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Résumé

Les équations différentielles fonctionnelles apparaissent dans divers domaines d’applications
biologiques, physiques et techniques, et ces équations ont regu beaucoup d’attention ces der-
nieres années. Dans ce mémoire, nous avons étudie I’existence de solutions aléatoires pour des
problémes avec condition aux limites périodiques et non locales , avec dérivée fractionnaire de
Caputo généralisée. Nos résultats seront base sur la théorie du points fixes et par la technique

des mesures de non-compacité.

Abstract

Functional differential equations occur in a variety of areas of biological, physical, and engi-
neering applications, and such equations have received much attention in recent years. In this
memoir, we touched on the existence of solutions and random solutions for generalized Caputo
periodic and non-local boundary value Problems, with generalized Caputo fractional derivative.
Our results will be obtained by means of fixed points theorems and by the technique of measures

of noncompactness.

Key words and phrases : Functional differential equations, generalized Caputo, existence,
solutions, random solutions, periodic and non-local boundary value Problems, measure of non-

compactness, fixed point.
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Introduction

Fractional differential equations are rapidly expanded in present for applications in mo-
deling and the physical explanation of natural phenomena. Indeed, it also has applications in
biophysics, quantum mechanics, wave theory, polymers, and continuum mechanics. The no-
ninteger derivatives of fractional order have been applied successfully to the generalization of
fundamental laws of nature, especially in the transport phenomena. We refer the reader to the
monographs [4, 3,16, 22} 126/ 132, 133) 135]], and the references therein.

The measure of noncompactness which is one of the fundamental tools in the theory of non-
linear analysis was initiated by the pioneering articles of Kuratowski [28], Darbo [[17] and was
developed by Bana’s and Goebel [13]] and many researchers in the literature. The applications
of the measure of noncompactness (for the weak case, the measure of weak noncompactness
developed by De Blasi [[18]) can be seen in the wide range of applied mathematics : theory of

differential equations (see [9, 10, 11,14, 15] and references therein).

Probabilistic functional analysis is an important mathematical area of research due to its
applications to probabilistic models in applied problems. Random differential equations, used
in many on cases, to describe phenomena in biology, physics, engineering, and systems sciences
contain certain parameters or coefficients which have specific interpretations, but whose values
are unknown. We refer the reader to the monographs [[16} 29, 1341, the papers [} 2, 3, 7, 18] and

references therein.

In the following we give an outline of our memoiry organization consisting of three chapters.
The first chapter gives some notations, definitions, lemmas and fixed point theorems which are

used throughout this memoiry.

In Chapter 2, we establish the existence and uniqueness of random solutions for the follo-

wing fractional boundary value problem :

CDgf (u(t, w) — g(t,u(t,w),w)) = f(t,u(t,w),” Dyfu(t,w),w), t € J:=[0,2x], (1)

u(0,w) = u(2m,w) and Zaku(m, w) = d(w), )
k=1
where 0 = 70 < 71 < 72 < +++ < Ty < Tppy1 = 2m, 1 < v < 2, “Dyf is the generalized
Caputo fractional derivative, f : J X R X IR x ¥ — Randg: J x IR x ¥ — IR, are given
functions with ¢(0, u(0,w), w) = g(2m, u(2m,w),w) =0, a, # 0forall k =1,...,m, and ¥
is the sample space in a probability space and w is a random variable.

We present existence and uniqueness results for the problem — that are founded on the
Banach contraction principle and Krasnoselskii fixed point theorem.
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In Chapter 3,, we establish, the existence of solutions for generalized Caputo fractional

differential equations in Banach space with periodic and non-local boundary value problems.

Dyl (x(t) — v (t,z(t)) = f (tz(t),“Dylz(t)) ,t € J := [0, 2n] 3)
2(0) = x(2m) and Y Nz (7,) = d, (4)
k=1
where 0 =70 < 11 < T <+ < Ty < Trng1 = 2m,1 < v < 2,CDgf is the generalized

Caputo fractional derivative, f : J x E x F — Fand ¢, : J x E — FE, are given func-
tions, Ay are real constants such that ;" | Ay # 0 . For the sake of simplicity, we assume that
Uy (T, (1)) = 0,k =0,1,...,m+ 1.

We present existence results for the problem -, is based on the method associated
with the technique of measures of non compactness and the fixed point theorems of Darbo and
Monch.



Chapitre 1

Preliminaries

1.1 Notations and Definitions

In this part, we present notations and definitions we will use throughout this work. By
C'(J,IR) we denote the Banach space of all continuous functions from .J into IR equipped with
the norm

lullnzn = sup{u(t)] 0 < t < 2r}.

Let L'(.J), be the Banach space of measurable functions u : J — FE which are Bouchner

integrable, equipped with the norm

T
ol = / lu(t)]|dt

Consider the space X} (0,27), (b € R, 1 < p < o0) of those complex-valued Lebesgue

measurable functions u on J for which [[ul|x» < oo, where the norm is defined by :

2 dt %
ol = ([ Puor$) " @ <p<msem)

Definition 1.1 (Generalized Riemann-Liouville integral [25| 27]) Let v € IR,;b € IR and u €
X7(0,27), the generalized RL fractional integral of order v is defined by :

1—-v

t
(I u)(t) = I/i('u) /0 sP7H(tP — sP)" N u(s)ds, t>a,p>0 (1.1)

where I'(-) is the Euler gamma function defined by
[(v) = / s'" e *ds, v > 0.
0

Definition 1.2 ([24]) Let 0 < a < t. The generalized fractional derivative, corresponding to



the fractional integral (I.1), is defined by :

) pl—n—f—v L d n t Sp—l

DYPu(t) = — [t P — -_— d 1.2

o) = oy (0 3) [ ot (2
=0 (I "Tu)(t),

where 52 = (tl_pi)n.

dt

Definition 1.3 (/24] 30]) The Caputo-type generalized fractional derivative CDgf is defined

by
c -« U(k)(a) k
g = (g fun -3 (-] ). (13)
k=0 '
Lemma 1.4 ([24]) Let v, p € R, then
n—1 k
(Ié)_;_pCDg_"_pu) (t) = u(t) - Cr (tp ,_O ap) , (1.4)
k=0

for some ¢, € R, n = [v] + 1.

Lemma 1.5 (/36l]) If x > n, then we have

) o (2

1.2 Random operators

We denote the o-algebra of Borel subsets of R by Br. A mapping N : ¥ — R is said to be

measurable if for any D € Bg, one has

N D)={weV:N(w)e D} CA.

Definition 1.6 A mapping N : ¥ x R — R is called jointly measurable if for any D € Bg, one
has
NYD)={(w,t) € ¥ xR: N(w,t) € D} C A x Bg,

where A X Bg is the product of the o-algebras A defined in V and Bg.

Definition 1.7 A function N : ¥ x R — R is called jointly measurable if N (-,t) is measurable
forallt € Rand N(w,-) is continuous for all w € V.



N is called a random operator if N(w,t) is measurable in w for all ¢ € R, and it expressed
as N(w)t = N(w,t). We also say in this situation that N (w) is a random operator on R. N (w)
is called continuous (resp. completely continuous, compact and totally bounded) if N(w,t) is
continuous (resp. completely continuous, compact and totally bounded) in ¢ for all w € W.
The details and the properties of completely continuous random operators in Banach spaces are
available in Itoh [23]].

Definition 1.8 (//9]) Let D(X) be the family of all nonempty subsets of X and F be a mapping
from U into D(X). A mapping N : {(w,z) : w € VU, v € F(w)} — X is called random
operator with stochastic domain F, if F' is measurable (i.e., for all closed B C X, {w €
U, F(w) N B # 0} is measurable) and for all open D C X and all x € X, {w € ¥ : z €
F(w), N(w,z) € D} is measurable. N will be called continuous if every N (w) is continuous.
For a random operator N, a mapping x : V — X is called a random (stochastic) fixed point
of N if for P—almost all w € VU, z(w) € F(w) and N(w)z(w) = z(w), and for all open
D cC X, {w e V¥ :z(w) € D} is measurable.

Definition 1.9 A function u : J X IR x ¥ — 1R is called random Carathéodory if the following
conditions are met :
(i) The map (s,w) — u(s,t,w) is jointly measurable for all t € R,
and

(ii) The map t — u(s,t,w) is continuous for all s € J and w € V.

1.3 Measure of Noncompactness and Auxiliary Results

Now let us recall some fundamental facts of the notion of Kuratowski measure of noncom-

pactness .

Definition 1.10 (//3]) Let E be a Banach space and )i the family of bounded subsets of E.

The Kuratowski measure of noncompactness is the map p : Qg — [0, 00) defined by
w(B) =inf{e > 0: B C U ,B; and diam(B;) < €}.

Properties 1.11 The Kuratowski measure of noncompactness satisfies the following
properties (for more details see [13)]).

w(B) = 0 <= B is compact (B is relatively compact).

w(B) = u(B).

AC B = p(A) < u(B).

1A+ B) < u(A) + u(B).

u(cB) = |c|u(B); c € R.

p(convB) = u(B).



Lemma 1.12 ([2])]) Let V C C(I, E) is a bounded and equicontinuous set, then
(i) the function s — (V' (s)) is continuous on J, and

pe(V) = max p(V(s)),

seJ

o/ (s a e v)- [ "V ($))ds

V(s)=A{x(s):x €V}, se

(1)

where

and . is the Kuratowski measure of noncompactness defined on the bounded sets of

C(J).

1.4 Some Fixed Point Theorems

Theorem 1.13 (Krasnoselskii ,[20]). Let a bounded , convex set M such that M # () and a
mapping Pz = Bz + Az such that :

(i) Bx + Ay € M for each z,y € M,

(ii) A is continuous and compact,

(iii) B is a contraction.

Then P has a fixed point.

Theorem 1.14 (Darbo, [17]). Let D be a bounded, closed and convex subset of Banach space
X. If the operator N : D — D is a strict set contraction, i.e there is a constant 0 < \ < 1 such
that f(N(S)) < Au(S) for any set S C D then N has a fixed point in D.

Theorem 1.15 (Monch , [31]). Let D be a bounded, closed and convex subset of a Banach
space such that 0 € D, and let N be a continuous mapping of D into itself. If the implication

V =e@aoN(V) or V =N(V)U{0} = u(V) =0,

holds for every subset V' of D, then N has a fixed point.

10



Chapitre 2

Random Solutions for Generalized Caputo
Periodic and Non-Local Boundary Value

Problems

2.1 Introduction

In [37], Sh. A. Abd El-Salam studied the existence of at least one solution to the boundary

value problem with non-local and periodic conditions given by :

{ u'(t) = f(t,u(t,w),u'(t)), for t € (0,27),
uw(0) = u(2w) and >, agu(7y) = uo,

where 0 =70 < <o < -+ < Ty < Tl = 27
In this chapter, we investigate the existence and uniqueness of random solutions for the

following fractional boundary value problem :

DY (u(t,w) — g(t, u(t, w),w)) = f(t,u(t,w),’ Dytu(t,w),w), t € © :=[0,2x], (2.1)

u(0,w) = u(2m,w) and Zaku(m, w) = d(w), (2.2)

k=1
where 0 = 79 < 71 < 72 < +++ < Ty < Tppy1 = 2m, 1 < v < 2, 9Dyl is the generalized
Caputo fractional derivative, f : J X R X IR x ¥ — IRandg: J x R x ¥ — IR, are given
functions with ¢(0, u(0,w), w) = g(2m, u(2m, w),w) =0, a,, # 0forallk = 1,...,m, and ¥
is the sample space in a probability space and w is a random variable.

11



2.2 Existence of Solutions

Lemma2l Let1l < v <2 g:JxRxV¥Y — R, with (1, u(rp,w),w) =0, for k=

0,....m+1,a, #0forallk =1,...,m,and h,§ : J x ¥V — IR be measurable functions.
Then the linear problem

CD[’J’f (u(t,w) — &(t,w)) = h(t,w), forae te J:=10,2n], we ¥, (2.3)
u(0,w) = u(2m,w) and Zaku(m, w) = d(w), (2.4)
k=1

has a unique random solution, which is given by

d(w) = >0 aré(Th, w)
D ke Ok

i FZ%"IT sz _tp] (27r)2r(y) /0% (WT_SP)V_l " h(s, w)ds
) m

Z /Tk (7—12’ _ sp)u—l pilh( )d
- V—m a S S,w)as
F(V) Zk:l ak k=1 ‘ 0 P

g (57)
+ = S s h(s,w)ds.
T \ (50)

proof 1 From Lemma we have

u(taw) = §(t,w)—|—

P
u(t,w) — &(t,w) =P I5+h(s,w) +co+ ¢ (;) , (2.5)
where ¢, and c5 € R.
Then )
2m)P - [ (2m)P — P\

co = u(0,w) =u2m,w) = ¢y + cl% + F(ly) ff (%) sP h(s, w)ds,
and . .
dw) = al(me,w) + Y apu()

k=1 k=1

m m v—1
T 1 /T’“ (T]f — sp) .
=c ap +c ap— + sP7 h(s,w)ds,

DN AL Cl o)

Therefore

12



d(w) = 3y (7, w) D et ORTY, T(2m)r — P V713P—1 s,w)ds
st e [ () e

1 i /Tk (7']5 — Sp)y_l p—1h< )d
- Qg S S, w)as.
L(v) > iy o 1 0 P

Substitute the value of co and ¢y in ([2.5)), we get equation (2.5).

d(w) = >ty axl(Th, W)
D b1 Ok

m 2 v—1
+ Zk?} T t° L / @m) =& sPh(s,w)ds
D ket @ (2m)eL(v) Jo P
1 m /Tk (Tlf . Sp)u—l et
—_—— ay s h(s,w)ds
I'(v) 25y ax ; 0 p

gl (57)
+ s h(s,w)ds.
)y o (o)

Hence, the proof is complete.

u(t,w) = &(t,w)+

Lemma 2.2 Let f : J x IR x R X ¥ — IR be a random Carathéodory function. A function
u(-,w) € C(J,R) is random solution of the non-local and periodic problem (2.1))-(2.2)) if and

only if u satisfies the integral equation

d(w) — Z;nzl arg(Tr, u(Th, w), W)

D ohey
Bt ] L (Y

1 zm: /7—1C (T[f_sp)yl p—lh( )d
—— ) ay s s,w)ds
F(V) Zk:l Qg k=1 0 p

()
+ sP"h(s,w)ds,
tw Jo (o)

where h € C(J,R) satisfies the functional equation

u(t,w) = gt ult,w),w) +

+

h(t,w) = f(t,u(t,w),” Dyfu(t, w),w).

The following hypotheses will be used in the sequel :

(Hy1) The functions f : J X IR X IR x V¥ — JRand g : J x IR x ¥ — IR are random
Caratheodory.

13



(H;) There exist measurable and essentially bounded functions p,q,b : ¥ — (0, 00) such
that
’f(t7 ulavhw) - f(t7u27 U2, 'lU)‘ S p(w)|u1 - ’LL2| + q<w>"U1 - ’1)2’,

and
lg(t, ur, w) — g(t, ug, w)| < b(w)|ur — ual,

fort € J,w € ¥and eachu;,v; € IR, i =1,2.

Now, we state and prove our existence result for problem ({2.1])-(2.2)) based on the Banach

contraction principle [20].

Theorem 2.3 Assume (Hy) and (Hs) hold. If

p(w)@ﬂp(u_n . p(w) ’2211 Ak (f)
L—q(w)pT(w+1) (1—qw)T'(v+1) 30, ak\(

2b(w)+ ('%Z—xﬁ + 2(27r)") (

then the problem (2.1)-(2.2)) has a unique solution.

<1,
2.6)

proof 2 Let the operator T : C(J,IR) x ¥ —— C(J,R) defined by

d(w) — Z;nzl arg(7r, u(Th, w), W)

kazl Ak

Bt o] e [ (BE) e

1

Toltult,w)w) = Foass—— i " /Ok (

G (5
+ sP" h(s,w)ds,
T \ (5]

where h € C(J,IR) such that

(Tu)(t,w) =

P _ op
T, — S
p

v—1
> s"h(s,w)ds

2.7

h(t,w) = f(t,u(t), h(t,w),w).

By Lemma 2.2 it is clear that the fixed points of T are random solutions (2.1)-(2.2)) .

14



Let uy(-,w) and us(-,w) € V. Then fort € J, we have

|(Tur) (8, w) = (Tug) (8, w)| < g(t, ua(t, w), w) — g(t, uz(t, w), w)]

|Z?:1 ak| ‘g(Tlﬁ u1<Tk7 w)? w) — g(Tkv UQ(Tka w)? w)|

1D k=

’2211 akT]f 1 2m (2m)P — 5P v—1 »
" (m + W/o T 77 oy, (8, W) — Ay, (s, w)|ds

oS [ () o) hts
— s w (8, W) — hy, (s, w)|ds
TSl (2 1 :

1 t P — gP v—1 »
+r(u>/o ( p ) Sy (5,10) = huy (5, w)lds.

By (H3), we have

+

m

>
k=1

(2.8)

|hU1 (tv w) - hm (t7 w)| = |f(t7 ul(t7 w)? hm (tv w)v w) - f(ta u2(t7 ’LU), hU2 (t’ w)’ w)l
< p(w)ur(t, w) — uz(t, w)| + q(w)|hy, (t, w) — ha, (£, w)].

Then
p(w)
hy, (t, — hy, (2, < t,w) — t, .
|y (T, W) (t,w)| 1_q(w)|“1( w) — us(t, w)|
Therefore, for eacht € J, we have
> ket @ | p(w)(2m)Pt—Y

|(Tuy)(t,w) — (Tug)(t,w)| < [26(10) + ( + 2(27r)")

’Z?:l ak’
plo) [ ()
(1—qw)L'(v+1)> 0, ak’] lui (-, w) — u?(-’UJ)H[O,Qﬂ )

(1 =q(w)pT(v+1)

+

Thus

[(Tu) (- w) = (Tuz) (-, w) 0,2

b(w) + (% + 2(27r)f’)

plo) |t (E)
(= 4@+ 1) 3 ak\] i 0) = s )lloan

p(w)(2m) Y

= - q(w)p T + 1)

+

Hence, by the Banach contraction principle, T’ has a unique fixed point which is a unique

random solution of the problem ([2.1)-(2.2).

Our second result is based on Krasnoselskii fixed point theorem [20]].
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Theorem 2.4 Assume (H,) and (Hs) hold. If

< 1.

o |Zk 1ak7'1<;| (27T)p(y71) ‘2?1 o (f) p(w)
G o= blu) + ( S el ) T R CED D )

(2.9)
Then problem (2.1)-(2.2) has at least one random solution defined on J.

proof 3 Consider the set

Bywy) = {y € ¥y, w)llp2n <" (w)},

where
\ 9" (w) > ke axTh )\ (2m)P
7 2 g | Sl #20mr ) S0
. ’Z’“ 1“’“<p) J*(w)
Dv+ 1) 320 akl | (1= M)A = q(w))’

and f*(w) = esssup,ce | f(t,0,0,w)], g*(w) = esssup,cq |9(t, 0, w)|,

M=)+ | (BTl pamy) COZ ‘( ép ) =

We define the operators P and Q) on B,y (., by

)= d(w) — Z;cnzl arg (T, u(Tg, W), w)

(Pu)(t,w

Z?:l Ay
D ket OKTH _ 1 /27r (2m)F — s v -1
{ > e ak tp} (2m)°D(v) J, P s’ h(s,w)ds
. . 1 m Tk 7_],: o S’D v—1 p_lh d
+9(»U(>w)>w)—m;ak/o ( P ) S (s, w)ds,
U e et (2.10)
(Qu)(t,w) = X0 /0 ( p ) s h(s, w)ds, 2.11)

Then the fractional integral equation ([2.7)) can be written as operator equation

(Tu)(t,w) = (Pu)(t,w) + (Qu)(t,w), u(-,w) e V.

The proof will be given in several steps.

Step 1 : We prove that Pu, (-, w) + Qua(-, w) € By« for any uy (-, w), us(-, w) € By«(w). For

16



t € J, we have

|(Pur) (¢, w)]
(%;fiﬁ' ! ) 2 W)ir(y) /0% ((zﬂi)_sp)y_lsp1!hu1(8,w)\ds

L Sl [T () et
m Qg S u (S, W)|as
T S ol | z |

k=1

(52
+ P Ry, (s, w)|ds.
o (5 (5.0

By (H3) we have

+ lg(t, ua (t, w))] +

|hu1<t7 w)| - |f(t7u1(t7w)7 hul (t’w)’w) - f(t70’07 w) + f(t7 07 07w)|
< f( u(t w), hay (8, w), w) = f(£,0,0,w)] + [ f(#,0,0,w)]
< plw)lun(t, w)| + q(w) b, ()| + 7 (w).

Then, we get

[y (t,w)| < p(w>771*<_w;(z)f*(w). 2.12)

And, we have for eacht € J,

|g(t,u1(t,w),w)| |g(t,u1(t,w) ) (t> ’ )+g(t>07w)|
l9(t, ur (8, w), w) — g(t, 0, w)| + [g(¢, 0, w)|

b(w)[ur(t, w)| + g"(w).

IN A

Then for each t € J, we obtain
lg(t, ua(t, w), w)| < b(w)n™(w) + g"(w). (2.13)
Thus, by (2.12)) and (2.13)), we have

(Pur)(t, w)] < b(w)n*(w) + g"(w) +

\"
. )
SN

P(v+1) 12255 al

’Zk 1aka’ - (27)’)(”_1)
( el T >pvr<u+1>

+

p(w)n*(w) + f*(w)
1 —q(w) '

17



Thus

[(Pu) (- w)lljo,2q) < b(w)n™(w) + g*(w) +

(iZm_i N (W) (2m)

12 ey il p'T(v+1)
m 7" (2.14)
I i ( p ) p(w)n’(w) + f*(w)
I(v+ 1) 1320, ax| 1 —q(w) '
Now, for operator (), we have fort € J
t o v—1
[(Qua)(t, w)| < F(ly)/o (tp ; Sp) 5" hy, (s, w)]|ds.
Therefore
(2m)™ 1 pw)y*(w) + f*(w)
(Qua)(t.w)] < | B0 ] H ) 4 L),
e 2np ] () + ()
T p(w)n*(w w
(Qua)(-; w)lljp2m) < {pvr(wr 1)} @) (2.15)
Linking and for every ui (-, w), us (-, w) € By«(w) we obtain
[(Pur) (-, w) + (Qua) (-, w)l|0,27
\ \ 21 @7y ) (2m)P Y
< )+ 97(w) + | (B ooy ) CEPE
=)
I "\ plw)n*(w) + f*(w)
Ty +1) 2205, axl 1 —q(w) ‘
Since
s (1)
\ |2 et T | p) (2m)Pt—Y ket T <?) [r(w)
o)+ | (B 200 T T D a | Tt
"2 s (EY
_ (ke T ) (2m)Pt— b1 O <?) p(w)
ot = | (S 20 ) SR+ T D | gt
we have

[(Puy) (- w) + (Qua) (-, w)l[jo.20) < 17 (w).

which infers that Pu, (-, w) + Qua(-,w) € By (w)

18



Step 2 : P is a contraction.
Let uy (-, w), us(-,w) € V. Then fort € J, we have

|(Pur)(t, w) = (Pug)(t, w)| < [g(t, ua(t, w), w) — g(t, uz(t, w), w)]

ko il 1 /27r (2m)r — s\ p—1
- ( ‘2?21 CLk‘ it (27r)PF(y) 0 p s |hU1(Saw) huQ<S,U1)|d8

' 1 ) /Tk (T’f ~ sp)”—l "7y (8, 0) — Doy (s, w) |ds
I'(v) 12250 axl 0 P) ui () us (S, :

>
k=1

Therefore, for each t € J, we have

[ (Puy) (-, w) — (Pug) (-, w)][[0,2q)

M p p(w)(2m)P=1
< |b(w) + ( ST o + (2m) > T T
plo) |y ()
* — m [Jur (- w) — U2('7w)H[0,27r] :
(1= q(w))T(v+ 1) > al

By (2.9), the operator P is a contraction.
Step 3 : () is compact and continuous.

The continuity of Q) follows from the continuity of f. Next we prove that () is uniformly bounded
on B, (w). Let any us(-,w) € B,«(w). Then by (2.15) we have

IQua)ewlloan < | | ML

This means that @) is uniformly bounded on B, (w). Next, we show that Q) B, (w) is equiconti-
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nuous. Let any u(-,w) € By« and 0 < 7 < 175 < 27. Then

|(Qu) (72, w) = (Qu)(11, w)|
1

<kl (557)

1 /72 4
<
=T J,

-1 v—1
1 T1 P __ op
s"h(s,w)ds — —/ (u) s"h(s,w)ds
L) Jo P

\/

-\
sP7 | h(s,w)|ds

Y
)

p(w) (w) + *(w)
T - qw) /

Note that
|(Qu) (T2, w) — (Qu)(1,w)| >0 as m — 7.

This shows that Q) is equicontinuous on ©. Therefore () is relatively compact on B,y (). By
Arzela-Ascoli Theorem () is compact on By ().
As a consequence of Krasnoselskii fixed point theorem, we deduce that 'T' has at least a fixed

point which is a solution the problem (2.1)-(2.2).

2.3 Examples

Example 2.5 We equip the space R* := (—00,0) with the usual c-algebra consisting of Le-
besgue measurable subsets of R* . Consider the boundary value problem of generalized Caputo

fractional differential equation :

sin(t)(u + 1)
100(w? + 1) (}CD0+ ), )’ +1)

( 3
D’ (u(t,w) — g(t,u(t,w),w)) = , t€]0,2n],

Lu(0,w) = u(2m,w), YL, fu(F) = d(w).
(2.16)

Set

F(t,u(t, w), (CDEPu)(t, w), w) = sin(t)(u(t, w) + 1) Ctefo.2n)uc R,

100(w? + 1) (‘CDg;pu) (t, w)‘ +1)

20



and

. Ne 3
o(t, ult, w), w) = RO = 5 sin®)ut,w)

2 t 2 R,:=1,2
1000(w? + 1) » tel02rueRi=12,
and 9(271'7’&(277',10),10) = g(O,U(O,U}),U}) = g(Tiau<Tiaw) w) =01 = 1a2’ v %7/) =
-
For each u,u,v,v € R and t € [0, 27|, we have
e sin(t)(u + 1)
t — f(t <
sin(t)(a + 1)
100(w? + 1) (o + 1)
in(t
< &m —l,
100(w? + 1)
2+4/3
t —g(t,u < —— |u — ul.
o 1 2+/3
Therefore, (Ho) is verified with p(w) = 100(w? £ 1)’ (w) = 2000(w? + 1)’ q(w) =0
The condition
w) [ ()
b(w) + (|Z’,?:1 arTy| N 2(2700) p(w)(2m)P—1 . plw k=1 Ok )
|2 e il (1=q(w)pT(v+1) (1 —qw)l(v+1) 301 al
2 k(kry\i l(%_l)
2+\/§ + 2k:123( 3 )5 —|—2<27T)% (27)5
2000(w? + 1) i) %

100(w? + 1)(1)20 (2 +1)

3
v (B8)
- 5 . 0.43478131

100(w? + DIE+1) 32 &~

<1
w? +1 ’

is satisfied with v = % Hence all conditions of Theorem are satisfied, it follows that the
problem (2.16) admit a unique random solution.
Example 2.6 Consider the following problem :
4 4
“Dg" (u(t,w) — g(t, ult, w),w)) = f(t,ult, w), (“Di"u)(t,w), w), t € 0,27,
u(0,w) = u(2m, w), Zle 2iu (1;) = d(w),
(2.17)
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where

_ lu| + |a| + 3 _
tu,u,w) = - , t€e0, u,ueclR,
I ) 411et (1 + |u| + |al)(Jw| + 2)
and @
cos(t)? — =) |y
g(t,u,w):( (t) il ’, t€|0,2n],u € R,i=1,2,

300(|w| + 2)

and g2, u(2m, w),w) = g(0,u(0,w), w) = g(r, u(r,w),w) = 0, i =12 v =14 p

legandm:%r.

All conditions of Theorem2.4| are satisfied with
1 1

= = TR TEEEE— b = —_—
plw) =4(w) = ser+ 2 ) = 2000w 1 2)
and
LIy 1 4 o\ 4
200(|w| + 2) 6 I'(%) 6I(%) 411|w| + 821
N 1 | 31.1975967219243
™ 200(|w| + 2) 411|w| + 821

< 1.

Then, it follows that the problem (2.17) admit at least one random solution.
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Chapitre 3

Existence of solutions for generalized
Caputo fractional differential equations
with periodic and non-local boundary

value problems in Banach Spaces

3.1 Introduction

In this chapter , we establish, the existence of solutions for generalized Caputo fractional

differential equations in Banach space with periodic and non-local boundary value problems.

Dyl (x(t) — v (t,z(t)) = [ (t,z(t),“Dylz(t)) ,t € J := [0, 2n] (3.1
2(0) = x(27) and Y Az (1) = d, (3.2)
k=1
where 0 = 70 < 71 < 7o < -+ < Ty < Tppp1 = 27,1 < v < 2,9Dy? is the generalized

Caputo fractional derivative, f : J x E x F — FEand ¢, : J x E — F, are given func-
tions, A are real constants such that ZZ‘ZI A # 0. For the sake of simplicity, we assume that
Yy (T, (1)) = 0,k =0,1, ..., m + 1.

3.2 Existence of Solutions

Definition 3.1 A solution of problem and is a function z(t) € C(J,IR) which satis-
fies the Equation and the conditions (3.2).
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Lemma 3.2 Let 1 <v < 2andk,,§: J — E be measurable functions, such that & (1,) = 0;
k=0,1,...,m -+ 1. Then, the linear problem

Dy (x(t) — £(t) = Ku(t), forae. t € J,

z(0) = z(27) and Z A\ (1) = d,

has a solution given by

d
(t) = (1) + ST

B v [ (F5)

1 i)\ /Tk (T]f - 5p>l/1 p—1 ( )d
ey k s Kz (s)ds
P(v) 2kt A —1 0 P

g (50)
+ s ke (s)ds.
T Jy \ )

Lemma 3.3 Let f : J x E x E — E be a Carathéodory function. A function x(t) € C(J, E)
is a solution of the non-local and periodic problems (3.1) and (3.2)) if, and only if, x satisfies the

integral equation

d
w(t) = e (t) + ST

m T v—1
[t ] [T (E) a
k=1 Mk (2m)rL(v) Jo p
1 - TP P\ VT
s (F27) et

G (55
+ s ke (s)ds,
Ty \ )

where k,,10, € C(J, E) satisfies the functional equation

Ra(t) = f(T,2(1), 10 (t) and )y (t) = u(t, 2(1)).

The following hypotheses will be used in the sequel :
(H,) The functions f : J x F x K — F and ¢, : J x E — FE are Carathéodory.

(H,) There exist measurable and essentially bounded functions p,q,b : J — L*> (IR*),
such that
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|f (tumbx,l) - f (t7$2,l’/2>| < p(t) |CL’1 - :L‘2| + q<t> |‘/E,1 - x/2 )

and

Wx (tvml) - wr (t,$2)| S b(t) |.Z'1 — T2,

fort € J and each x;, 2} € E;i = 1,2, with

p= ess suplp(t), g— ess suplg(t)| <1,
ted teJ

and

b= ess sup |b(t)].
ted

(H3) For each bounded set Dp, in C, the set {t — v (¢, z(t)) : x € Dy} is equicontinuous
in C(J,R).

(H,) for each bounded set B; C C,7 = 1,2, 3, and for each ¢ € J, ther exist a constant

p,q,b € R

p(f (t,B1,Bs)) < pu(Bi) + qu(Bs),

and
1 (Ye (¢, Bs)) < bu(Bs),

for any bounded sets By, By, B3 C I and for each ¢ € J.

We are now in a position to state and prove our existence result for the problem (3.1]) and

(3.2) based on concept of measures of noncompactness and Darbo’s fixed point theorem.

Theorem 3.4 Assume (H,),(H>) hold. If

p(2m)"*((2m)" + 2)
pr(l—q)(v+1)
then the Problem (3.1)) and (3.2)) has at least one solution on J.

Th<1, (3.3)

proof 4 Transform the problem (3.1) and into a fixed point problem. Define the operator
N:C(J,E) = C(J,E) by :
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) = s+ [ZZ’”AA_] [ (F) oo

+wx<t)—F<y) “Ak / ( _SP> 1s’)*lfegc(s)ds

ety [ (55 i

where k., 0, € C(J, F) satisfies the functional equation

Ra(t) = f(7,2(1), 50 (1)) and u(t) = u(t, z(1)).

According to Lemma 3.3} the fixed points of N are solutions to problem (3.1) and (3.2). We
shall show that N satisfies the assumption of Darbo’s fixed point Theorem. The proof will be

given in several claims.

Claim 1 : NV is continuous.
Let {x,} be a sequence such that x,, — x in C(J, E). Then for eacht € J,

[(Np) (8) = (Nz) ()] < [|eba, (7) = ¢ (1]

+<%;fi:r'+t>m/j“ (= e ) i
() IZk1 \ZW'/ ( ) : "7 |, (8) = Ka(s)] ds

" r(ly)/o (tp;S )H " |5, (5) = ia(s)[| ds.

Where ,

Ran () = [ (5, 20(8), Kian (5)) 5 W, (8) = Pa, (20 (1))

and,

By (H,) we have,

[£2, (8) = Ka ()| = (1] (5, 20(5), K (5)) = [ (5, 2(8), a(5))]
< p(s) lon(s) = z(s) ]| + q(s) [, (5) = Ka(5)]l

< pllen(s) —2(s)ll + ¢ |k, () = rals)] -
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Then,

p
iz, () = ra(s)l] < 7= . [zn(s) — ()] -

And,
[V, (8) = Yo (O] = (1Y, (t2a(t)) — ¥ (t,2(1)) ]
< b(t) [|ln(t) — 2@
< bllza(t) —z(@)]].-
Since x,, — x, then we get K, (s) — K,(s) and V,, (t) — ¥, (t) as n — oo, for each s,t € J.
Let 1 > 0 be such that, for each s € J, we have ||k, (s)|| < nand ||k.(s)]] < n.

Then we have,

(tﬂ - ) P i (5) — )] < (“ - ) 7 e, () + () ]

PP v—1
<2n (t i ) sP 1,
p

tP—gP

For each v € J, the function s — 27 ( P

the Lebesgue Dominated Convergence Theorem has that,

v—1
) sP~1 is integrable on |0, t], then by means of

N (z,,) (t) — N(x)(t)|]] = 0asn — oc.

Then,

|N (z,) — N(z)||,, = 0asn — oo.

Consequently, N is continuous.
Let the constant R such that,

st | + et + M “n
L [ + b
And,
ROy,
p(1—g)I'(v+1)
Define,

Dr={z € C(J,E): |z]s < R}.
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It is clear that Dy is a bounded, closed and convex subset of C'(J, E).
Claim 2 : N (Dg) C Dg.

Let x € Dy we show that Nx € Dg. We have, for eacht € J,

Z;nzl)‘kﬁ': ] 1

< m + m —t°

)01 < |5 H S o) ;

1 - T — 5P\

+ [t +‘—m ('“ ) "7k (s) | ds

b (2 ) S e | 2 ) p [z (s) |
1 trp —gp\V
+‘F(V) /0 ( p ) S lina(s)lds,

where k., 1, € C(J, E) such that ,

HI(S) :f<57x<8)7’<'x($)>7 %(t) =Yy (Zf,.%(t)).

By (H3) we have,,

8

[ ()1 = I[f (s, 2(5), w(3)) = [ (5,0, h0(5)) + f (5,0, 0 (s))

< I (s,2(s), kals)) = [ (5,0, m0(s))[| + [1f (5,0, Ko ()]

< p(s) [lx(s) = Ol + q(s) |z (s) — wo(s) ]| + [1f (s, 0, ro(s))]]
< plle(s)ll +qllira(s) + £ (s,0,0)].

Where ,
z(s) =0, Ko(s)=0
Then ,
1 pR+ M
Fe(8)]| < —— (pllxe(s)|| + || f (s,0,0 pllx < .
[k (s)]] 1_q(H()II A | < q(ll oo + M) < -
Where
M = sup |If (5,0,0)]].
seJ
And,
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[z DI = [ (2, 2(1)]
= (192 (8, 2(8)) = ¢x (£,0) + (¢, 0)
< () [l () — Ol + [l (¢, 0)]
<blla(®)] + M < bzl + M < bR+ M.

Where ,
M’ = sup ||¢, (¢,0)] -
teJ
Then ,
1(N2)(8)]] < ’ . pR+ M {2?21 )\kT,f _ tp} 1 2m ((2#)’) _ Sp)u—1 _
D her Ak l1—gq D he1 Ak (2m)eT(v) p
R+ M P —sP\" !
bRM' + P A / k =14
" =g [T ZZZ 1 Mk Z & ( o
M| 1 SR
pR + / (t 5 ) Sp_1d37
1—g¢q F(V) 0 p
Since ,

t v—1 v|s
1 /(tp—sp) g 1 (tf’—sf’>
I'(v) Jo p vI(v) \ p

(D)

Then we obtain ,

(Vo) (0)]] < ‘ pR+ M [ Do AkTE N |t"|] 1 1 ((2@;7)1/
Zk LA 1—gq Z;cnl)‘k (2m)PT(v +1) P
, PR+ M ( ”)”
+ bR+ M+
I—gq Zk 1A V+ P

pR+ M 1 tr
+ —) .
l—q T(v+1)\p
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Sincet < 2w, 7; < 27 then we obtain,

pR+ M [|>0 A(2m)? o 1 1 2m)P\"
[(#e “<’zmk PR e g ()
, pPR+M| 1 |& 1 (2m)”\"
ot PR et S i ()
pR+M 1 (2m)P\”
T F(V+1)( p )
4(pR + M)(2m)"" ,
‘Z“ 0= T +1)+bR+M <R,
Then ,
N (Dg) C Dp.

Claim 3 : N (Dg) is bounded and equicontinuous.

By Claim 2 we have N (Dg) = {N(z) : * € Dg} C Dg. Thus, for each v € Dy we have
IN(2)||co < R which means that N (Dg) is bounded. Let T, 15 € J, 71 < To. Assume that Hj
hold

and let v € Dg. Then ,

Iv) () = (V) (7)) < | = t] s [ (BE50) ot

+ [[¢h2(72) = Pa(m)|

T2 p_ p\ V1

/ (TQ 8) s" 1k, (s)ds
0 P

T1

0

1
(v)
L (5 i

< [ﬁ / K (%) sp-lnmx(s)uds] g — o

+ [tz (2) — (1) ||

1 o P p\ ol
/ ( ) o (s)]ds
F(V) T1 p

N 1 /71 (TQp_Sp)ul <7_1p_8p)u1
I'(v) Jo p p

With proposal change integral limit and continuity of the previous formulas, as 7, — To,the

T

r

+

s”_1||/~€z(s)||ds.

right-hand side of the above inequality tends to zero.
Claim 4 : The operator N : Dy — Dp is a strict set contraction.
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LetV C

p(N(V)(1))

Dprandt € J, then we have,

— u((Na)(t),x € V)

(gt LB [ (2

TN pup—— Y | (T’f - )1 5 1(s)ds
) F(”) Z;cn 1 Ak k=1 0 p

1 tr— s\

0 / ( i ) s" ' k(s)ds,x € V)
v

EZL 1)‘k e >

” [%z?i?—f] w | (BLE) " ean <)

+ %ﬁ%xev)

m

+ IR S Z)x /Tk AN s"1k(s)ds,r €V
NTOEI A&, U |
1 b —sP\VTH
+p / ( s k(s)ds,x €V
) J U R

kal? i:k - (27r)ir(u) /0% ((zﬂ)pp_ SP>H s (ﬁ(s), T € v) ds

+ﬂ<%@%xév>
N ﬁ /Ot <tp ; Sp)y_l 1y (H(s),x € v) ds.
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Then,

p((Nz)(t),z € V)

Zk 1>‘ka ¢
k= 1)‘k

+ bu (x(t),x € V)
1 m T Tp—Sp v—1 p
+ )\/ <k ) sPH 2l x(s),x €V |ds
YTy v L A g\
1 Lrg — s \" ! P
+ sP | x(s),z €V |ds
o ) (57) 1—q“<<> )

{ T Ml | !tp\] (2;)@(”1 - ((22)p>ylfqu(m(8)’x S v)

m /02” <WT—S”)H Sp_l%qﬂ (x(s),x e v)

k1>‘k

+ bu (:c(s),x € V)

1 m

1 7w\" »p
ST 2N T () 1——q“< (e € V)

e (5) (o)

Since, t < 2w , T, < 27 then we obtain ,

W(Nz)(t),z € V) < <p(2”)yp((2”)p 2, b) M(:U(s),x € v).

Then ,

p'(1—=ql(v+1)

p(2m)"P((27)" + 2)
p'(1—=q)I'(v+1)

e (N(V)) < [ ' b] (V).

So, by (3.3)), the operator N is a set contraction. As a consequence of Darbo’s Fixed Point
Theorem, we deduce that N has a fixed point which is solution to the problem (3.1) and (3.2).
This completes the proof.

Our next existence result for the problem (3.1)) and (3.2)) is based on concept of measures of

noncompactness and Monch’s fixed point theorem.

Theorem 3.5 Assume (H,)-(Hs) and (3.3)) hold. Then the problem (3.1) and (3.2)) has at least

one solution.

proof 5 Consider the operator N defined previous. According to Theorem[3.3] the operator N

is bounded into itself, and equicontinuous.Now, we shall show that N satisfies the assumption

of Monch’s fixed point theorem. We know that N : Dr — Dpg is bounded and continuous, we

need to prove that the implication :
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V=convN(V) or V=N{V)U{0} = uV)=0,

holds for every subset V of Dgr. Now let V be a subset of Dg such that V' C conv(N(V)U
{0}).V is bounded and equicontinuous and therefore the function t — v(t) = u(V(t)) is

continuous on J. By (Hy) and the properties of the measure p. we have for each t € J,

o(t) < p(N(V)(t) U{0}) < u(N(V)(2))
< ,u{(Na?) t),x eV}
_ [penrn(@ny +2)
Tl =gl(v+1)
( ™)’ ((2m)" +2)
e
(2(?_[)2()2 ():i 12)> +b| o(t) < Lo(t).

Because L < 1 that’s implies v(t) = 0 for each t € J, and then V () is relatively compact

+ b_ u{x(t),x € V}

< ] wvny

<

in B. In view of the Ascoli-Arzela theorem, V is relatively compact in Dg. Applying now Monch
Theorem we conclude that N has a fixed point v € Dg. Hence N has a fixed point which is
solution to the problem and (3.2). This completes the proof.

3.3 Examples

Example 3.6 Let

(0.)
E=1'= {u:(ul,u2,...,un,...),2|un| <oo},
k=1

be the Banach space with the norm

Consider the boundary value problem of generalized Caputo fractional differential equation :

(ungt) +1) |
100 (H(CDg;”un)(t)H +1)

( 3
Dl (un(t)) = t € [0,27],u,(t) € E,

(3.4)

[un(0) = wn(2m), 37, jua() = d.
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Set
(un(t) +1)

100 (H(CD(J%fun>(t)H N 1), t €0,27],u,(t) € E,

F(tun (), (€D u)(2)) =

and
g(t,un(t) = 0, ¢ € [0,27)

T

and g(2m, u,(27m)) = g(0,u,(0)) = g(7, un(m)) =0, 1 =1,2, v = %,p = %,Ti = 2.
For each uy,, t,,, v, U, € E and t € [0,27], we have min{||v,||} = 0, min{||v,,||} = O then,

o (up + 1)
t nyUn) — t: ny Yn S
£t o) = St )] < | gt
B (un +1)
100 ([|vn |l + 1)
S /—
= o I T el
lg(t, un) — g(t,un)l| = 0.
. ) . 1
Therefore, (Hy) is verified with p = 100’ b=0, ¢=0,
The condition
272 ((27)P + 2 4 x 2171 (V/2 2
PR (@2m? +2) |, AXBEWEIWVRVTHD) o agneacmons
p(1—q@)T(a+1) 75

is satisfied with v = % Hence all conditions of Theorem are satisfied, it follows that the
problem (3.4) admit a unique solution.
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Conclusion and Perspective

In this memoiry, we have presented some results to the theory of the existence of
solutions and uniqueness of fractional implicit differential equations with the derivatives of
generalized-Caputo, and mention all the derivatives. The problem studied are with periodic
and non-local boundary value Problems. The results obtained are based on some fixed point
theorems and the measure of non-compactness. In future research, we plan to study some frac-

tional differential and inclusions with impulses (instantaneous and not instantaneous) in fréchet

spaces.
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