutionary trajectory demonstrates how mod-
ern variants preserve LPA’s core advantages while systematically addressing fundamen-
tal limitations through topological heuristics and computational optimizations, solidify-
ing label propagation’s role as an adaptable framework for contemporary network sci-
ence challenges.

Experimental evaluations of LPA-S on standard community detection benchmarks
(Karate Club, Football, and Dolphins) demonstrate its strong performance against es-
tablished methods including Walktrap, Infomap, LPA, LPAC, FLPA, and Louvain. The
results reveal that LPA-S consistently improves upon standard LPA, frequently matches
or exceeds the performance of Walktrap and Infomap on NMI and F1 metrics, and
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achieves modularity scores competitive with Louvain, despite Louvain’s specialized fo-

cus on modularity optimization.

Algorithm 2 Label Propagation Algorithm (LPA)

1: Input: Graph G = (V, E)
2: Output: Community assignments C for all nodes
3: Initialize each node v € V with a unique label C,, = v

4: repeat
5: Shuffle the node set V' in random order
6 forallv € V do
7: M~ {C(u) |ue N(v)} > multiset of neighbor labels
8: Count frequency of each label in M
9: Chew < most frequent label in M > break ties uniformly at random
10: if Chew # C(v) then
11: C'(v) ¢ Chew
12: end if

13: end for
14: until no label changes in an entire iteration
15: return C
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(a) Step 1: Initialization. Each node is assigned a unique label (represented with
distinct colors). At this stage, no information about communities is known, and nodes

are equally likely to influence others.

(b) Intermediate step. More labels are added. Node v4 adopts the label of its neighbor

vz (blue), node v7 (pink), and node vg aligns with v5 (red), showing how label influence

begins to spread across local neighborhoods.
Community C;
{v1,v2,v3}

Community Cy

{1}477)5:’0671]7}

(c) Step 3: Label convergence. After several passes, labels stabilize into two distinct

communities. Nodes within each group share a common label.

Figure 2.5—Stepwise illustration of the Label Propagation Algorithm (LPA) on a small
graph. The process begins with unique labels and proceeds iteratively until stable com-

munities emerge.
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2.3 Traditional Machine Learning-based Community De-

tection

Traditional machine learning-based methods for community detection have gained
prominence due to their ability to uncover latent structure in complex networks without
relying solely on heuristic or optimization-based rules. Using probabilistic models, ma-
trix decompositions, and generative approaches originally developed for text and signal
processing, these methods can flexibly model node attributes, topological patterns, and
overlapping memberships. In this section, we survey three major classes of machine
learning models for community detection: statistical inference methods, nonnegative

matrix factorization, and topic models.

2.3.1 Statistical Inference Models

The Stochastic Block Model (SBM) (Holland et al., 1983; Abbe, 2017) provides a princi-
pled generative framework for networks with latent community structure. In this model,
each node is assigned to one of k blocks (communities) via a hidden membership vector
z e {1,...,k}". Edge formation is governed by a symmetric k x k probability matrix P,
where the existence of an edge between nodes i and j follows an independent Bernoulli
distribution:

Pr(A;;=1|z=c¢z =d) = Py

Here, pi, = P.. denotes the intra-block edge probability, while poy = P.q (¢ # d) repre-
sents the inter-block edge probability. By modulating the ratio pin/pout, the SBM gener-
ates graphs spanning from clearly delineated communities to near-random topologies,
establishing it as a benchmark for community detection algorithms.

Parameter inference in SBM typically proceeds by maximizing the likelihood of the
observed adjacency matrix A or by estimating the Bayesian posterior under priors on z
and P. Common estimation methods include expectation-maximization (EM) (Daudin
et al., 2008), variational Bayes, and Markov chain Monte Carlo (MCMC) (McDaid
et al., 2013). Building on degree-corrected SBMs (DCSBM) that introduce node-spe-
cific parameters {¢;} to model heavy-tailed degree distributions and thus better cap-
ture real-world networks” heterogeneity (Karrer and Newman, 2011), Serrano and Vidal
(2024) deliver the first exact inference algorithms for maximum-likelihood community

detection under DCSBM. They first cast the likelihood maximization as a mixed-inte-
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ger non-linear program (MINLP) and then, via careful linearization of the log-terms, as
a mixed-integer linear program (MILP). To tame the MILP’s combinatorial blow-up,
they integrate dynamic valid-inequality generation, symmetry-breaking constraints,
and tight bounds on variables, alongside EM-based warm starts to accelerate conver-
gence.

The Parameter-Weighted Betweenness-Clustering SBM (PBCSBM) (Wang et al.,
2025) significantly enhances community detection in attributed networks by integrat-
ing topological node properties directly into the connectivity function. This approach
extends degree-corrected SBMs through a weighted likelihood formulation \;; = 0., -
(ad;dj + Bb;b; +ncic;), where betweenness centrality b; and clustering coefficient ¢; com-
plement degree heterogeneity, with tunable parameters («, 3,7) balancing their contri-
butions. On attributed networks (e.g. Cora), PBCSBM yields over 12% higher NMI than
classical SBMs (Wang et al., 2025), especially for nodes with non-hub roles.

2.3.2 Nonnegative Matrix Factorization

Nonnegative matrix factorization (NMF), first introduced by Lee and Seung (1999), ap-
proximates a nonnegative data matrix as the product of two lower-rank nonnegative fac-
tors. This technique finds applications in diverse domains such as image analysis, text
mining and network science. For graph-structured data, the adjacency matrix A € R%5"
is factorized to uncover interpretable, parts-based latent structure by finding matrices
UcRY™ and PeRYY, with k < N, such that A ~ UP.

Each row of U represents a node’s nonnegative embedding in a k-dimensional la-
tent space. In other words, U models the projection between the graph and the com-
munity-membership space. Each column of P provides reconstruction weights for ad-
jacency relationships, indicating the probability of community membership for each
node. To determine U and P, one typically minimizes one of two commonly used ob-
jective functions: the Frobenius-norm reconstruction error (Equation 2.10) or the Kull-
back-Leibler divergence (Equation 2.11).

L(U,P)=L|A-UP|. = ;ZZ i — [UP];)", (2.10)

=1 j5=1

N N
Di(A|UP) =Y Z(Aij log gpl — Ay + [UP}ij). (2.11)

=1 j5=1
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Ding et al. (2005) establish a formal equivalence between symmetric NMF and two cor-
nerstone clustering techniques, Kernel k-means and Laplacian-based spectral cluster-
ing. They demonstrate how non-negativity sharpens community boundaries. Building
on this theoretical foundation, Pairwise-Constrained Symmetric NMF (PCSNMF) (Shi
etal., 2015) injects partial supervision via must-link and cannot-link constraints derived
from known labels, steering the factorization toward ground-truth relations. Wang et al.
(2016) introduce the Semantic Community Integration (SCI) framework, which fuses
adjacency and attribute matrices through a unified NMF-style loss to jointly capture
topological and semantic information. Huang et al. (2020) propose a dynamic joint-fac-
torization model that adaptively weights graph structure and node attributes within a
unified NMF objective, yielding crisper, semantically coherent communities. Concur-
rently, SNCMF (Liu et al., 2022) enriches symmetric NMF with multiple latent factor
matrices, a symmetry-alignment regularizer, and a Laplacian-based geometric term to
preserve higher-order network structure often missed by single-matrix models.

In semi-supervised settings, methods diverge in how they weave side information
into the core NMF decomposition. WSCDSM (unified Weakly Supervised framework
for Community Detection and Semantic Matching) (Wang et al., 2018b) uncovers com-
munities by jointly factorizing the adjacency and membership matrices and dynami-
cally incorporating node attributes or pairwise hints. By contrast, PSSNMTF (Semi-
Supervised Non-negative Matrix Tri-Factorization with node Popularity) (Jin et al,,
2021) employs an NMF tri-factorization that explicitly models node-popularity effects
alongside structural and attribute information. Each approach exemplifies a distinct
strategy for augmenting classical NMF with auxiliary signals to improve both accuracy
and interpretability.

2.3.3 Topic Modeling

Topic modeling seeks to uncover the latent thematic structure of document collections by
assuming that each document arises from a mixture of topics, where each topic is itself a
probability distribution over words. Early probabilistic approaches include Probabilis-
tic Latent Semantic Analysis (PLSA), which models word-document co-occurrences via
mixture components and employs an expectation—-maximization procedure for param-
eter estimation (Hofmann, 1999), and Latent Dirichlet Allocation (LDA), which intro-
duces Dirichlet priors over per-document topic distributions and per-topic word distri-

butions to yield a fully generative Bayesian model, typically learned via collapsed Gibbs
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sampling or variational inference (Blei et al., 2003). Despite its widespread use, LDA
requires the number of topics to be specified a priori; this limitation is addressed by
nonparametric Bayesian extensions such as the Hierarchical Dirichlet Process (HDP),
which infers an unbounded number of topics through a stick-breaking construction and
Chinese Restaurant Franchise metaphor (Teh et al., 2006).

Recent work shows that community detection and network embedding approaches
can be powerfully derived by treating networks as “documents” and structural elements
(nodes, edges, walks) as “words,” leveraging topic-modeling analogies to uncover com-
munities. Zhang et al. (2007) pioneered this direction by applying standard LDA to
large-scale social graphs by treating each node’s ego-network as a document to dis-
cover latent community memberships through word-topic assignments. Yin et al. ex-
tended this with their Latent Community Topic Analysis (LCTA), a unified probabilis-
tic framework that jointly infers per-node topic mixtures and network structures, en-
hancing community coherence and link-prediction accuracy (Yin et al., 2012). Cha and
Cho demonstrated this mapping’s utility for information retrieval, using topic mod-
eling on social-network subgraphs to improve document ranking at SIGIR (Cha and
Cho, 2012). More recently, Chowdhury et al. applied community-detection algorithms
to word-association graphs built from corpora, extracting semantically coherent term
clusters with gains in interpretability and downstream NLP performance (Chowdhury
et al., 2023). Building on this, researchers combined Local Search Smart Local Moving
(LS-SLM) and Probabilistic Community Coherence-based Latent Dirichlet Allocation
(PCC-LDA) to perform community detection on user-article interaction graphs, thereby
framing recommendations as a joint topic-network modeling problem (Rachamadugu
and Pushphavathi, 2025).

2.3.4 Representation Learning—Based Approaches

The use of representation learning techniques to discover communities has gained pop-
ularity due to their ability to capture structural and proximity-based patterns in graphs.
Most methods in this category learn low-dimensional node embeddings that require ad-
ditional clustering techniques (e.g., K-means (Krishna and Murty, 1999) or GMM (Ras-
mussen, 1999)) for community detection. Several approaches introduced earlier in Sec-
tion 1.4.1.2, such as DeepWalk (Perozzi et al., 2014), Node2Vec (Grover and Leskovec,
2016), and Struc2Vec (Ribeiro et al., 2017), follow this two-step paradigm. In contrast,

Community2Vec (Martin, 2017) focuses on embedding entire communities rather than
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individual nodes, though it typically requires pre-detected communities as input. Sig-
nificantly different is ComE (Community Embedding) (Cavallari et al., 2017), which
uniquely performs joint embedding and community detection through a unified optimiza-
tion framework that directly outputs communities without requiring separate cluster-
ing steps. While initially designed for general graph representation, these methods have
shown strong performance when adapted for community detection tasks. Experimen-
tal evaluations in the original ComE paper (Cavallari et al., 2017) demonstrate that the
framework outperforms established baseline methods including LINE, Node2Vec, and
DeepWalk on social network benchmarks. The authors employ Gaussian Mixture Mod-
els (GMM) (Rasmussen, 1999) to directly fit communities over the learned embeddings,
leveraging this probabilistic approach to derive final community assignments.

24 Deep Learning-based Community Detection

Deep learning-based approaches have revolutionized community detection by learning
high-capacity, hierarchical representations of nodes and edges directly from data. These
methods leverage convolutional, attention, and generative architectures to capture com-
plex structural patterns and attribute information, often outperforming traditional al-
gorithms on large, noisy networks. In the following subsections, we review five key
families of deep models for community discovery.

2.4.1 Convolutional Networks

In this section, we first review the classical Convolutional Neural Network paradigm,
which was originally formulated to exploit the local spatial structure of grid-based data
via shared convolutional filters and hierarchical feature extraction (LeCun et al., 1998).
We then turn to Graph Convolutional Networks (GCNs), which extend the notion of
convolution to irregular, non-Euclidean domains by leveraging spectral or spatial for-
mulations of graph signal processing (Bruna et al., 2014; Kipf and Welling, 2017). To-
gether, these two architectural paradigms illustrate how convolutional architectures can
be adapted from regular grids to arbitrary graph topologies, enabling powerful repre-
sentations for tasks such as image recognition, graph classification, and of particular

relevance here, community detection in networks.
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2.4.1.1 Convolutional Neural Network

CNNs are deep learning architectures originally designed for grid-structured data, such
as images, text, and audio. Their strength lies in capturing local spatial or sequential
patterns through shared convolutional filters, making them highly effective in domains
like computer vision and natural language processing. The general CNN architecture is
detailed in Section 1.3.2.

Although CNNs are traditionally applied to grid-like data, their principles have
been extended to handle more complex, non-Euclidean structures such as graphs. In
the context of network analysis, CNN-based methods have been adapted to learn from
graph-structured data, enabling powerful approaches to tasks such as community de-
tection, link prediction, and node classification. These adaptations preserve the core
strengths of CNNs while allowing them to operate effectively on irregular topologies
typical of real-world networks. Because graphs are inherently non-Euclidean, these
methods must first transform graph data into a Euclidean form suitable for convolutional
operations. Accordingly, we categorize existing CNN-based community detection meth-
ods into two broad transformation approaches, Node-based Transformation Approach
and Edge-based Transformation Approach. This taxonomy will serve as the basis for the
comparative study in Section 3.2, where we will analyze and benchmark representative
methods from each category.

In the Node-based Transformation Approach, the community detection task is cast as a
node classification problem: nodes sharing the same label are grouped into the same
community. Rather than relying solely on the adjacency matrix, which marks direct
connections with 1 and non-connections with 0, each target node v is enriched by en-
coding its multi-hop neighborhood. The s-hop proximity between v and n is defined by
Equation 2.12, where the hop count s runs from 1 up to Sy, a user-defined threshold,
and o € (0,1) is an attenuation factor that down-weights more distant neighbors (Xin
et al., 2017). This encoding highlights the local structural characteristics of each node.
Incorporating multi-hop proximities can enhance detection accuracy by capturing indi-
rect adjacency relations, but raising the hop-count threshold S, beyond an optimal range
may introduce noise and blur community boundaries. Figure 2.6 provides an illustra-
tive example of the input details. Consequently, S, must be selected empirically, through
dataset-specific ablation studies and validation experiments to balance the benefit of ad-

ditional contextual information against the risk of degrading community separability.
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Figure 2.6—Illustrative example of information about the input data for node V5(o =
0.6).

Entry = 7179 (2.12)

To leverage standard 2D convolutional kernels, methods in this category (Xin et al.,
2017; Santo et al., 2021; Sperli, 2019) reshape each node’s feature vector of length N into
a 2D array of dimensions w x h, with wh = N. This mapping preserves all original
adjacency relations while organizing the entries into a matrix on which convolutional
tilters can operate. As a result, each of the N nodes is represented by its own w x h
matrix, enabling the direct application of off-the-shelf CNN architectures.

Xin et al. (2017) tackle the challenge of finding communities when a substantial frac-
tion of edges is missing, the so-called topologically incomplete networks (TINs), they
propose that CNN filters capture higher-order connectivity patterns, with deeper layers
aggregating increasingly broad structural contexts. The model reinterprets each node’s
local adjacency pattern as a two-dimensional “image” and applies a sequence of convo-
lutional and pooling operations to extract increasingly rich structural features.

In the first convolutional layer, c; learnable kernels operate over the node’s adjacency
submatrix, each kernel W together with its bias by, generates a corresponding feature

map entry:
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w' —1h'—1

Un,zy = J(bW + Z Z VVij pn7(x+i)(y+j)>7 (213)

i=0 j=0

where p,, (;44)(y+;) denotes the presence or absence of edges in the local patch of node
nand o is the sigmoid activation. A max-pooling operation of size m; x m, then subsam-
ples each feature map by retaining the maximum value within non-overlapping regions,
reducing resolution while preserving salient patterns. The second convolutional layer
repeats this process with c; kernels on each downsampled map, yielding a total of ¢; x ¢,
feature maps that capture higher-order connectivity motifs.

The feature maps from the second convolutional layer, with spatial dimensions
fi/m1 x fa/mo (Where f; and f, are the original feature map dimensions from the first
convolution, reduced by max-pooling factors m; and m,), are flattened into a vector
qn € Ree2fi/mif2/m2 and passed to a fully connected output layer with K neurons (one

per community) whose activations are defined as:

of = o (b + Wiqy) (2.14)

represent the confidence that node n belongs to community k. During training, the

parameters P = {W, Wy, b, b} are optimized by minimizing the mean squared error:

J(P) = 5% ST (o - k) (2.15)

where (% € {0,1} is the ground-truth indicator of membership. Standard back-prop-
agation adjusts all convolutional kernels and output weights until convergence.

The model shows good performance in terms of NMI on both synthetic and real-
world datasets, particularly under Topologically Incomplete Network (TIN) scenarios
simulated through controlled edge removal or sparsity variations, and in supervised
settings with varying label rates, surpassing traditional machine-learning community-
detection baselines.

Sparsity is an ubiquitous property of real-world graphs, particularly social networks,
and some methods exploit this by operating directly on the non-zero entries of the ad-
jacency matrix. By considering only active connections, these approaches dramatically
reduce both memory requirements and computational cost (Santo et al., 2021; Sperli,
2019). For example, Santo et al. propose a semi-supervised CNN architecture that clas-
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sifies nodes into K categories on sparse adjacency patches. Their method replaces dense
convolutions and pooling with SparseConv2D and sparse max-pooling layers, which tra-
verse only active edges stored in compressed sparse formats. By focusing computation
on existing connections, this design achieves orders of magnitude efficiency gains while
maintaining classification accuracy.

In the Edge-based Transformation Approach, community detection is reframed as an
edge classification task using a convolutional neural network. To leverage CNNs, Cai
et al. (2020) address this with their ComNet-R model, which proceeds in three stages.
Each edge (u,v) in the orginal graph G is first transformed via an edge-2-image model
into a small 2D colored image encoding local connectivity in its RGB (Red, Green, Blue)
channels. Next, a supervised CNN binary classifier labels each image as either an in-
tra-community or inter-community edge. After removing inter-community edges, the
simplified graph G, emerges, whose connected components correspond to candidate
community fragments. A hierarchical merging module then applies a local modular-
ity metric R to separate high-modularity components (preliminary communities) from
temporary ones. Finally, these components are merged through an agglomerative pro-
cedure guided by the R metric to produce exactly K well-formed communities. This
pipeline exploits CNN pattern recognition on locally encoded edge images while retain-
ing the rigor of modularity-based community assembly.

ComNet was evaluated using NMI and F1 on both synthetic (LFR) and real-world
networks of varying scales, demonstrating superior performance compared to baseline

methods, including Louvain.

2.4.1.2 Graph Convolutional Network

Graph Convolutional Networks (GCNs), introduced earlier in Section 1.4.3.1, have be-
come a cornerstone in graph-based learning. In the context of community detection,
GCN-based methods can be broadly categorized into two main groups: (i) community
classification approaches, which operate in a supervised or semi-supervised learning
setting, leveraging labeled nodes to infer community membership; and (ii) unsuper-
vised network representation methods, which aim to learn informative node embed-
dings that capture the structural and attribute-based patterns in the graph, typically
followed by a separate clustering step to detect communities.

CayleyNets (Levie et al., 2019) introduce a specialized Cayley-polynomial spectral
filter that, like its Chebyshev counterpart, achieves strong localization while retaining
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linear complexity in the number of edges. This enables the model to isolate narrow fre-
quency bands relevant to tasks in the graph spectrum, crucial for distinguishing commu-
nities, before feeding these high-order spectral features into a semi-supervised softmax
layer for classification.

The Line Graph Neural Network (LGNN) (Chen et al.,, 2019) enhances traditional
Stochastic Block Models (SBMs) by improving community detection performance while
reducing computational cost, particularly in directed networks. This is achieved by op-
erating on the non-backtracking line graph, which treats edges as nodes and prevents
path overcounting. LGNN applies belief-propagation inspired message-passing rules
on this line graph to propagate and aggregate information, learning rich node represen-
tations via a supervised cross-entropy loss. The model seamlessly handling both binary
and multiclass community detection.

In the unsupervised setting, Neural Overlapping Community Detection
(NOCD) (Shchur and Giinnemann, 2019) formulates community detection as a
probabilistic inference task, integrating graph representation learning with statistical
modeling through two GCNs layers. The model processes an adjacency matrix A and

node features X to generate node embeddings Z via the transformation:
Z — ReLU (A .ReLU (Axw1> W2) ,

where A = D 2(A + I)D~2 denotes the normalized adjacency matrix with self-loops
and D is the corresponding degree matrix. These embeddings are mapped to commu-
nity affiliation probabilities F € [0, 1]"*¢ through a sigmoid activation F = ¢(ZW/) with
weight matrix W; € R**¢ parameterizing ¢ communities.

The edge generation process follows a Bernoulli-Poisson distribution where A, ~
Bernoulli (1 —exp (—fI fv) ), with optimization minimizing the regularized negative log-
likelihood

£<F) = _E(u,v)NPE [lOg (1 — exp (_fIfU))] + E(“W)NPN [flf”} '

Here f, € R denotes node u’s community affiliation vector, while E(,, .y~ p, and E, )~ py
represent expectations over positive edges sampled from the edge set £ and negative
edges from non-connections, respectively. The first term maximizes the likelihood of
observed edges through the inner product f; f,, while the second term penalizes spuri-

ous affiliations for non-adjacent node pairs, collectively enforcing a sparse community
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structure that naturally accommodates overlapping memberships.

The Spectral Embedding Network (SENet) (Zhang et al., 2021) begins by computing
a shared-neighbor similarity matrix S and fusing it with the original adjacency A to
form an enhanced graph A, then instantiates a three-layer encoder (weights W, Wy, W3)
that propagates node features over A to produce embeddings Z(M,Z® Z®). A p-
nearest-neighbor kernel K is derived from a learned kernel matrix and symmetrized, and

the entire model is trained end-to-end by minimizing the smoothness objective equation:

1 1
min J = —t((Z®) D 2KD 2 Z¥), (2.16)

Wi1,W2, W3

where tr is the trace and D is the degree matrix of K. After optimization, the three
layer-wise embeddings are concatenated into a final representation Z, and k-means on
Z yields the cluster partition C, effectively capturing both local and global structure
through spectral regularization.

Community Deep Graph Infomax (CommDGI) (Zhang et al., 2020a) projects node
embeddings Z via a GCN encoder into a soft affiliation matrix F = 0(ZW;) € [0, 1]V>*F,
where each row f; encodes node—-community affinities. It is trained with a composite
objective function:

L = aﬁgraph + Bﬁcomm + Emod; (217)

where the graph mutual-information loss L., uses a noise-contrastive binary cross-en-
tropy between samples from the joint distribution (positive examples) and samples from
the product of marginals (negative examples). Specifically, letting NV and M denote the
numbers of positive and negative samples, respectively, and denoting corrupted features
and adjacency by X, A, we define:

Lorph = 313 > Exallog D(z;, )] + Y Exa[log(1— D(z;,s))] |, (2.18)

1 [ N M
i=1 j=1
where D is the discriminator scoring agreement between a node embedding z; (row
of Z) and the community summary s. The community cohesion loss L¢omm encourages
high affinity within each community and low affinity across communities, and L4 is
a modularity-based regularizer that promotes globally coherent partitions. After train-
ing, CommDGI applies soft k-means to the rows of F to obtain overlapping community

assignments, thereby uniting contrastive representation learning with principled clus-
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tering.

Experimental evaluations reveal diverse testing paradigms across these GCN-based
approaches. LGNN tested on synthetic and social network benchmarks, achieving high
accuracy in supervised community assignment tasks. CayleyNets shows robust results
across multiple experimental settings, including citation networks like Cora in semi-
supervised learning scenarios. For overlapping community detection, NOCD special-
izes in social networks with inherent community overlaps. In the unsupervised domain,
comparative analysis of SENet and CommDGI on standard citation benchmarks reveals
complementary strengths: SENet achieves superior accuracy, suggesting precise node-
level label assignment, while CommDGI attains higher NMI and F1 scores, indicating

tighter community separability in the learned embedding space.

2.4.2 Graph Attention Networks

In Section 1.4.3.2, we introduced the Graph Attention Network (GAT) as a powerful
extension of graph convolutional architectures that replaces fixed, uniform neighbor-
hood aggregation with a learnable, node-wise attention mechanism. This adaptability
is especially well suited to community detection, where the strength of associations be-
tween nodes can vary dramatically depending on local subgraph structure and attribute
similarity. By learning to emphasize edges that are more indicative of shared commu-
nity membership, rather than treating all neighbors equally, GAT naturally highlights
intra-community connections while attenuating noisy inter-community links.

Several Graph Attention Network models have been proposed for community dis-
covery in complex networks. One notable example is Deep Multiplex Graph Infomax
(DMGI) (Park et al., 2020), which is tailored to attributed multiplex networks. Such
networks are defined as G = {V,EW ... E®) X}, where V is a common node set,
each E) captures a distinct relation layer, and X contains node attributes. DMGI learns
embeddings in an unsupervised manner by combining node features with multi-rela-
tional structure. First, it applies contrastive learning across each layer by distinguishing
real graphs from feature-shuffled corruptions with a discriminator. Then, it enforces a
consensus among layer-specific embeddings through attention coefficients that dynam-
ically weight each layer’s contribution based on both its individual embedding and a
cross-layer context vector. This attention-guided fusion not only resolves inter-layer het-
erogeneity but also ensures consistency across views, yielding unified node representa-

tions that capture both structural and attribute information.
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High-order Deep Multiplex Infomax (HDMI) (Jing et al., 2021) extends DMGI by
capturing both global contrastive signals and intrinsic attribute—structure relationships
in multiplex networks. Although DMGI aligns layer-specific embeddings using a shared
contrastive objective, it overlooks how node attributes shape higher-order connectivity.
HDMI remedies this by augmenting each relation layer with attribute-conditioned edges
that reflect similarities in node features. Embeddings from the original and enriched
graphs are then combined through a semantic-attention fusion module that weights each
layer according to its inferred community structure.

Another approach, GATFELPA (Graph Attention Network Fused with Enhanced La-
bel Propagation Algorithm) (Tang et al., 2025), integrates graph attention networks and
an enhanced label propagation algorithm to improve the community detection task.
GATFELPA leverages Graph Attention Networks (GATs) within a Similarity Preserva-
tion Module to learn rich, context-aware node representations. This module specifically
aims to ensure that the learned embeddings maintain important similarity relationships
from the original graph structure and node attributes. By employing an attention mecha-
nism, the GAT in this module dynamically weighs the importance of different neighbors
during information aggregation, allowing GATFELPA to capture nuanced relationships
and determine the relevance of neighboring nodes for a node’s community membership.
The objective of the Similarity Preservation Module is to generate embeddings where
structurally or attibute-wise similar nodes are close in the embedding space, which is
crucial for effective community detection. Subsequently, an enhanced Label Propagation
Algorithm (LPA) is applied to these attention-aware and similarity-preserved node em-
beddings. The enhanced LPA iteratively propagates labels among nodes, with the high-
quality, GAT-derived embeddings guiding the propagation process more effectively to
achieve accurate and robust community assignments.

DMGI and its extension HDMI, evaluated on the same attributed multiplex datasets,
exhibit comparable performance, with HDMI showing improved NMI, whereas GAT-
FELPA, as a recent work, demonstrates high performance across ACC, NMI, ARI, and
F1 on attributed networks.

2.4.3 Graph Autoencoders

Graph Autoencoders (GAEs) provide a natural extension of deep learning to
graph-structured data by learning compact node representations that preserve the un-
derlying topology. As detailed in Section 1.4.3.6, GAEs capture both local and global
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graph structure in their latent space, making them particularly well suited for com-
munity detection. Owing to their strong representational capacity and empirical suc-
cess, GAEs have become a cornerstone in this thesis: we devote substantial attention to
GAE-based architectures and demonstrate how their versatility underpins many com-
munity-detection methods.

In this section, we propose a taxonomy of GAE-based community detection methods
that highlights two main families. Simple Encoder Approaches rely on a single graph en-
coder to produce embeddings. Dual Encoder Approaches employ two complementary
encoders. In Section 3.3, we will present a comparative study of representative methods
of each category, evaluating their performance on benchmark networks.

Simple encoder approaches employ a basic two-stage architecture. In what follows,
we organize these methods according to their backbone architectures. First, we re-
view GCN-based GAEs and highlight several notable contributions; then we turn to
GAT-based GAEs approaches and discuss their key innovations.

Graph AutoEncoders (GAEs) (Thomas and Welling, 2016) are unsupervised mod-
els that learn fixed-point node embeddings by using a graph convolutional encoder to
project node features and structure into a low-dimensional latent space, and then recon-
struct the adjacency matrix via an inner-product decoder. Variational Graph AutoEncoders
(VGAEs) (Thomas and Welling, 2016) augment this architecture by having the encoder
output a mean and variance for each node’s latent vector, sampling from that Gaussian
to perform reconstruction, and regularizing the inferred posterior toward a Gaussian
prior using the Kullback-Leibler (KL) divergence.

Adversarially Reqularized Graph Autoencoder (ARGA) (Pan et al., 2018) regularizes the
deterministic latent space of a GAE. It employs a GCN encoder and an inner product de-
coder for graph reconstruction, while a discriminator network is simultaneously trained
to distinguish the encoder’s latent embeddings from samples drawn from a predefined
prior distribution. The encoder, acting as a generator, is then optimized to produce em-
beddings that fool the discriminator, thereby implicitly forcing the latent space to con-
form to the desired prior. ARGA’s objective combines a graph reconstruction loss with

this adversarial regularization:

Laav = =5 Bzp, [log D(Z)] = 5 Exepy,, [log (1 = D(G(X, A)))]. (2.19)
LarcaA = Lrec + minr%ix Lagy- (2.20)
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Here, p, denotes the prior distribution over latent samples and pgata denotes the empirical
data distribution. The discriminator D(Z) attempts to distinguish latent samples drawn
from the prior from those generated by the encoder, while the generator G/(X, A) (the
encoder) seeks to produce embeddings that can fool the discriminator.

The Adversarially Regularized Variational Graph Autoencoder (ARVGA) (Pan et al.,
2018) is the variational extension of ARGA, which applies adversarial regularization to
the probabilistic latent space of a VGAE. Its GCN encoder outputs parameters for a pos-
terior distribution (mean and variance) over latent embeddings, from which samples
are drawn via the reparameterization trick. A discriminator then ensures that the dis-
tribution of these sampled latent codes aligns with a specified prior, often replacing or
complementing the traditional Kullback-Leibler (KL) divergence term found in VGAEs.
ARVGA's objective combines reconstruction loss, potentially a KL divergence term, and

the adversarial loss:

£ARVGA = Eq(Z|X,A) [logp(A\Z)] — KL[q(Z|X, A) H p(Z)] + r%m r%ax Eadv- (221)

The Marginalized Graph Autoencoder (MGAE) (Wang et al., 2017a) for graph cluster-
ing functions as a specialized denoising GCN-based autoencoder, a crucial considera-
tion for real-world attributed networks that often contain inherent noise. A key mecha-
nism within MGAE involves explicitly injecting noise into the node attributes through
rounds of random feature removal, which systematically generates corrupted attribute
matrices. The model then leverages the concept of marginalization by taking an expec-
tation over these 7 distinct corruptions. This approach aims to enhance robustness to
attribute noise, as the model is trained to reconstruct the clean input regardless of the
specific noise instance encountered during a forward pass. The training of MGAE is thus
formulated by an objective function that embodies both the denoising and marginaliza-
tion principles:

1 < . 1. . 1 2
L=:% ij D 2AD WH W (2.22)
n =1

Here, the term X denotes the corrupted attribute matrix within the loss function, di-
rectly reflecting the denoising autoencoder aspect as the model aims to reconstruct the

clean input from this noisy representation. W represents the learnable parameters of
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the attribute transformation. The outer sum % >, explicitly implements the marginal-
ization concept by averaging the reconstruction loss over multiple noisy samples. Fur-
thermore, A is a hyperparameter controlling the strength of |[W|%, which serves as a
regularization term for W. Following this rigorous denoising and embedding process,
community memberships are ultimately derived by applying spectral clustering to the
final node embeddings, leveraging their enhanced quality for improved graph partition-
ing. The MAGE model is benchmarked on attributed networks and demonstrates supe-
rior performance compared to ARGA and ARVGA across a comprehensive set of metrics,
including NMI, ARI, F1-score, Precision, and Recall. The Embedding Graph Auto-Encoder
(EGAE) (Zhang et al., 2023) builds on the observation that a relaxed k-means objective
over inner-product similarities recovers the true partition whenever embeddings lie on a
normalized hypersphere and clusters correspond to mutually orthogonal subspaces. To
leverage this, EGAE employs a dual-decoder architecture: one decoder reconstructs the
adjacency matrix via Z = ZZ'" , where Z is the learned embedding matrix, while a second
“clustering decoder” interprets the relaxed k-means loss J. = tr(ZZ") — tr(P'ZZ'P)
as an additional reconstruction objective that encourages embeddings to form tight,
well-separated clusters. Here, P denotes the continuous indicator matrix. Rather than
decoupling embedding and clustering into separate stages, the model minimizes a joint
loss:

J=J +al, (2.23)

where J, is the standard reconstruction loss and « balances the two criteria. The
encoder is a GCN that produces nonnegative, unit-norm embeddings, satisfying the
orthogonality conditions of the theoretical analysis. Training alternates between gradi-
ent-based updates of the GCN weights and closed-form or relaxed updates of the soft-as-
signment matrix P. By embedding the clustering objective directly into the autoencoder,
EGAE yields node representations that are immediately amenable to inner-product k-
means.

He et al. (2022) introduce the Semi-Supervised Graph Convolutional AutoEncoder
(SSGCAE) to uncover overlapping communities in attributed graphs by combining three
complementary objectives. First, a GCN encoder projects input data into a latent space
from which an inner-product decoder reconstructs the adjacency matrix; second, a mod-
ularity-based loss steers embeddings toward partitions with strong community struc-
ture; third, a cross-entropy term incorporates labels from a small set of nodes to provide
semi-supervised guidance. After training, each node’s soft membership vector is bina-
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rized via a simple thresholding step to produce overlapping community membership
assignments. Empirical results on noisy attributed networks show that SSGCAE can re-
liably recover meaningful overlapping communities, and the authors propose as future
work the modeling of semantic communities to enrich attribute information and capture
more nuanced structures. Instead of employing traditional GCNs, the graph attention
autoencoder (Salehi and Davulcu, 2020) integrates self-attention mechanisms within its
stacked encoder and decoder layers to jointly reconstruct node features and the graph
structure. In this model, the encoder utilizes attention to intelligently aggregate informa-
tion from a node’s neighbors, producing embeddings that capture both local and global
structural characteristics. Subsequently, the decoder reconstructs the original node fea-
tures and promotes similarity between connected nodes within the embedding space.
The training objective combines two essential components: a feature reconstruction loss,
quantified as the squared difference between the original and reconstructed node fea-
tures, and a structural loss designed to encourage embedding similarity among neigh-

boring nodes. The complete loss function is defined as:

N
L= [x—%]> =1 log (L +exp(l—1zz)), (2.24)
i=1 JEN;

where ) serves as a balancing hyperparameter for the influence of the two terms.
This model has been rigorously evaluated on widely used citation network datasets,
including Cora, CiteSeer, and PubMed, demonstrating superior accuracy compared to
VGAE and GAE in its experimental evaluation (Salehi and Davulcu, 2020).

Building upon the principles of deep graph autoencoders, Deep Attentional Embedded
Graph Clustering (DAEGC) (Wang et al., 2019) utilizes attention mechanisms, specifi-
cally in the form of GATSs, integrated within a graph autoencoder model. The DAEGC
architecture leverages a GAT encoder with a self-attention mechanism to prioritize nodes
within a neighborhood, thereby enhancing graph clustering by incorporating high-order
neighbor information. This encoder is coupled with an inner product decoder, formally
expressed as A= o(ZZ"), where o denotes the sigmoid activation function that maps
the inner products to probabilities in [0, 1], thereby reconstructing the adjacency matrix.
This approach proves particularly effective for attributed graphs, embedding nodes into
a low-dimensional vector space that adeptly captures both structural and feature infor-
mation.

The model’s parameters are optimized by minimizing a comprehensive loss function.
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This function simultaneously incorporates two primary objectives: a reconstruction loss

and a self-clustering loss based on Kullback-Leibler (KL) divergence:
*Ctotal = 'Crec + Bﬁclus (225)

Here, § is a hyperparameter. L,.. is the reconstruction loss, which measures the
error between the original adjacency matrix A and its reconstruction A. L. is the
self-clustering loss, which leverages a self-training mechanism fundamentally relying
on Kullback-Leibler (KL) divergence. This loss quantifies the disparity between an aux-
iliary target distribution P (representing desired, sharpened cluster assignments) and
the soft cluster assignment distribution @ (derived from the current node embeddings).

The soft assignment ¢;; of node i to cluster j is commonly computed using a Student’s
t-distribution as a kernel, reflecting the similarity between a node’s embedding z; and a

cluster centroid p;:

a+1

L+ ||z — ;]2 /a)” 2
Gij = ( | JH / ) (2.26)

a+1?

25:1(1 +llzi — py)2/a) 2

where o represents the degrees of freedom (typically set to 1, effectively making it a

Cauchy kernel), and K denotes the total number of clusters.

Subsequently, the target distribution p;; is computed to refine these soft assignments.
This step emphasizes high-confidence predictions and normalizes cluster frequencies,
thus “sharpening” the cluster structure derived from () and making the training process

more robust to initial assignments:

D = %2]/ > 0ij
1] - K
Ek:l(qgk/ > i Gik)

The self-clustering loss then rigorously minimizes the Kullback-Leibler divergence

(2.27)

between this refined target distribution P and the soft assignment distribution @:
N K D
Leaus = Drr(P||Q) = Z sz‘j log —Z] (2.28)

Empirically validated on attributed network datasets such as Cora and CiteSeer,
DAEGC consistently demonstrates superior clustering accuracy, ARI, and NMI when
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compared against foundational models like Graph Autoencoders (GAE) and Variational
Graph Autoencoders (VGAE). Notwithstanding these advancements, its sensitivity to
crucial hyperparameters, such as embedding dimensionality, remains a notable chal-
lenge.

Building upon the advancements of deep graph autoencoders for community detec-
tion, the Community Detection based on Unsupervised Attributed Network Embedding
(CDBNE) (Zhou et al., 2023) model is proposed to further enhance detection capabili-
ties, especially in complex attributed networks. CDBNE notably extends DAEGC model
by introducing two key components beyond the standard graph structure reconstruc-
tion: a modularity maximization module and an additional GAT decoder for attribute re-
construction. The modularity module explicitly guides the embedding process towards
generating communities that adhere to the well-established graph modularity principle,
a global quality measure for community partitions. Concurrently, the GAT-based de-
coder is specifically designed to reconstruct the original attributed information, ensur-
ing that the learned embeddings capture both the structural and rich attribute semantics
of the nodes. The objective function for CDBNE is a composite loss designed to optimize

these multiple aspects simultaneously:

ﬁtotal - Erec + Eatt + f)/ﬁclus - Bﬁm (229)

Here: L,.. represents the reconstruction loss for the graph structure, measuring the
error between the original adjacency matrix A and its reconstruction A. L, denotes
the attribute reconstruction loss, which quantifies the discrepancy between the original
node attributes X and their reconstruction X generated by the dedicated GAT decoder
(e.g., X = fcar(Z), where fgar is the GAT decoder). L., is the self-clustering loss,
which operates identically to that described for DAEGC, leveraging KL divergence to
guide embeddings into distinct clusters based on their proximity to learned centroids.
L., is the modularity maximization loss, which aims to maximize the modularity of the
detected communities. It is typically included as a negative term in the overall mini-

mization objective to achieve maximization, and can be represented as:

1 T
L=~ Tr(H'BH) (2.30)

dd’
2m

where m is the number of edges, B € RV*¥ is the modularity matrix (B = A —
where d is the degree vector), and H represents the community assignments (derived
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from node embeddings Z). Finally, 5 and v are hyperparameters that balance the con-
tributions of the various loss terms, allowing for flexible optimization based on specific
network characteristics.

CDBNE demonstrates notably enhanced performance in terms of clustering accuracy,
NMI, ARI compared to baseline models such as DAEGC, VAGER, and other foundational
GAE variants. However, these improvements come at the cost of added architectural and
objective function complexity, which can present challenges in practical application and
further development.

Dual encoder approach involves employing two distinct encoder networks, each de-
signed to process a different type of input data and generate its own embedding. As
illustrated in Figure 2.7, this design enables the model to effectively capture and inte-
grate multiple aspects of the input. In essence, dual encoders are well-suited for han-
dling complex, multi-modal data by utilizing parallel encoding streams within a unified

framework.

X Embedding
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Figure 2.7—General architecture of the Dual Graph Attention Autoencoder, illustrating
the dual-input design that processes (i) topological and attribute information, and (ii)

topological and modularity information.

The Deep Dual Graph Attention Auto-Encoder (DDGAE) (Wu et al., 2024) repre-
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sents an advanced methodological framework for community detection in attributed
networks, integrating dual-view representation learning with self-optimizing cluster-
ing. The model processes attributed graphs through two complementary pathways: a
high-order modularity view based on matrix B and a node attribute view based on fea-
ture matrix X. The modularity view employs a refined mathematical representation of
community structure derived from the adjacency matrix, explicitly encoding mesoscopic
patterns beyond direct neighborhood connections. Simultaneously, the attribute view
processes node features through feature-aware attention mechanisms. Both pathways
utilize dedicated graph attention encoders with multi-head attention layers that dynam-
ically weight neighborhood influences during feature aggregation, enabling nodes to
selectively emphasize connections indicative of latent community affiliations.

The embeddings generated from both views, Zx (attribute view) and Zp (modular-

ity view) are fused through average pooling:

 Zx +1Zp
==

zZ

This unified representation feeds into a triple-decoder architecture: a topological de-
coder regenerates adjacency relationships through inner product operations. An at-
tribute decoder reconstructs original node features X via feature-propagating layers and
a specialized modularity decoder reconstructs community-informed structural patterns
B. Each decoder contributes to a composite reconstruction loss that quantifies discrep-
ancies between original and reconstructed graph properties.

The optimization objective is defined as:

L=L;+ N\, + BL.

where A and /3 are hyperparameters, £, denotes the binary cross-entropy loss for adja-
cency reconstruction, £; combines attribute and modularity reconstruction losses:

Ly =X~ X||% + |[B — BI|Z,

and L. is the self-clustering objective based on Kullback-Leibler divergence:

n

K
Pik (1 + |z — )
L= pilog—, qir=—%
; ; ik Do (L4 |z — p|[?)
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with p,, cluster centroids and pi, = ¢/, ¢ir as sharpened target distributions. Final

community assignments derive from the optimized latent space as:

yi = argmax (431

where ¢, computes the converged soft assignment between node z; and centroid p;.

Empirical validation across five benchmark networks demonstrates consistent per-
formance advantages, particularly in detecting non-overlapping communities within at-
tributed networks. Performance metrics enhanced in NMI and ARI compared to sim-
ple encoder models, attributable to the model’s dual-pathway integration of structural
and semantic signals. Attention analysis further confirms the framework’s capability to
resolve attribute-topology conflicts, evidenced by elevated attention weights assigned
to nodes bridging multiple communities. These advantages, however, entail computa-
tional trade-offs: The requirement to compute and process the modularity matrix es-
tablishes quadratic memory complexity, while the dual attention mechanism increases
training time relative to conventional graph autoencoders. These scalability constraints
become pronounced in moderately-sized networks, suggesting optimal application in

structurally complex graphs where precise attribute-topology alignment is paramount.

2.4.4 Deep Nonnegative Matrix Factorization

While standard NMF (Section 2.3.2) provides interpretable low-rank representations,
its single-layer factorization exhibits fundamental limitations when modeling complex
data structures. The shallow representation struggles to capture hierarchical features
prevalent in real-world data, such as multi-scale community structures in networks. Fur-
thermore, the linear factorization A ~ UP inherently constrains expressive power, while
the fixed low-rank constraint (k < n) risks oversimplifying heterogeneous data distri-
butions. These limitations motivate deep nonnegative matrix factorization (DNMF), which

learns hierarchical representations through sequential matrix factorizations.
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DNMEF extends NMF via L layered decompositions:

A~ UWPW,
PV ~ UPPA),

P ~ gBPp™H),
yielding the deep architecture A ~ UMU® ... UDPL) with all factors nonnegative.
This structure captures features at multiple abstraction levels, where nested reconstruc-
tions introduce implicit nonlinearities that enhance modeling capacity. Layer-wise non-
negativity constraints further induce structured sparsity patterns beneficial for interpre-
tation. Optimization typically extends NMF algorithms through coordinated layer-wise
training. For network analysis, DNMF’s multi-resolution capability (Song et al., 2015)
proves particularly valuable in heterogeneous graphs with varying organizational scales.

Deep Autoencoder-like NMF (DANMEF) (Ye et al., 2018) generalizes symmetric NMF
(A ~ UU") into an encoder-decoder framework. The encoder compresses adjacency
information through hierarchical layers UV to a bottleneck embedding V), while the
decoder reconstructs A through the product UV ... UBVE) An auxiliary reconstruc-
tion V&) =~ (UL T ... (UW)TA ensures information preservation. The unified objective

incorporates graph smoothness:

L= LotLpt A rg = |A-TT, UOVO |2 || VO -TT, (UO)TA|| %+ e (VD) TLVED),
(2.31)

Here £ denotes the decoder reconstruction loss and L5 the encoder reconstruction
loss. The regularizer L., enforces graph smoothness based on the combinatorial graph
Laplacian L = D—A. The notation || - ||  denotes the Frobenius norm (cf. Equation 2.10).
The scalar A > 0is a tunable hyperparameter that balances reconstruction fidelity against
the smoothness prior. Nonnegativity constraints promote hierarchical latent attributes
that bridge topological features with community structure.

Constrained Symmetric Deep Autoencoder NMF (CSDNMF) (Zhang et al., 2024)
enhances multi-scale community detection through bidirectional consistency: The en-
coding phase projects A through successive nonnegative layers to high-level embed-
dings, while the decoding phase reconstructs A via mirrored factors. This approach

incorporates two complementary regularizers: a graph-smoothness term Tr(Z"LZ) that
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preserves local connectivity patterns, and a symmetry penalty S . — Uge)c 1% that
aligns encoder/decoder factors to enhance robustness in undirected networks.

Modularized Robust Adaptive Semi-Supervised NMF (MRASNMF) (Ghadirian and
Bigdeli, 2024 ) reformulates modularity maximization as a symmetric NMF, enabling in-
tegration of partial supervision via a knowledge-priority matrix. Its architecture com-
bines complementary community perspectives through multi-view clustering while em-
ploying adaptive weighting to dynamically balance the influence of potentially noisy
labels. The optimization features an iterative update scheme with proven convergence
that tunes the trade-off between modularity maximization and pairwise constraint sat-
isfaction.

Both DANMF and CSDNMEF achieve moderate results across citation networks
such as Cora, CiteSeer, and PubMed. Specifically, CSDNMF consistently outperforms
DANMEF in terms of NMI, ARI, F-score, and ACC, indicating improved community sep-
arability and clustering quality. These models also surpass traditional embedding-based
methods such as Node2Vec (Grover and Leskovec, 2016) and LINE (Tang et al., 2015).
In contrast, MRASNMF is evaluated on a different category of relatively small, non-
attributed networks and incorporates prior knowledge into the factorization process

with varying percentages.

2.4.5 Generative Adversarial Networks

Generative Adversarial Networks (GANs) (Goodfellow et al., 2014) frame representa-
tion learning as a two-player minimax game between a generator G and a discriminator
D. The generator attempts to produce samples (here, candidate node-embeddings or
neighbor distributions) that mimic the true data distribution, while the discriminator
seeks to distinguish real samples from those synthesized by the generator . Formally,
the basic GAN objective is the following:

minmax V(D,G) = Ex-p,, log D(X)] + By llog(l — D(G(2)))] (2.32)

In the graph-embedding setting (as in GraphGAN (Wang et al., 2018a)), one treats
each node v as “real” data and models the generator’s goal as sampling plausible neigh-
bors u for v. Concretely, let pyue(u | v) be the empirical neighbor distribution and let
G(u | v) be the generator’s learned conditional distribution. The adversarial objective
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becomes as follows:

minmax » []Euwpm(.m log D(v,u) + Eyvglog(l — D(v,u))|. (2.33)

G D
veV

Here D(v, u) outputs the probability that (v, u) is an actual edge. By alternating gra-
dient updates on D and G, the method learns embeddings for each node (through the
parameters of G and D) that capture both local connectivity and higher-order structure
in the graph.

Adversarial robustness emerges as the generator G' continuously adapts to the dis-
criminator’s feedback. In social-network analysis this adaptation improves link predic-
tion and community detection performance. Extensions that integrate node attributes
or hierarchical community priors into the adversarial framework, yield richer, domain-
aware embeddings.

CommunityGAN (Jia et al., 2019) casts overlapping community detection as a mo-
tif-aware adversarial game, fundamentally extending the Affiliation Graph Model
(AGM) (Yang and Leskovec, 2012). While the original AGM is a generative model
that defines the probability of an edge existing between nodes based on their commu-
nity affiliations (Yang and Leskovec, 2012). CommunityGAN embeds this probabilistic
community-affiliation structure into a Generative Adversarial Network (GAN) frame-
work and elevates the task from edge generation to motif (particularly clique) genera-
tion (Jia et al., 2019). In CommunityGAN, each node v is represented by a nonnegative
membership vector F, € RY, where F, . measures v’s affiliation strength to the com-
munity c. For any candidate set of r vertices s = {vy,...,v,}, CommunityGAN first
computes, for each community ¢, p.(s) = 1 — exp(— IT-, F%C), and then aggregates

over all communities to obtain:

c r

p(s) = 1= exp(= D [ Fue) =1 exp(~ © (F... . Fy)), (2.34)
c=1 i=1
with ® denoting the sum of entry-wise products. The generator G, parameterized
by {F,}, builds motifs one vertex at a time, selecting each next node in proportion to its
clique probability with the already chosen set. This can be implemented efficiently via
a relevance-weighted random walk on a virtual “product” node. The discriminator D,
with its own embeddings {d,}, scores any candidate motif s as:
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D(s) =1—exp(— © (dy,,...,dy)). (2.35)

These two networks then compete under the minimax objective:

ngénn;ax [ESNptme(.|v) log D(s) + Esuc(.o) log (1 — D(s))] (2.36)
Povev

with D trained to distinguish real from generated motifs and G updated (through policy
gradients) to fool D. At convergence, the learned {F,} preserve high-order clique struc-
ture and directly reveal overlapping communities, eliminating the need for any post-hoc
clustering.

SEAL (Zhang et al., 2020b) reframes local community detection as a seed-aware ad-
versarial growth process. Its architecture comprises four key components: a seed se-
lector, implemented as a semi-supervised node regression model, which predicts the
suitability of nodes as seeds for community growth; a specialized generator based on
an Incremental Graph Pointer Network (iGPN) that expands a seed into a full com-
munity through sequential neighbor node attachments; a Graph Isomorphism Network
(GIN) discriminator that evaluates candidate subgraphs against ground-truth commu-
nities to provide structural feedback; and a locator that identifies regions of high intra-
connectivity to suppress free-rider nodes and provide auxiliary regularization.

There are several GAN-based embedding approaches, such as GraphGAN (Wang
et al.,, 2018a) and GANE (Generative Adversarial Network Embedding) (Hong et al.,
2020), that learn node representations adversarially, which can subsequently be fed
into a clustering algorithm (e.g. k-means) for community detection. GANSE (Semi-
Supervised Generative Adversarial Network) (Liu et al., 2024) is an early semi-
supervised community detection method based on GANSs. First, it reinforces the in-
put topology using vertex-similarity-based link prediction to address missing edges. A
generator is then trained to generate candidate partitions, countered by a discriminator
trained on limited ground-truth samples. Internal cohesion is enforced by injecting a
clustering-coefficient reward into the training objective. Finally, isolated nodes are real-
located to their strongest affinity communities. The experiments evaluated GANSE on
four large real-world networks with simulated edge incompleteness, GANSE achieves
superior performance compared with CommunityGAN and SEAL.
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2.5 Conclusion

This chapter provided a comprehensive survey of community detection methods, es-
tablishing problem definition, outlining evaluation measures, summarizing benchmark
datasets, and presenting key application areas. To navigate the diverse landscape of
approaches, we introduced a taxonomy categorizing methods as classical community
detection algorithms, traditional machine learning-based methods, and contemporary
GNN-based techniques. Our analysis of each category detailed their underlying princi-
ples and representative performance. Building on this survey, the next chapter advances
the discussion by presenting two comprehensive comparative studies that rigorously
evaluate the empirical performance of leading GNN methods, focusing on two promi-

nent architectures.
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CHAPTER 3

Community Detection Methods: Com-

parative Studies

ommunity detection in complex networks seeks to uncover groups of nodes

that are more densely connected internally than with the rest of the net-

work. Over the past decade, a wide variety of deep-learning methods have

been proposed to leverage both structural and attribute information for

the community detection task. Among these, convolutional neural net-

works (CNNs), adapted to graph domains, and graph auto-encoders (GAEs) represent

two prominent paradigms. CNN-based approaches exploit localized filter operations to

capture motif-level patterns, while GAE-based methods learn low-dimensional embed-

dings via reconstruction and clustering objectives. Our research (Bekkair et al., 2023,

2024) address these comparative studies. The specific models used in our first and sec-
ond comparative studies are detailed in Section 2.4.1.2 and Section 2.4.3, respectively.

Despite their shared goal, these two families differ substantially in their fundamental

approach. A comparison through separated experiments is therefore essential to under-
stand their relative strengths, weaknesses, and suitability for different network types.

3.1 Experimental Setup

This section details the experimental setup for the two comparative studies, including
computational environments, key software libraries, datasets, and evaluation metrics.
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3.1.1 CNN-Based Community Detection

All CNN-based CD experiments were conducted on Google Colab’s, which provides
12.7 GB of system RAM and approximately 15 GB of GPU memory. The model devel-
opment and evaluation were implemented in Python 3.8, using NetworkX' for graph
construction, manipulation, and preprocessing, and Keras? for defining convolutional

layers, building model architectures, and orchestrating training.

3.1.2 GAE-Based Community Detection

The GAE-based CD experiments, which focus on attributed networks, were executed on
a local workstation equipped with a 512 GB SSD, 32 GB of RAM, and an Intel® Xeon®
Silver 4112 quad-core processor (2.60 GHz, 8.25 MB cache, 8 threads). All modeling and
analysis were performed in Python 3.8 Jupyter notebooks, leveraging PyTorch Geometric
(PyG)? for graph neural network layers and utilities, and TensorFlow* for implementing
deep-learning modules and operations.

3.1.3 Datasets

For the CNN-based study, we used four ground-truth benchmark networks: Zachary’s
karate club, the Dolphins social network, the American college football network, and
the Email-Eu-core communication network (Zachary, 1977; Lusseau et al., 2003; Girvan
and Newman, 2002). For the GAE-based study, we employed three citation networks
Cora, CiteSeer, and PubMed (McCallum et al., 2000; Giles et al., 1998; Sen et al., 2008)
(see Section 2.1.2), each providing node feature matrices and ground-truth community
labels.

3.1.4 Evaluation Metrics

For the CNN-based community detection experiments, we employ the normalized mu-
tual information (NMI) as the sole metric to assess how well detected clusters align with

ground truth communities. In contrast, the GAE-based experiments are evaluated using

"https://networkx.org/

*https://keras.io/
Shttps://pytorch-geometric.readthedocs.io/
*https://www.tensorflow.org/
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three complementary metrics NMI, adjusted Rand index (ARI), and F1-score to capture
the overall agreement, the pairwise clustering accuracy, and the balance between preci-

sion and recall, respectively. All metrics are defined in Section 2.1.1.

3.2 A Comparative Study of CNN-based CD

In this section, we present the detailed implementations of two CNN-based transfor-
mation approaches for community detection and analyze their empirical performance

across four benchmark networks.

3.2.1 Implementation

In this stage, we describe the two transformation-based approaches studied in (Xin etal.,
2017) and (Cai et al., 2020), namely the node-based and edge-based methods.

The node-based transformation method first extracts the adjacency matrix A of the
target network and augments it with local neighbor information via the function defined
in Equation 2.12, using a hop count S, = 2 and an attenuation factor ¢ = 0.60. These
parameter values are chosen based on experimental validation and are consistent with
state-of-the-art practices. This enriched adjacency matrix encodes, for each node, the
strength of connections up to two hops away and yields an N x N matrix whose i-th
row represents the relationship of node ¢ with every other node. Rather than reshape
each row into a two-dimensional submatrix as in the original paper, we preserve the
one-dimensional structure and apply 1D convolutions directly to the N-length vector.

Our specific CNN implementation comprises two successive 1D convolutional lay-
ers, each with ten filters of kernel size five, followed by 1D max-pooling of size two and
a final fully connected layer with an output activation function whose number of out-
puts matches the number of communities in the dataset. A batch normalization layer
precedes the flattening step to improve training stability.

The edge-based transformation approach, by contrast, begins by converting each
edge (i, j) into a color image via the E2I model (Cai et al., 2020). Let set; and set; denote
the neighbor sets of nodes i and j, respectively; we construct an x x y x 3 matrix whose
entries encode whether a neighbor pair (u,v) € set; x set; is directly connected (red),
reflects a two-hop relationship (green), or is disconnected (blue). Since the degrees of

nodes in complex networks are highly variable, the generated edge images differ in spa-
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tial size. To ensure compatibility with the CNN input, an image normalization process
is applied. Specifically, the area interpolation cropping method provided by TensorFlow
(Abadi et al., 2016) is used to resize all images to a uniform A x M x 3 format, achieving
consistent input dimensions across the dataset. These normalized images are then fed
into the CNN (see Figure 3.1b for examples on the Zachary dataset).

In the second stage, the resulting images are classified by the comNet architecture
into “inner” (intra-community) or “inter” (inter-community) edges; comNet employs
multiple 2D convolutional layers with varied kernel sizes, 2D max-pooling of size two,
two fully connected layers (512 neurons and 2 neurons, respectively) and batch nor-
malization layers of size 40, strictly following the specifications of the original work.
Finally, the algorithm identifies the top K disconnected components (out of M) that
maximize network modularity R and treats these as preliminary communities. The re-
maining M — K components are iteratively merged into the preliminary set in a manner

that further increases R, yielding the final community assignments.
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(a) Zachary karate network.

Edge: (0. 1) Edge: (0, 2) Edge: (0, 3) Edge: (0, 4) Edge: (0, 5) Edge: (0. 6) Edge: (0, 7) Edge: (0, 8) Edge: (0, 10) Edge: (0, 11)

Edge: (0, 12) Edge: (0. 13) Edge: (0, 17} Edge: (0, 19) Edge: (0, 21) Edge: (0, 31) Edge: (1, 2) Edge: (1, 3) Edge: (1, 7) Edge: (1,13)

Edge: (1, 17) Edge: (1. 19) Edge: (1, 21) Edge: (1, 30 Edge: (2, 3) Edge: (2, 7) Edge: (2, 8) Edge: (2, 9) Edge: (2, 13} Edge: (2, 27)

Edge: (2, 28) Edge: (2. 32) Edge: (3. 7) Edge: (3, 12} Edge: (3, 13) Edge: (4, 6) Edge: (4, 10) Edge: (5, 6) Edge: (5, 10 Edge: (5, 16)

Edge: (6, 16) Edge: (8, 30) Edge; (8, 32) Edge: (8, 33) Edge: (9, 33) Edge: (13, 33) Edge: (14, 32) Edge: (14, 33) Edge: (15, 32) Edge: (15, 33)

Edge: (18, 32) Edge: (18, 33) Edge: (19, 33) Edge: (20, 32) Edge: (20, 33) Edge: (22, 32) Edge: (22, 33) Edge: (23, 25) Edge: (23, 27) Edge: (23, 29)

Edge: (23, 32) Edge: (23, 33) Edge: (24, 25) Edge: (24, 27) Edge: (24, 31) Edge: (25, 31) Edge: (26, 29) Edge: (26, 33) Edge: (27, 33) Edge: (28, 31)

(b) The converted edges of Zachary karate network colored 2D images via E2I.

Figure 3.1—Zachary karate network and its corresponding edge-to-image (E2I) repre-

sentation.
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3.2.2 Results and Discussion

We evaluate the CNN-based community detection performance on four benchmark net-
works using the normalized mutual information (NMI) score. Table 3.1 presents NMI
results for the node-based and edge-based transformation approaches when 50% of the
nodes are labeled in the node-based method. Both methods achieve perfect alignment
with ground truth on the Zachary karate, Dolphins, and Football networks, demon-
strating their ability to recover known community structure in small graphs. On the
larger Email-Eu-core network, the node-based approach attains a respectable NMI of
0.74, whereas the edge-based method only reaches 0.26, indicating that its classification
and modularity merging pipeline struggles with increased scale and complexity.

Figure 3.1b illustrates sample E2I transformations for the Zachary network, where
each edge is represented as a color image encoding neighbor relationships. Although
the edge-based pipeline can produce high accuracy on small graphs, it incurs substan-
tial implementation and computational overhead: it requires color-image generation, a
deep convolutional classifier, and a modularity-based component that duplicates and
merges subgraphs. In contrast, the node-based transformation is straightforward to im-
plement augmenting the adjacency matrix with locality information and applying 1D
CNN:s directly to node-wise vectors and scales more gracefully with network size.

Overall, while both methods perform equally well on small networks, the node-based
approach offers a simpler, more efficient solution that sustains high accuracy on larger
datasets.

Table 3.1 —NMI scores for the node-based and edge-based transformation approaches
using 50% labeled nodes across benchmark networks

Dataset Node-based Transformation Approach Edge-based Transformation Approach
Zachary karate 1.0 1.0

dolphins 1.0 1.0

football 0.92 0.93
Email-Eu-core 0.74 0.26
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3.3 A Comparative Study of Graph Autoencoder-based
CD Methods in Attributed Networks

In this section, we present the detailed implementations and empirical evaluation of two
representative graph autoencoder (GAE) models for community detection in attributed
networks. Both methods learn low-dimensional embeddings by reconstructing network

structure and/or node attributes, followed by clustering in a latent space.

3.3.1 Implementation

All models considered in this study fall into two categories: simple encoders and dual
encoders and follow a common pipeline of unsupervised embedding extraction followed
by K-means clustering (with the number of communities K specified a priori). For re-
producibility, every experiment was implemented in Python within Jupyter notebooks,
random seeds were fixed at 42, and results were averaged over five independent runs
(mean + standard deviation). The core graph-neural-network components and utilities
were built using PyTorch Geometric (PyG)?, TensorFlow®, and scikit-learn for clustering
and metric calculations.

The simple-encoder group begins with Embedding Graph AutoEncoder (EGAE)
(Zhang et al., 2023), which uses two graph-convolutional layers: the first layer projects
raw node features into a 32-dimensional space with ReLU activation, and the second
compresses to 16 dimensions; an inner-product decoder reconstructs the adjacency ma-
trix, and L1 regularization promotes sparsity.

Building on this design, ARGA and its variational counterpart ARVGA (Pan et al.,
2018) incorporate adversarial training via a discriminator, ARGA retains the two-layer
GCN encoder and inner-product decoder while enforcing a predefined prior on the em-
beddings, whereas ARVGA adds a third layer that models the mean and standard devi-
ation of a Gaussian latent distribution and samples embeddings via the reparameteriza-
tion trick.

DAEGC (Wang et al., 2019) replaces the GCN encoder with a two-layer graph-atten-
tion network (GAT), mapping features first into a 256-dimensional hidden space and
then reducing to 16 dimensions. Its inner-product decoder reconstructs the adjacency

Shttps://pytorch-geometric.readthedocs.io/
®https://www.tensorflow.org/
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matrix, and a self-training clustering module iteratively refines soft assignments by min-
imizing the Kullback-Leibler divergence between inferred labels and an ideal target dis-
tribution.

In contrast, the dual-encoder DDGAE model (Wu et al., 2024) employs two parallel
GAT encoders to capture complementary views of the graph, one emphasizing topo-
logical modularity and the other focusing on node attributes. Each encoder projects
inputs into a 256-dimensional space before reducing to 16 dimensions. The architecture
then reconstructs both the adjacency and attribute matrices through inner-product de-
coders, ensuring comprehensive preservation of structural and attribute information. A
self-training module alternates between updating community centers and refining node
assignments by optimizing a combined reconstruction and clustering loss, with final
community membership determined by an argmax over the resulting soft assignment

scores.

3.3.2 Results and Discussion

The community detection performance of the five models grouped into simple-encoder
methods (DAEGC, EGAE, ARGA, ARVGA) and the dual-encoder DDGAE is summa-
rized in Table 3.2 for the Cora, CiteSeer and PubMed datasets.

On Cora, EGAE achieves the highest NMI (0.5518) while DDGAE attains the best ARI
(0.5243) and F1-score (0.7106). For CiteSeer, DAEGC leads in both NMI (0.3665) and
ARI (0.3423), whereas ARGA records the top F1-score (0.5888). On the larger and more
complex PubMed corpus, DDGAE outperforms all simple encoders across every metric
(NMI = 0.3004, ARI = 0.3151, F1 = 0.6814), reflecting its ability to integrate adjacency,
attribute and modularity information. These results suggest that the additional modu-
larity matrix B exploited by the dual-encoder architecture provides a richer representa-
tion, particularly valuable in denser graphs like PubMed. Simple-encoder models ben-
efit from advanced decoder designs EGAE’s L1-regularized inner-product decoder and
DAEGC’s attention-based reconstruction both yield competitive performance, but lack
the multi-view fusion that distinguishes DDGAE. Notably, ARVGA'’s variational formu-
lation offers robustness to uncertainty, yet its performance lags behind ARGA on most
datasets, indicating that adversarial regularization may not uniformly translate into clus-
tering gains.

Moreover, Figure 3.2 compares execution times for each model across datasets. The

DDGAE model consistently incurs the greatest runtime due to its dual-encoder struc-
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ture and simultaneous reconstruction of multiple input matrices. EGAE, while more
efficient than DDGAE, still requires longer training than the other simple-encoder meth-
ods, reflecting the overhead of its advanced decoder. DAEGC and ARGA strike a balance
between computational cost and accuracy, with ARVGA demonstrating the shortest run-
time but also the lowest clustering metrics overall.

In summary, DDGAE emerges as the most effective approach for attributed com-
munity detection, especially on large, complex graphs, by virtue of its multi-view en-
coding and sophisticated decoders, at the expense of increased computational resource
demands. Simple-encoder methods such as EGAE and DAEGC remain attractive when
resources are limited or when rapid prototyping is required, offering respectable perfor-

mance with lower runtime overhead.

Table 3.2—Comparative performance of GAE models on Cora, CiteSeer, and PubMed
datasets in terms of NMI, ARI, and F1-score. All results are reported as the average over
five independent runs.

Category Model Cora CiteSeer PubMed

NMI ARI F1-Score NMI ARI F1-Score NMI ARI F1-Score

DAEGC 0.5223 0.4844 0.6929 0.3665 0.3423  0.5121 0.1079 0.0828  0.4639
EGAE 0.5518 0.5102  0.5050 0.2806 0.2720 0.1911 0.2566 0.2555  0.5833
ARGA 04892 04224 0.6891 03070 0.2936  0.5888 0.2185 0.2021  0.6173
ARVGA 0.3938 0.2850  0.5032 0.3504 0.3291  0.5842 0.0443 0.0110  0.3637

Simple Encoder

Dual Encoder DDGAE 0.5423 0.5243  0.7106 0.3032 0.2665 0.5038 0.3004 0.3151 0.6814
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Figure 3.2—Execution time comparison across three datasets, measured over training
epochs.
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3.4 Conclusion

In this chapter, we have presented two complementary comparative studies of
deep-learning approaches of community detection: one based on convolutional neu-
ral networks (CNNs) applied to structural transformations of graph data, and the other
on graph autoencoders (GAEs) in attributed networks.

Across both studies, our experiments employed multiple benchmark datasets and
rigorous evaluation metrics, NMI for CNN methods, and NMI, ARI, and F1-score for
GAE methods, ensuring that comparisons reflect real differences in model design rather
than idiosyncrasies of data or implementation.

The CNN-based study demonstrated that both node and edge-transformation
pipelines can recover ground-truth communities with high accuracy on small networks.
The node-based 1D-CNN approach, however, stands out for its simplicity, lower com-
putational overhead, and good scaling to larger graphs (e.g. Email-Eu-core), whereas
the edge-based image-classification pipeline, despite matching performance on toy net-
works, incurs significant preprocessing and runtime costs and degrades on larger inputs.

Similarly, in the attributed-network setting, GAE models reliably uncover community
structure by embedding nodes into low-dimensional spaces and clustering. The simple
EGAE achieves respectable performance with minimal complexity, but the dual-encoder
DDGAE consistently delivers superior accuracy, particularly on large, richly attributed
graphs like PubMed, by integrating both topological and modularity information. This
multi-view fusion comes at the expense of longer training times and higher memory
usage, highlighting an inherent trade-off between representational power and computa-
tional efficiency.

Taken together, these results underline a recurring theme: more expressive archi-
tectures (edge-based CNNs, dual-encoder GAEs) can yield incremental accuracy gains
but demand greater resources, whereas streamlined, single-view models (node-based
CNNs, simple GAEs) offer a pragmatic balance of performance, simplicity, and scal-
ability. For practitioners working with real-world networks, the choice between these
paradigms should be guided by data size, attribute richness, and available computa-
tional budget.

In light of the comparative study’s findings, the upcoming chapter describes our orig-
inal models and associated algorithms, which constitute the primary contributions of
this thesis.
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CHAPTER 4

Proposed Methods: Classical Refine-
ment and GAE

etecting cohesive groups of nodes, known as communities, lies at the heart

of network science, offering insights into everything from functional mod-

ules in biological systems to interest clusters on social media and topic

relationships in information networks. In this chapter, we introduce two

contributions that advance community detection in attributed graphs and

leverage deep learning on graphs. First, we describe Adamic-Adar Label Propagation
(AA-LPA), a deterministic refinement of the classic Label Propagation Algorithm that
uses shared-neighbor centrality to stabilize and sharpen community assignments. Next,
we present a novel unsupervised model based on graph autoencoders tailored for at-
tributed networks, which jointly learns node embeddings and community structure
without relying on ground-truth labels. Together, these models bridge efficient, inter-
pretable methods with powerful representation learning to deliver robust solutions to

real-world community detection challenges.

4.1 Enhanced Label Propagation Algorithm (LPA)

Label Propagation Algorithm (LPA) (Detailed in Section 2.2.6) stands out for its con-
ceptual simplicity and its near-linear time complexity, making it especially attractive for
large-scale graphs. In LPA, each node iteratively adopts the most frequent label among
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its neighbors until convergence, producing a partition of the network into communi-
ties. However, despite its efficiency, LPA’s dependence on the arbitrary order in which
nodes are updated and on uniform weighting of neighbor labels frequently yields unsta-
ble, fragmented communities, which undermines reproducibility and interpretability in
critical applications such as disease module detection or personalized recommendation
systems.

To overcome these shortcomings, researchers have proposed a variety of stabilizing
enhancements. Centrality-based node ordering schemes employ measures such as de-
gree, betweenness or k-core values to impose a deterministic update sequence (Wang
et al.,, 2017b); edge-weighting methods leverage metrics from random-walk theory to
bias label influence toward more structurally significant connections (Pons and Latapy,
2005). While these strategies improve consistency, they often fail to incorporate the nu-
anced information encoded in shared-neighbor relationships or address only one source
of randomness (ordering or tie-breaking) at a time.

In this part, we introduce Adamic-Adar Label Propagation (AA-LPA) (Bekkair et al.,
2025b), a fully deterministic variant of LPA that uses a unified structural-centrality
framework to address update ordering, label-influence weighting, and tie resolution si-
multaneously. The Adamic-Adar index itself is defined in Section 4.1.1 of this chapter.

Our key innovations are:

1. AA-based node prioritization. We compute each node’s Adamic-Adar central-
ity, which emphasizes the importance of shared neighbors, to determine a fixed,

high-resolution propagation order.

2. AA-weighted label influence. When aggregating neighbor labels, we multiply
each label’s frequency by the sum of its Adamic—Adar scores and further amplify
this weight by the current size of the candidate community, thereby suppressing

noisy fluctuations.

3. Deterministic tie-breaking. In the event of equal maximum influence, we resolve
ties by comparing the respective centrality measures of the competing label com-

munities, ensuring that every propagation step is reproducible.

We evaluate AA-LPA on several benchmark networks of varying size and topology,
including Zachary’s Karate Club, the Dolphins social network and the Football network,
and compare against both stochastic LPAs and leading modularity-optimization meth-
ods (Louvain, Leiden). Across all datasets, AA-LPA achieves near-perfect agreement
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with ground-truth community labels (NMI and F1 scores approaching 1.0). By inte-
grating local (shared-neighbor) and mesoscopic (community size) signals within a sin-
gle deterministic framework, AA-LPA delivers stable, interpretable partitions without

sacrificing efficiency.

41.1 Adamic-Adar Index

The Adamic—Adar Index (AAI), denoted Saa(z,y) and introduced by Adamic and Adar
(Adamic and Adar, 2003), quantifies the similarity between two nodes based on their
shared neighbors, weighting rarer connections more heavily. For nodes = and y, it is

defined as |
Saa(z,y) = uer§r(y) log [T(a)] (4.1)
where I'(z) denotes the neighbor set of node z, I'(y) denotes the neighbor set of node
y, and |I'(u)| is the degree of the common neighbor u. By down-weighting highly con-
nected “hub” nodes via the logarithm, AAI emphasizes shared neighbors that provide
stronger evidence of a meaningful link.

Computing Saa(z, y) requires examining the intersection of I'(x) and I'(y ), yielding a
time complexity of O(d,+d, ), where d, and d, are the degrees of x and y respectively. Al-
though AAI may underperform in networks where hubs do not dilute link significance,
it remains a popular choice for link prediction in social, biological, and recommenda-

tion-system applications due to its ability to capture nuanced structural dependencies.

4.1.2 AA-Weighted LPA with Centrality-Guided Cohesion

AA-Weighted Label Propagation with Centrality-Guided Cohesion is our proposed al-
gorithm as a deterministic community detection algorithm that enhances the classic La-
bel Propagation Algorithm (LPA) by incorporating the Adamic-Adar (AA) index for
edge weighting and a centrality-guided tie-breaking strategy. While LPA is valued for
its simplicity and efficiency, its random update order and arbitrary tie resolution often
produce nonreproducible and fragmented communities. Our method addresses these
issues through three key mechanisms: Deterministic Stabilization, AA-weighted Label
Influence, and Deterministic Tie Resolution. Each of these is detailed subsequently.
First, for Deterministic Stabilization, we propose a novel node centrality metric de-

rived from aggregated Adamic-Adar (AA) scores to prioritize the order in which nodes
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are updated. This metric, s(u), quantifies the influence of a node v within the network:

s(u) = Z Saalu,v), (4.2)
veN (u)

where N (u) denotes the set of neighbors of node u, and Sa4(u,v) (Equation 4.1)
represents the Adamic-Adar similarity between node u and its neighbor v. By sorting
nodes in descending order of their s(u) values, we ensure that high-centrality nodes (i.e.,
those with strong connections to well-connected common neighbors) are updated first.
This deterministic update order stabilizes the label propagation process and actively en-
courages the formation of cohesive communities. The rationale is that influential nodes,
being well-connected, rapidly disseminate consistent labels throughout the network, ac-
celerating convergence and enhancing the robustness of the detected communities. This
mechanism is illustrated in Figure 4.1 using examples such as the Karate Club network
and the Dolphins network, highlighting the node with maximal centrality computed via
Equation 4.2.

Second, for AA-Weighted Label Influence, to further enhance the significance
of structurally important connections during label propagation, we define influence
weights for edges. This weight, w(k), considers both the local Adamic-Adar similarity
and the global community size:

wk) = Y Saa(u,v) x |Cyl (4.3)

veEN (u)
L(v)=k

Where, S44(u, v) quantifies the local structural influence by measuring the Adamic-Adar
similarity between node u and its neighbor v, thereby prioritizing edges with discrimina-
tive common neighbors. The term |C}| represents the size of the community associated
with label £ and acts as a measure of global community attraction. This amplification
of labels from larger communities helps to mitigate the inherent fragmentation bias of-
ten observed in standard LPA, while simultaneously minimizing noise introduced by
incidental or weak edges.

Third, for Deterministic Tie Resolution, in instances where a node’s neighbors ex-
hibit multiple labels with equal maximal influence (i.e., an equal-weight label conflict),
we employ a deterministic tie-breaking rule. Instead of random selection, which intro-
duces instability, we resolve ties by selecting the community whose highest-ranked node

(based on our proposed centrality metric) has the greatest centrality:
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lnew = arg max s(k) (44)

k€K max

where Cphax is the set of labels with the maximum influence, and s(k) represents the
centrality of the highest-ranked node within community k. This approach eliminates
stochastic decisions, thereby improving the reproducibility and stability of the commu-
nity detection results, while preserving structural consistency within the network.

In summary, node centrality (Equation 4.2) quantifies structural influence through
Adamic-Adar-weighted connections. During label updates, Equation 4.4 resolves ties by

selecting the community containing the most central node.
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(b) Dolphins network: nodes sized and colored by AA centrality; color bar indicates score scale.

Figure 4.1—Visualization of AA centrality on two benchmark networks.

Algorithm 3 gives the full pseudocode for AA-LPA. By unifying local shared-neigh-

bor information with global community size signals and enforcing a fixed update order.
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Algorithm 3 Adamic-Adar LPA (AA-LPA)

1:

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

Input: Graph G = (V, E), maximum iterations 7'

2: Output: Node labels ¢

3: Compute AA scores for all edges via Equation 4.1. >forallu eV
4: Calculate node centralities s(u) via Equation 4.2

5:
6
7
8
9

Initialize ¢(u) <~ uVu € V > Each node starts with its own unique label

:fort=1to7 do

Sort descending V' by s(u), > Process most central nodes first
Compute |Cj| for all current communities > Find the size of each community
for each v in sorted order do

Initialize wy, = 0 Vk > wy: weight accumulator for community &

for each v € N (u) do > For each neighbor of u
W(v) < Wew) + AA(u,v) X |Cyo| > Accumulate weighted vote

end for

Kmax < {k | wy = max(w)} > Find communities with max weight

if |[Crnax| > 1 then > If there is a tie

lhew $— arg maXyei,.., S(k) > Break it by choosing the community with the
most central node
else
lhew — Kimax[0] > Otherwise, choose the winner
end if
if lhew # ((u) then
Update {(u) < lnew > Update the node’s label if it changed
end if
end for
if Label convergence achieved then
break
end if
end for
return /¢ > Return final community assignments

The time complexity of the algorithm decomposes as follows. First, for AA prepro-

cessing, computing Adamic-Adar scores for every edge takes O(|E| d?), where d is the

average degree of the graph. Second, computation of centrality, which involves sum-

ming the precomputed AA scores to obtain the centrality of each node, according to

equation 4.2, requires O(|E|). Third, the iteration phase over T rounds. Each update

step within a round incurs a complexity of O(|V|log |V'| + |E|), primarily dominated by

sorting the nodes according to their centrality and traversing their neighbors for label
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aggregation. Overall, the algorithm runs in
O(\E| & + T(|V|log |V + yEy)).

To illustrate the interpretable benefits and ensure a strong understanding of AA-
LPA’s deterministic nature, a step-by-step example is presented below. The algorithm
primarily consists of two main phases:

Precomputing Phase: This initial phase involves two key calculations:

1. AA Calculation: The Adamic-Adar (AA) index is computed for all edges in the
network. This index quantifies the strength of connections by considering the num-
ber and informativeness of shared neighbors. Figure 4.2a presents an example

graph with AA scores computed for each edge (Equation 4.1).

2. Node Centrality Calculation: For each node, its centrality score is determined as
the sum of the Adamic-Adar scores across all its incident edges. This implies that
nodes connected to many “informative” neighbors (i.e., neighbors contributing
to high AA scores) will naturally possess higher centrality scores (Equation 4.2).
Figure 4.2b further illustrates this calculation.

Enhanced Label Propagation Phase: This second phase incorporates several deter-

ministic mechanisms to guide label propagation:

1. Node Prioritization: All nodes are sorted in descending order based on their pre-
computed AA-derived centrality scores. These top-scoring nodes are considered
influential, and processing them first guides the label propagation process more
effectively and efficiently, fostering quicker convergence.

2. Label Update and Deterministic Tie Resolution: Labels are iteratively updated
based on the Adamic-Adar scores. When a node adopts a label from a neighbor,
the AA score dictates the influence, giving preference to connections with stronger
shared-neighbor contexts. For example, consider node Vs with three neighbors
Vi, Vs, V7. If V)’s connection to Vs yields the highest Adamic-Adar score among
Vs's neighbors, then Vi will adopt V,’s label (Figure 4.2c). Crucially, in scenar-
ios where multiple neighbors present identical scores (ties), AA-LPA employs a
deterministic tie-breaking mechanism. The node with the highest precomputed
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centrality score from the globally sorted list, among the tied neighbors, is chosen.
This ensures that the label choice is always clear and consistently based on the in-
herent network structure, effectively eliminating any element of randomness. An
illustrative example of this propagation and tie-breaking process is provided in
Figure 4.2d.
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(a) Adamic-Adar edge-weight calculation: (left) original simple graph; (right) same graph with
AA-weighted edges computed using AA formula.

@ Vs's centrality is defined as
the sum of its AA edge scores
@ ‘ Sum(2.88 +1.44 +1.44)=5.76

(b) Node centrality computation: each node’s centrality score s(u) is computed as the sum of its

incident AA-weighted edges.

Nodes are sorted based on nodes centrality
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(c) Propagation order and label updates: (left) nodes are initialized with unique labels and sorted
by descending centrality; (right) nodes then update sequentially in that order, each choosing the
neighbor with the highest AA-weighted edge as its new label.

Centrality Order [Ve, V4, V3, V5, V,, V, V) ]
Tie resolution

o e
Qx/ )

(d) Deterministic tie resolution: when two neighbors have equal AA influence, the tie is broken
by selecting the label of the node that appears first in the centrality ranking.

Figure 4.2—Step-by-step illustrative example of AA-LPA.
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4.1.3 Experimental Analysis

In this section, we present a comprehensive experimental evaluation, detailing the setup,
dataset characteristics, and implementation environment, followed by a thorough pre-

sentation of results and their interpretations.

4.1.3.1 Experimental setup

The free version of Google Colab serves as the computational environment for this study,
offering specifications that include approximately 100 GB of disk space and 12.7 GB of
RAM. These resources provide sufficient capacity to support the execution and analysis
of the source code, which has been made publicly available via QR' in Figure 4.3.

Figure 4.3—QR code linking to the AA-LPA GitHub repository.

Three widely used ground-truth network datasets Zachary’s Karate Club, Dolphins,
and American Football are employed in this study. A detailed description of each dataset
is provided in Section 2.1.2.

4.1.3.2 Results and Discussion

The results in Table 4.1 show that AA-LPA delivers competitive or superior perfor-
mance relative to state-of-the-art community detection methods when measured against
ground truth labels. On the Karate Club network, AA-LPA achieves an F1 score of 0.970
and an NMI of 0.837, demonstrating its capacity to disambiguate small-scale social struc-
tures by propagating labels from the most influential nodes as determined by AA cen-
trality. Although its modularity (@) is on par with LPA-S and Leiden, the higher NMI
and F1 score underscore its strength in recovering the known partition.

On the Dolphins network, AA-LPA attains perfect alignment (NMI = 1.0, F1 = 1.0),
outperforming all baselines. This result highlights how the combination of AA-weighted

edges and community-size amplification overcomes LPA’s tendency toward fragmented

Ihttps://github.com/abdelfateh10/AA-LPA
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clusters, steering label updates toward stable, cohesive communities. The marginally
lower modularity (0.373 versus Leiden’s 0.527) reflects a deliberate trade-off: AA-LPA
favors fidelity to the ground truth over maximizing density-based modularity, which
can conflate structural tightness with functional groupings.

For the Football network, AA-LPA again leads on NMI (0.928) and F1 (0.931). The
deterministic tie-breaking rule resolving equal-weight conflicts by comparing node cen-
tralities ensures consistent label flows even in finely balanced structures. While modu-
larity remains similar to Louvain and Leiden, the marked gains in NMI and F1 confirm
that optimizing modularity alone does not guarantee alignment with semantic commu-
nities.

These findings validate our core hypothesis: standard LPA’s random update order
and uniform label weighting often yield unstable or fragmented partitions. By integrat-
ing AA-derived centrality for node ordering and edge weighting within a determinis-
tic method, AA-LPA injects structural insight into propagation and guarantees repro-
ducibility. Although AA preprocessing incurs extra overhead potentially limiting scala-
bility to very large graphs, future work on approximate scoring or parallel implementa-
tions could mitigate this. Moreover, while AA-LPA excels in networks where shared
neighbors indicate functional ties (e.g., social or biological systems), its efficacy on
highly degree-heterogeneous or scale-free graphs merits further study. Overall, the con-
sistent improvements in NMI and F1 across diverse benchmarks underscore AA-LPA’s

value for interpretable, ground truth aligned community detection.

123



Chapter 4. Proposed Methods: Classical Refinement and GAE

Table 4.1—Comparison of Modularity (Q), NMI, and F1 scores against ground-truth
communities

Notes: Walktrap (Pons and Latapy, 2005), Infomap (Rosvall and Bergstrom, 2008), CNM
(Clausetetal., 2004), Louvain (Blondel etal., 2008), Leiden (Traag et al., 2019), SimCMR
(Tunali, 2021), LPAc (Zhang et al., 2014), FLPA (Traag and Subelj, 2023), LPA (Raghavan
et al., 2007), LPA-S (Douadi et al., 2024).

Network Measures Walktrap Infomap CNM Louvain Leiden SimCMR LPAc FLPA LPA LPA-S our

Q 0.353 0.402 0.381 0.419 0.420 0.395 0.383 0.267 0.353 0371 0.371

Karate NMI 0.504 0.699 0.692  0.659 0.677 0.696 0.666 0.571 0545 1.00 0.837
F1 0.609 0.811 0789  0.721 0.725 0.816 0.727 0.813 0.717 1.00 0.970

Q 0.489 0.523 0495 0.519 0.527 0.526 0.488 0497 0466 0511 0373

Dolohins NMI 0.582 0.547 0557  0.479 0.577 0.581 0.538 0.577 0586 0588 1.0
p F1 0.609 0.811 0789  0.721 0.725 0816 0.727 0813 0717 1.0 1.0
Q 0.603 0.594 0.550  0.604 0.605 0.603 0.587 0.597 0.584 0581 0.584

Football NMI 0.887 0.858 0.698  0.882 0.990 0.897 0.899 0.893 0994 0910 0.928
F1 0.868 0.824 0.655  0.861 0.870 0.877 0.851 0.862 0.848 0.853 0.931

41.4 Summary of AA-LPA Algorithm

The classic Label Propagation Algorithm suffers from unstable and fragmented outputs
due to its inherent randomness, undermining its reliability for applications demanding
consistent community assignments. In this work, we introduced AA-LPA, a fully deter-
ministic variant that leverages Adamic-Adar centrality to order node updates, weight
label votes, and resolve ties. Experiments on benchmark networks show that AA-LPA
achieves stronger alignment with ground truth communities reflected in higher NMI
and F1 scores by seeding propagation from structurally influential nodes and amplify-
ing community aware label influence. The resulting partitions are both stable and inter-
pretable, making AA-LPA well suited for domains such as social network analysis and
biological module detection, where reproducibility and semantic coherence are essen-
tial.

Future work will explore scalable approximations for AA scoring to alleviate the
O(|E|d?) preprocessing cost on large graphs, as well as extensions to heterogeneous and
attributed networks via multimodal similarity measures. We also plan to develop dy-
namic variants that update centrality scores incrementally for streaming data, and to
conduct a rigorous theoretical analysis of convergence under AA-weighted rules. Fi-
nally, integrating AA-LPA with modularity based methods and benchmarking on very
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large real world graphs will help bridge the gap between structural accuracy and prac-
tical scalability.

4.2 Graph-Attention Autoencoder in Attributed Net-

works

In recent years, community detection has benefited from advances in deep learning,
most notably through Graph Neural Networks (GNNs) (Su et al., 2022), which are
capable of learning rich, nonlinear representations of complex, high-dimensional net-
work data. Among these, Graph Autoencoders (GAEs) (Thomas and Welling, 2016;
Velickovic¢ et al., 2018) have emerged as a flexible framework: they compress graph
structure and node attributes into low-dimensional embeddings and then reconstruct
the original graph via a decoder, preserving important topological and feature informa-
tion.

A key enhancement to GNNSs is the incorporation of attention mechanisms. Graph
Attention Networks (GATs) (Vaswani et al., 2017; Velickovié et al., 2018) extend convo-
lutional GNNs by computing attention coefficients that dynamically weight each neigh-
bor’s contribution during message passing. Multi-head attention further allows the
model to capture diverse semantic relationships by attending to different subspaces in
parallel.

Graph Autoencoders (GAEs) extend traditional autoencoders to graph-structured
data and have been adapted for attributed network problems related to community de-
tection. Several GAE variants leverage the Graph Attention Network (GAT) architecture
to improve feature representation and incorporate an additional clustering objective, of-
ten using the Kullback-Leibler divergence as a loss term (Wang et al., 2019; Zhou et al.,
2023). Despite these advances, significant challenges remain (Liu et al., 2021): classi-
cal methods still struggle to jointly capture both structural and attribute information,
scalability issues arise in large networks, performance degrades in the presence of noise
or overlapping communities, and many models do not generalize well across diverse
network types and configurations.

To address these gaps, we propose Graph Attention Autoencoder Clustering-Oriented
(G2ACO) (Bekkair et al., 2025a), an unsupervised model that combines a multi-head
graph attention encoder with an inner-product decoder and an explicit clustering objec-
tive. Our contributions are threefold:
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1. G2ACO Architecture. We design a graph autoencoder whose encoder uses
multi-head attention to produce node embeddings that capture both structural and

attribute information; the decoder reconstructs edges via an inner-product layer.

2. Clustering Objective. We introduce a K-means loss term to the training objec-
tive, which encourages embeddings to form tight, well-separated clusters. This
directs the autoencoder toward community-aware representations by minimizing

intra-cluster distances and maximizing inter-cluster separation.

3. Empirical Validation. We evaluate G2ACO on four benchmark attributed net-
works Cora, CiteSeer, and PubMed as a citation network and BlogCatalog as
a social network and demonstrate that it outperforms competitive GAE- and
GAT-based clustering methods in terms of modularity, NMI, and F1 scores.

421 G2ACO

This section presents an overview of our G2ACO architecture, which learns meaning-
tul graph representations for unsupervised community detection. G2ZACO consists of a
multi-head graph attention encoder and an inner-product decoder (Figure 4.4). Given
the adjacency matrix A and the attribute matrix X, the autoencoder efficiently projects
the graph into a low-dimensional latent space. Our model comprises three main compo-
nents, an encoder, a decoder, and a composite loss function that combines reconstruction

and clustering objectives. In the following, we describe each component in detail.
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Figure 4.4—G2ACO architecture for unsupervised community detection.  The

multi-head attention encoder fuses structural (A) and attribute (X) inputs into latent
embeddings, while the inner-product decoder reconstructs the graph. A dual-objective
loss combines reconstruction loss with a K-means clustering term to encourage cohesive

community representations.

42.1.1 Encoder

Our model’s encoder component is built upon the principles of Graph Autoencoders
(GAE) for robust representation generation.Specifically, we employ a Graph Attention
Network (GAT) with a multi-head attention mechanism. This choice is motivated by
GAT’s proven ability to adaptively capture semantic information across multiple atten-
tion heads through trainable weights, enabling a more robust analysis of complex graph-
structured data compared to other architectures like Graph Convolutional Networks
(GCNs) (Vaswani et al., 2017).

The GAT encoder processes input graph data to learn expressive node representa-

@ , is determined

tions. The updated representation of node i in layer l denoted as z;
by computing a welghted sum of the hidden states z Y of its neighboring nodes. The
attention coefficients o; serve as trainable weights for the h-th attention head, allowing
the network to selectlvely prioritize significant neighbors during the aggregation process
Velickovic et al. (2018). The formal definition of the node update rule in a GAT layer is

given by Equation 4.5.

H o (Z alitWhigll 1). (4.5)

JEN;

Here, || denotes concatenation across the H attention heads, ¢ is a non-linear activa-
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tion function, \; represents the set of neighbors of node 7, and W € R 4" s the
learnable weight matrix for head h in layer /.

The core of the GAT encoder lies in its attention mechanism, which effectively medi-
ates the interaction between attribute and structural information by dynamically recon-

ciling node feature transformations and topological constraints. In the attribute space,
(=1)
J

weight matrices W', Simultaneously, the structural space restricts aggregation to only

node features z are projected into latent compatibility subspaces through learnable
topologically connected neighbors ;. The attention coefficients oz?j’l resolve this interac-
tion through a dual constraint system: structural connectivity enforces hard neighbor-
hood filtering (j € N;), while attribute compatibility scores e?j’l determine soft influence
weights. The use of parallel attention heads (h =1, ..., H) allows independent transfor-
mations W' to jointly capture various interaction patterns and explore multiple latent
subspaces.

The attention mechanism begins by computing the unnormalized coefficients e?j’l for

the pairs of nodes (¢, j) in layer /, as defined in Equation 4.6.
e?jfl = LeakyReLU (ah’l (Wh’lzz(.l_l), Wh’lzgl_l)» (4.6)

where z{'™", zgl_l) e R™™" are the input embeddings from layer / — 1. The function
at : RY x R — R is a learnable function that maps projected features to a scalar
compatibility score. The LeakyReLU activation function, with a small positive slope
a > 0, introduces non-linearity and allows for the modeling of asymmetric interactions
between nodes.

These unnormalized coefficients are then normalized via a softmax function over the

neighborhood N; to produce interpretable attention weights, as shown in Equation 4.7.

hl
exp(e;’
a?j’l _ p(ei;’) - (47)
2 ken; P(€ir)
Equation 4.7 guarantees that a?j’l € [0,1] and ;.\ a?j’l = 1. This normalization

ensures that the aggregated features in Equation 4.5 accurately reflect the proportional
influence of each neighbor on the central node’s representation.

The objective of the GAT encoder is to train node representations across two layers,
effectively embedding comprehensive information from both the initial attribute data
(X) and the network’s topological structure (A). This process transforms the high-
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dimensional input data into a lower-dimensional latent space, denoted by Z, where
Z ¢ RV*4 Here, N represents the total number of nodes in the network, and d refers to
the dimension of the obtained latent space. The transformation is formally expressed by
the function ¢.,,.(A, X), resulting in a compact and informative representation Z in this
low-dimensional space.

To enhance the model’s generalization capabilities and mitigate overfitting, the
dropout technique is employed at both layers of the GAT encoder, with varying dropout
rates applied to each layer.

4.2.1.2 Decoder

The decoder serves as the inverse of the encoder, taking the compressed, latent repre-
sentation generated by the encoder and transforming it back into a reconstructed version
of the original input data. Its primary role is to effectively “uncompress” the encoded
information, aiming to restore the data’s original form as accurately as possible.

Specifically, the decoder applies a function, denoted as ¢4..(Z), to project the encoded
information, Z, from the latent space back into the original data space. This projection
yields a reconstructed representation, referred to as A, which in our context signifies the
reconstructed topological structure of the input graph.

For the G2ACO model, we have chosen a simple inner product decoder, also com-
monly known as a dot product decoder. This choice is motivated by its interpretability,
computational efficiency and its effectiveness in reconstructing graph structures, partic-
ularly in scenarios where node similarities can be directly inferred from the dot product
of their latent representations. The formulation of our decoder is presented in Equa-
tion 4.8:

A=o(Z-2") (4.8)

where o (-) represents the sigmoid activation function. The sigmoid function ensures
that the output values of A are scaled between 0 and 1, which is crucial for interpreting
A as a probability distribution representing the likelihood of edges in the reconstructed
graph. The matrix multiplication Z - Z" computes the inner product between all pairs of
node embeddings in the latent space Z, effectively measuring their similarity, which is
then transformed into edge probabilities by the Sigmoid function. This simple yet pow-
erful decoder design allows for an efficient and reconstruction of the graph’s adjacency

matrix.
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4.2.1.3 Optimization

Optimizing a deep learning model for community discovery is essential to effectively
extract meaningful representations from graph data. The optimization strategy of our
model uniquely combines reconstruction optimization with clustering-oriented infor-
mation within a unified objective function. This objective is refined iteratively during
each training epoch. The overall optimization goal is to minimize the composite loss
function, £, defined as:

L=XL, + BL.. (4.9)

Here, L, represents the reconstruction loss, and £, denotes the clustering loss. Both
A and f are positive hyperparameters. A controls the significance of the reconstruction
component, while /3 adjusts the importance of the clustering optimization.

The primary objective of the G2ACO model is to minimize the discrepancy between
the original network structure, denoted as A, and the reconstructed adjacency matrix,
A, generated by the autoencoder. This is achieved using the binary cross-entropy loss
function, which quantifies the dissimilarity between these two probability distributions:

1« . :
L= [AZ- log(A,) + (1 - A,) - log(1 — A,)
i=1

Through this minimization, the model refines its parameters to accurately capture
and reproduce the underlying network structure.

In addition to minimizing reconstruction error, our model incorporates an objec-
tive of forming the latent representation to be highly conducive to community detection
tasks. This is achieved by guiding the autoencoder to generate representations suitable
for clustering through a dedicated clustering loss. This loss function helps map the data
in the latent space in a manner that promotes clear cluster formation.

By integrating the K-means loss into the G2ZACO model, the learning process is di-
rected toward capturing the intrinsic structure of the data while simultaneously pro-
moting the formation of cohesive node groups (communities). This dual optimization
allows the model to achieve improved performance in community detection by simul-
taneously reconstructing the input data and optimizing for the community structure,
resulting in a robust solution. The K-means loss functions serve as a guiding mecha-
nism, directing the learning process towards revealing significant community patterns

within the encoded representations.
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The K-means clustering loss, L., is calculated by summing the distances between each

data point in the latent space, Z, and its nearest cluster centroid:

1 N
Le=+ leglunk 12 — p5l
1=

where, ||| represents the Euclidean distance, z; denotes the i-th data point in Z, y;
represents the centroid of the j-th cluster, N signifies the total number of data points,
and k reflects the number of clusters.

The model parameters ¢ (for the encoder) are updated using the Adam optimizer to
minimize the composite loss £. The gradients of £, with respect to 6 are computed as:

where 41+ corresponds to the nearest centroid for z;. Crucially, a detached copy of Z
is used to decouple gradient computation from cluster assignments. The centroids {;}
are treated as constants during backpropagation and are updated (every epoch) using
the latest embeddings through a non-differentiable K-means step. The Adam optimizer
adaptively adjusts the learning rate for 6 using estimates of the first and second moments

of the gradients, ensuring stable convergence despite this alternating optimization strat-

egy.

4.2.2 Experiments

This section details the experimental evaluation of G2ACO. We assess its performance by
applying K-means clustering to the learned node embeddings Z for community detec-
tion. The subsequent subsections delineate the experimental setup, present the results
and their discussion, provide a comparative analysis against competing models, and de-
scribe the ablation studies conducted.

The G2ACO implementation is publicly available online? and can also be accessed
directly by scanning the QR code in Figure 4.5.

’https://github.com/abdelfateh10/G2ACO
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Figure 4.5—QR code linking to the G2ACO GitHub repository.

4.2.2.1 Experimental Settings

This subsection outlines the experimental environment, evaluation metrics, datasets uti-
lized, and the methodology for parameter selection that configured our experiments.

All experiments were executed within the Google Colab environment, provisioned
with 12.7 GB of RAM and a GPU offering 15 GB of memory. The model implementation
relied on the PyTorch Geometric library, a widely recognized toolkit for graph-based
deep learning.

The quality of community detection was quantitatively assessed using two standard
metrics, NMI and ARI.

Our method was evaluated in three distinct citation networks: Cora, CiteSeer, and
PubMed, where nodes represent documents and edges denote citations. Furthermore,
the BlogCatalog social network was included, characterized by nodes representing blogs,
edges signifying social interactions, and node attributes comprising tag vectors. Detailed
specifications for these datasets are provided in Section 2.1.2.

All hyperparameters were systematically selected through preliminary empirical ex-
perimentation. Our GAT encoder architecture comprises a hidden layer with 256 units
and produces 64-dimensional embeddings. For the citation networks (Cora, CiteSeer,
PubMed), 8 attention heads were employed, while the BlogCatalog network utilized 2
attention heads.

Model optimization was performed using the Adam optimizer. The clustering
weight 3 was set to 0.1 for Cora and CiteSeer, 10 for PubMed, and 1 for BlogCatalog.
Conversely, the reconstruction weight A was configured to 1 for all three citation datasets
and 0.3 for BlogCatalog.

To regularize the encoder, dropout was applied at each GAT layer, with dataset-
specific rates determined empirically.

132


https://github.com/abdelfateh10/G2ACO

Chapter 4. Proposed Methods: Classical Refinement and GAE

4.2.22 Competitive Models

To evaluate G2ACO, we compare it with a diverse set of established community detec-

tion methods that operate on the same benchmark datasets. These baselines include

classical algorithms, traditional machine learning techniques, and deep learning-based

graph autoencoders:

K-means (Krishna and Murty, 1999): Clusters nodes solely on their attribute vec-
tors by iteratively minimizing intra-cluster variance and maximizing inter-cluster

separation.

DeepWalk (Perozzi et al., 2014): Learns node embeddings via truncated random
walks and Word2Vec, capturing network structure for downstream tasks such as

multi-label classification.

TADW (Yang et al., 2015): Extends DeepWalk by integrating textual node at-

tributes with topology via matrix factorization.

GAE & VGAE (Thomas and Welling, 2016): Utilize GCN-based encoders and
inner-product decoders for unsupervised graph embedding; VGAE adds a vari-

ational inference objective.

MGAE (Wang et al., 2017a): Applies marginalized graph convolution with noise-
corrupted node features, followed by spectral clustering on the learned embed-
dings.

ARGA & ARVGA (Panetal., 2018): Introduce adversarial regularization into GAE
and VGAE to improve embedding robustness.

DAEGC (Wang et al., 2019): Combines GAT-based embedding with self-cluster-

ing objectives, jointly optimizing reconstruction and clustering losses.

GATE (Salehi and Davulcu, 2020): Incorporates self-attention layers in both en-

coder and decoder to jointly reconstruct features and graph structure.

SENet (Zhang et al., 2021): Merges spectral clustering loss with higher-order con-

volutions on a kernel matrix derived from shared-neighbor similarities.

VGAER (Qiu et al., 2022): Enhances VGAE by including modularity information

alongside adjacency in its variational framework.
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e CDBNE (Zhou et al., 2023): Utilizes a GAT-based autoencoder with modularity

maximization and self-training via KL divergence for community discovery.

4.2.2.3 Ablation Analysis

To quantitatively ascertain the individual contributions of each component within
G2ACO, we conduct a series of ablation studies. Specifically, we isolate the impact of
the clustering loss, examine the effect of key hyperparameters, assess the multi-head

attention mechanism, and evaluate the significance of incorporating node attributes.

Clustering Loss Ablation

Figure 4.6 presents a comparison of NMI and ARI for the full G2ACO model against a
variant devoid of the clustering objective (denoted G2ACOnocust) across all benchmark
networks. The inclusion of the clustering loss demonstrably improves both metrics by

over 10%, underscoring its critical role in shaping informative latent embeddings.
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Figure 4.6—Effect of the clustering loss on ARI and NMI. G2ACOxpciust 0Omits the L.

term.

Hyperparameter Sensitivity

We next systematically vary the reconstruction weight A and clustering weight 3 to
gauge their influence on model performance. Figure 4.7 illustrates the NMI and ARI
obtained for the PubMed and BlogCatalog networks under different parameter settings.
Optimal results were observed at (A, ) = (1,10) for PubMed and (0.3, 1) for BlogCata-

log, indicating that dataset-specific tuning of these hyperparameters is beneficial.
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Figure 4.7—NMI and ARI across different (), ) settings on PubMed and BlogCatalog.

Attention Head Ablation
To thoroughly assess the multi-head attention mechanism, we compare the perfor-
mance of a single-head configuration against multiple heads (2, 4, 8, 16) while maintain-

ing a fixed hidden size of 256 units and an embedding size of 64 dimensions. As depicted
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in Figure 4.8, citation networks generally benefit most from 8 attention heads, whereas
the social network (BlogCatalog) achieves peak performance with 2 heads, highlighting
that the optimal number of attention heads is contingent upon graph characteristics.
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Figure 4.8—Impact of number of attention heads on NMI and ARI. Hidden layer = 256,
embedding = 64.

Role of Node Attributes

Finally, we evaluate G2ACO’s performance when utilizing only the adjacency ma-
trix (denoted G2ACOn,at, effectively setting X = I) versus employing both adjacency
and node attributes. Table 4.2 presents the NMI and ARI scores across four datasets for
these two configurations. The results unequivocally demonstrate that including node
attributes substantially boosts both metrics, thereby confirming the critical importance

of attribute information for effective community detection.
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Table 4.2—NMI and ARI for G2ACO with and without node attributes.
G2ACONoart G2ACO

Dataset Metric
A A X
Cora NMI 0.223 0.564
ARI 0.162 0.516
CiteSeer NMI 0.077 0.456
ARI 0.065 0.481
NMI 0.003 0.345
PubMed ARI 0.009 0.331
NMI 0.164 0.352
BlogCatalog oy 0.087 0.273

4.2.3 Results and Discussion

We evaluate community detection performance on Cora, CiteSeer, PubMed, and Blog-
Catalog datasets using NMI and ARI. The detailed results are reported in Tables 4.3, 4.4,
4.5, and 4.6, respectively. Each table also specifies the input data utilized: topology (A),
attributes (X), and modularity matrix (B), and highlights the best-performing methods.

Across all datasets, G2ACO consistently outperforms the strongest baseline, CDBNE.
In terms of NMI, G2ACO achieves at least a 3% lead on Cora and BlogCatalog, a 2% lead
on CiteSeer, and a 1% lead on PubMed. For ARI, G2ACO'’s performance is superior by
at least 0.3% on Cora, 3% on CiteSeer, and 0.1% on BlogCatalog. On PubMed, however,
G2ACO’s ARI is marginally lower than CDBNE, with a difference of 0.06%.

These observed performance disparities reflect intrinsic differences among the
datasets and underscore the critical role of attribute information. Cora and CiteSeer
are networks of intermediate scale characterized by rich node features, which facilitate
the effective joint utilization of both A and X. Conversely, PubMed, being a relatively
larger network than Cora and CiteSeer, presents greater challenges due to its limited
teature richness (with attribute vectors of 500 dimensions) and more complex topology.
On the other hand, BlogCatalog, a social network whose relational properties differ from
those of citation networks (e.g., often featuring reciprocal connections rather than unidi-
rectional citations), while possessing a moderate node count and numerous attributes,
exhibits particularly complex clustering patterns typical of dense social graphs due to
its high edge density.

Additionally, Table 4.2 further reinforces the importance of attribute information:
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models relying solely on features (e.g., K-means using only attributes) achieve moderate
NMI and ARI scores. This demonstrates that while attribute data alone can provide a
reasonable basis for community detection, its rich combination with topological infor-
mation is essential for achieving superior performance.

Finally, among attention-based autoencoder methods, including DAEGC, GATE,
CDBNE, and G2ACO, all utilize A and X as inputs. However, G2ACO’s multi-head
attention encoder demonstrates a superior capacity to capture more nuanced relation-
ships than the single-head or simpler self-attention mechanisms employed by the oth-
ers. This advanced attention strategy consistently delivers superior community detec-
tion performance across all four benchmarks, thereby demonstrating the effectiveness
of GAT-based representation learning for uncovering nonlinear structures in attributed
networks.

Table 4.3—Evaluation Results on the Cora.

Model Input NMI ARI
K-means X 0.547 0.501
DeepWalk A X 0384 0.291
TADW A, X 0366 0.240
GAE A X 0397 0.293
VGAE A X 0408 0.347
MGAE A X 0511 0.448
ARGA A X 0449 0.352
ARVGA A, X 0450 0.374
DAEGC A X 0528 0.496
GATE A X 0527 0451
ARVGA-AX A, X 0.526 0.495
SENet A X 0550 0.490
VGAER A, B 0433 0.347
CDBNE A X 0537 0513
G2ACO A, X 0564 0.516
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Table 4.4—Evaluation Results on the CiteSeer.

Model Input NMI ARI
K-means X 0.312 0.285
DeepWalk A X 0131 0.137
TADW A X 0320 0.286
GAE AX 0174 0.141
VGAE A X 0163 0.101
MGAE AX 0412 0414
ARGA AX 0350 0.341
ARVGA A X 0261 0.245
DAEGC A X 0397 0410
GATE A X 0401 0.381
ARVGA-AX A X 0338 0.301
SENet AX 0417 0424
VGAER AB 0216 -

CDBNE A X 0438 0455
G2ACO A X 0456 0.481

Table 4.5—Evaluation Results on the PubMed.

Model Input NMI ARI
K-means X 0.278 0.246
DeepWalk A X 0238 0.255
TADW A X 0224 0.177
GAE A X 0249 0.246
VGAE A X 0216 0.201
MGAE A X 0282 0.248
ARGA A X 0276 0.291
ARVGA A X 0117 0.078
DAEGC A X 0266 0.278
GATE A X 0322 0.299
ARVGA-AX A, X 0.239 0.226
SENet A, X 0306 0.297
VGAER A B 0.212 -

CDBNE A X 0336 0.337
G2ACO A X 0345 0.331
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Table 4.6—Evaluation Results on the BlogCatalog.

Model Input NMI  ARI

K-means X 0.0662 0.0015
DeepWalk AX 0193 0.113
TADW A X 0.067 0.010
GAE A X 0.098 0.03

VGAE A X 0072 0.043
MGAE A X 0168 0.086
ARGA A X 0189 0.106
ARVGA AX 0224 0.145
DAEGC A X 0190 0.126
GATE A X 0248 0.159
ARVGA-AX A/ X 0261 0.170
SENet AX 0241 0.161
VGAER A/B  0.115 0.085
CDBNE AX 0325 0272
G2ACO A X 0352 0.273

4.2.3.1 Runtime Efficiency

To comprehensively assess G2ACO’s computational efficiency, we measured both its
training time and the number of epochs required for convergence on the Cora, Cite-
Seer, PubMed, and BlogCatalog datasets, utilizing a consistent hardware setup. For
comparison, we benchmarked G2ACO against CDBNE, employing its publicly available
implementation. As illustrated in Table 4.7, G2ACO consistently demonstrates superior
runtime performance and lower memory consumption. While CDBNE performed ade-
quately on Cora, CiteSeer, and BlogCatalog, it encountered an out-of-memory error on

the PubMed dataset, leading to its termination after only one epoch.
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Table 4.7—Execution Time Comparison of G2ACO and CDBNE.

G2ACO CDBNE
Time Epochs Time Epochs
Cora 57 s 100 149 s 100
CiteSeer 59 s 100 267 s 100
Stopped
PubMed 77 s 25 after 300s 1
(out of memory)
BlogCatalog  58s 25 143 s 25

4.2.3.2 Visualization of Learned Communities

To provide a visual, two-dimensional illustration of the communities discovered by

G2ACO, we project the final node embeddings, learned from both the adjacency matrix

(A) and attribute matrix (X), into two dimensions using t-SNE (Van der Maaten and

Hinton, 2008). In these plots (Figure 4.9), each point represents a node, color-coded by

its ground-truth community label. The resulting clusters visually convey the model’s

ability to separate communities and indicate the degree of overlap present.

Figure 4.9(a) shows G2ACO’s embeddings on the Cora dataset, where communi-

ties appear as compact, well-separated clusters. By contrast, Figure 4.9(b) displays

CDBNE’s t-SNE projection on the same data, exhibiting more diffuse clusters and greater

inter-community overlap, which underscores G2ACO’s superior ability to capture the

true community structure.
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(a) Cora (b) Cora By CDBNE (c) CiteSeer

tSNE Visualization BlogCatalog dataset

(d) PubMed (e) BlogCatalog

Figure 4.9—t-SNE visualization of node embeddings on Cora, CiteSeer, PubMed, and
BlogCatalog. Colors indicate ground-truth communities; panels compare (a) G2ZACO
and (b) CDBNE on Cora.

4.24 Summary of the G2ACO Model

We proposed G2ACO as an unsupervised, multi-head attention autoencoder designed
to learn rich, low-dimensional representations from attributed networks with the ex-
plicit goal of enhancing community detection. By combining a reconstruction loss with
a novel K-means clustering objective, G2ZACO simultaneously preserves structural and
attribute information while steering embeddings toward well-separated communities.
Empirical evaluation in three benchmark citation networks (Cora, CiteSeer, PubMed)
and the BlogCatalog social graph consistently demonstrates that G2ZACO outperforms
state-of-the-art baselines. Future work will focus on scaling G2ACO to large-scale and
dynamic networks, as well as extending its capabilities to handle overlapping commu-
nity structures in evolving graph data.
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4.3 Conclusion

This chapter presented two complementary proposed approaches to community detec-
tion that reflect the evolution of network analysis from classical heuristics to deep repre-
sentation learning. The first model, AA-LPA (Bekkair et al., 2025b), demonstrates that
deterministic enhancements to classical algorithms can yield interpretable and stable
community assignments by incorporating structural centrality cues. In contrast, the sec-
ond model, G2ACO Bekkair et al. (2025a), showcases the power of graph autoencoders
to learn latent representations that unify topological and attribute information for more
accurate, unsupervised clustering. While AA-LPA offers simplicity and reproducibility
for un-attributed networks, G2ACO introduces a multi-head attention autoencoder cou-
pled with a K-means clustering objective, jointly learning structural and attribute rep-
resentations that outperform existing baselines on diverse citation and social networks.
G2ACO captures the complexity of attributed graphs through deep neural architectures.
Together, these methods illustrate the trade-offs and complementarities between inter-
pretability and expressive power in modern community detection, paving the way for
future hybrid models that integrate structural priors with learned representations in

scalable and adaptive models.
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This thesis embarked on a comprehensive investigation into the intricate problem of
community detection in graph-structured data, a fundamental challenge in network
analysis. Part One laid the foundational groundwork, providing a thorough background
in graph theory, machine learning, and deep learning paradigms, particularly as they ap-
ply to graph-based problems. This foundational understanding culminated in a review
of the state of the art in community detection methodologies, encompassing classical
methods, traditional machine learning approaches, and recent deep learning innova-
tions. This exhaustive taxonomy highlighted existing capabilities and, critically, inherent
limitations within the current landscape.

Building upon this extensive preparatory work, Part Two presented the core con-
tributions of this research. It started with rigorous comparative studies that critically
assessed the performance of established methods. These evaluations were conducted
in two distinct contexts: first, an analysis of CNN-based approaches tailored for non-
attributed networks, and second, an examination of Graph Autoencoder (GAE)-based
models for attributed networks. These comparative analyses served to identify specific
areas where existing methods face significant challenges, thereby establishing perfor-
mance benchmarks and setting the stage for the novel contributions that followed.

The first model, AA-LPA, transforms the classic Label Propagation Algorithm into a
tully deterministic procedure by ordering updates via Adamic—-Adar centrality, weight-
ing neighbor labels by shared-neighbor importance, and resolving ties without random-
ness. AA-LPA achieves stable and interpretable partitions that align closely with ground
truth.

The principal contribution of this thesis, however, lies in the development of Graph
Attention Autoencoder Clustering-Oriented (G2ACO), a novel deep learning model
specifically designed for attributed networks. G2ACO is an unsupervised multi-head
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graph attention autoencoder with a dual-objective loss. By combining a reconstruction
term with a novel K-means clustering loss applied to detached embeddings, G2ZACO
learns low-dimensional node representations that are both faithful to the original graph
and intrinsically organized into cohesive communities. The proposed optimization
strategy decouples centroid updates from backpropagation, effectively handling non-
differentiability and ensuring stable convergence. Empirical results on citation and so-
cial networks demonstrate that G2ZACO outperforms competitive baselines in terms of
NMI and ARI, while also converging faster than existing models

Collectively, the contributions of this thesis contribute the field of community detec-
tion by offering both refined classical algorithms and innovative deep learning solutions.
AA-LPA provides an interpretable tool for non-attributed graphs, while G2ZACO emerges
as a powerful and highly expressive deep representation learning framework for at-
tributed networks, effectively unifying topological and attribute information. These
models not only achieve superior performance against existing baselines, but also of-
fer valuable insights into the trade-offs between interpretability and expressive power
in graph-based learning.

Looking ahead, one promising direction is the development of scalable centrality ap-
proximations using sampling techniques or parallel computation to extend AA-LPA to
billion-edge graphs. Adapting G2ACO for online and dynamic clustering by integrat-
ing incremental centroid updates and streaming friendly attention mechanisms could
enable community detection in evolving networks. Extending both frameworks with
soft-assignment or hierarchical clustering objectives would allow the discovery of over-
lapping and nested communities. Investigating hybrid models that combine AA-LPA’s
interpretability with G2ZACO’s expressive power, such as initializing deep embeddings
with centrality-based seeds, offers a path toward more versatile algorithms. Finally, ap-
plying these methods to real-world dynamic systems social media, biological interaction
networks, and infrastructure graphs, will test their robustness in diverse, noisy environ-
ments and drive further refinements.

By integrating deterministic structural insights with deep, clustering-aware embed-
dings, this work lays the foundation for future community detection that are scalable,
adaptive, and reliable, capable of uncovering complex, multi-scale structures in modern
networked data.
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