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Abstract:

In this work, we were interested in studying the existence and stability of a general
model of evolution equations with a delay term. By the theory of semi-groups and under
appropriate conditions on the delayed damping term, we established the global existence
and the exponential stability of linear and non-linear evolution systems with a constant
delay first and then with a variable and multiple delay term considering a local Lipshitz
source term. The exponential stability of the solution was obtained directly from the
Duhamel formula of the solution in the three cases cited.

The research aims to understand how delays affect the behaviour and stability of
these systems. We terminated this work by illustrating the results obtained with some
applications.

Key-words: Abstract evolution equation, Delay term, Exponential stability, Semi-
group
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Résumé:

Dans ce travail, nous nous sommes intéressés a I’étude de I'existence et de la stabilité d'un
modele tres général d’équations d’évolution avec un terme de retard. Par la théorie des
semi-groupes et sous des conditions appropriées sur le terme d’amortissement retardé, on
a établi I'existence globale et la stabilité exponentielle des systemes d’évolution linéaires
et non linéaires avec un retard constant en premier lieu puis avec un terme de retard
variable et multiple en considérant un terme source localement lipshitzien. La stabilité
exponentielle de la solution est obtenue directement a partir de la formule de Duhamel
de la solution dans les trois cas cités.

La recherche vise a comprendre comment les retards affectent le comportement et la
stabilité de ces systemes. Nous avons terminé ce travail en illustrant les résultats obtenus
avec quelques applications.

Mots clés: Equation d’évolution abstraite, Stabilité exponentielle, Semi-groupe,
Terme de retard.
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Notations

Q An open of R", of regular boundary
A A linear operator.
A* The adjoint operator of A.
D(A) The domain of the operator A.
L(X,Y) The space of linear operators de X dans Y.
L(X,Y) The space of continuous linear operators of X dans Y.
C([0,400); H) The space of continuous functions of [0, +00)
into a Hilbert space H.
C10,T; X) The space of continuously differentiable functions
of [0,7] dans X.
D(Q2), C () The space of infinitely derivable real functions
with compact support contained in D(f2).
D'(Q) The space of distributions.
O (Q) The set of functions from C§°(§2) to support in K.
LP(2) The Lebesgue space, 1 <p < oo.
-1l The norm associated with the Lebesgue space LP(f2).
wmr(Q), H™(Q) Sobolev’s space.
W (0, +00) the space of functions on the interval
(0, +00) that have essentially bounded first derivatives
H}(Q) Are the functions u € H' such that u|,, = 0.
Vu = (au, o 8u> The gradient of u.
0, oz,
', uy The first derivative of v with respect to the times (?;:
2
u”, uy The second derivative of u with respect to the times a—;;
L*(Q) The space of square-integrable functions in €.
Li.. ([0,00); R) The space of locally integrable functions on the interval [0, 4+00)

with values in R.



Introduction

In the past, our understanding of dynamic phenomena and changes in natural and engi-
neered systems has relied majorally on ordinary and partial differential equations, which
assume immediate responses to system perturbations. However, as scientific knowledge
increased and the need for more accurate and complex models grew, it became clear that
these simplifying assumptions were insufficient. The advances in scientific understanding
have led to the integration of new concepts, particularly delayed differential equations.
These can be defined as a type of differential equations that include delays or memory
effects in their formulations. They are generally represented as follows

Zt)=f(x@),z(t—71), 2t —Tn)),

with 7; being positive. The presence of the terms z (¢ — 7;) indicates that the state of the
system at time ¢ depends on its state at some previous times ¢t — 7;. Studies examining
delay feedback have shown that delays induce some instabilities [6, 13, 8, 3].

In this document, we discrete a part from the work of [7], namely, we are interested
in giving existence and stability results for the below problem

U'(t) = AU(t) + X", k() BU (t — 1) + F(U(t)), te (0,00),
BU (t — ;) = fi(t), te[—1*0], (1)
U(0) = Up.

where A is the infinitesimal generator of an exponentially stable semigroup {S()}:>¢ in
the Hilbert space H, The functions k; € LL_(R,,R), fori =1,...,nand Uy € H, f; €

loc

C([-7*,0];H),i=1,...,n are the initial data, for different settings

> Firstly, in the case linear problem with single constant delay, the function 7;(¢) be
constant and n = 1 where the nonlinear source term F' satisfies F' = 0.

> After that, we return to the system (1) with F' = 0.

> As last setting, we study the whole system (1) where the function F' satisfies same
conditions to be specified later.

For a constant delay feedback coefficient k, the decay results for the abstract model
(1) have been recently obtained in [9, 10] where the type of delay considered is constant.
They demonstrated when an appropriate smallness constraint on the time-delay feedback
is satisfied that, if the Cjy semigroup describing the linear part of the model is exponentially
stable then the entire system retains this property. We will show that this result of stability
can be extend in the case of feedback varying coefficient, the function k, moreover, in the



Introduction

case of multiple time-varying delay functions 7; and under suitable conditions on the source
term F. In order to establish the well-posedness result and the exponential stability of
solution, the theory of semigroups is used. The model (1) is very general where a quite
general class of delayed differential systems satisfying this abstract setting, for instance,
wave equations and Petrovesky equations with constant or time-varying delay with or
without source term, can be rewritten in this framework through a good definition of the
operator A, the functions k;, the operators B; and the nonlinear term F'.

This thesis is organized as follows.

In the first chapter, we collected some preliminaries, definitions, theorems, and other
auxiliary results used in this thesis. In addition, we presented a reminder of semigroups
and evolution equations with some of their solution methods.

The second chapter is devoted to studying the global existence and stability results
of linear and nonlinear general evolution systems with single or multiple delays. In this
chapter, we based on theory of semigroup and Gronwalls lemma.

We cited an abstract nonlinear evolution equation with multiple time varying delays
as an application where we verified that this example satisfying the assumptions of the
framework considered. This results treated in the third chapter.



Chapter 1

Preliminary

The first chapter is a reminder of some mathematical tools. We begin with some definitions
and fundamental properties of the theory of operators, which are useful for the future. In
addition, we have given some definitions of the spaces LP ;| Sobolev’s spaces and functional
spaces. They are followed by definitions and properties based on the strongly continuous
semigroups that are essential to know in order to study our problem. At the end of this
chapter, principal classical results in the nonlinear evolution equations have been stated.
The main works used are [1, 5, 11, 12].

1.1 Basic theory of functional Analysis

Definition 1.1 (Banach space). A normed vector space F is called a Banach space, if
every Cauchy sequence in E converges.

Definition 1.2 (Hilbert space). A Hilbert space is a complete inner product space X. In
particular, every Hilbert space is a Banach space with respect to the norm

lz|| = \/(x,x), Vo e X. (1.1)
Theorem 1.1 (Cauchy-Schwarz). If z,y € X, where X is an inner product space, then

| 9)| < llzllflyll

where the norm || - || is defined in (1.1).

Definition 1.3. Let X,Y be normed spaces with the same scalar field. A mapping T
from a subspace of X, called the domain of T" and denoted by D(T'), into Y is a linear
operator from X to Y if

Vo,B € K. Vo, y € X, T(ax + py) = aTz + pTy.

Definition 1.4. Let X and Y be two normed spaces on K. A linear operator A defined
from X to Y is a continuous operator in g € X, if

Ve>0,30>0: |z—xollx <0 = [A(x)— A(zo)|ly <e.

The space of all continuous linear operators from X to Y is denoted by L(X,Y).

>



Preliminary

Definition 1.5. A linear operator T is bounded if there exists a positive constant M,
such that
|Tz||y < M|z||x, Vze D(T).

Definition 1.6. A linear operator 7" from X to Y is called closed, if for every sequence
{z,} in D(T), we have that, if
r= lim z, and y= lim Tz,
n— o0 n—r00
exist, then, x € D(T) and Tz = y.

Theorem 1.2. Let X be a normed space and Y a Banach space, then, L(X,Y) is a
Banach space.

Definition 1.7. Let T € L(H) be a bounded linear operator on a Hilbert space H. There
exists a unique operator 7% € L(H) such that

(Tz,y) = (z, T"y), Vz,ye X.

The operator T* is called the adjoint of T'. A linear operator 1" in H is said to self-adjoint
if T is densely defined and T' = T™.

Proposition 1.1. Let H be a Hilbert space, S : H — H and T : H — H be bounded
linear operators and «, B € R any two scalars. We then have:

1. (S + pT)* = aS* + pT™,
2. (ST)" =T*S5%,

3. (T =T,

4T = 117,

5. |[TT*| =TT =TI

A an operator defined on a dense subspace D(A) C H and with values in H.

Definition 1.8 (Positive operator). Let A : D(A) — H be self-adjoint. Then, A is
positive if
(Az,z) >0, VzeD(A).

A is strictly positive if for some m > 0

(Az,2) = m|z||?, Vze€D(A).

Definition 1.9 (Square root of an operator). If A € L£(H) is positive, then there exists
a unique positive operator A%, called the square root of A, such as (A%) = A Moreover,

A? commutes with every operator that commutes with A.

6



Preliminary

1.1.1 Lebesgue spaces and Sobolev spaces

Definition 1.10. Let 2 be a non empty and open subset in R” and ¢ : 2 — R. As in
the one-dimensional case, the set supp ¢, defined by

supp = {r € Q;p(z) # 0},

is called the support of the function ¢. Let D(£2) be the set of C* functions from €2 to R
with compact supports included in . Let @ € N” be a multi-index, a = (a1, ag, ..., qy)

and ¢ € D(£2). We define
goatazttan

Otgp —
Dx {1 0xg? -+ - Qo

It is evident that D(€) is a vector space over R.

D

Definition 1.11. A distribution on D(£2), we mean a real-valued, linear continuous func-
tional defined on D(2). We denote by D’'(€2) the set of all distributions on D(). If
u € D'(Q) and ¢ € D(N) we denote (u, ¢) = u(yp).

Definition 1.12. the derivative of order « of the function u in the sense of distributions
over D(€) is the distribution D*u defined by

(D%u, ) = (1)l /QuDagodw.

for each ¢ € D(Q), where |a| = ay + as + - -+ + «, is the length of the multi-index a.

Definition 1.13. Let €2 be an open set of R”, equipped with the Lebesgue measure dz.
We denote by L(€) the space of integrable functions on  with values in R, it is provided

with the norm
lulle: = | fu(@)lda.

Let p € R with 1 < p < +o0, we define the space LP(2) by

LP(Q) = {f : Q — R, f measurable and /Q|f(:c)\pdx < —l—oo},

Jaller = (] |u<x>|pdx)‘l’ .

We also define the space L>()

equipped with norm

L) ={f: Q — R, f measurable, 3¢ > 0, so that |f(z)| < c a.e. on Q},
it will be equipped with the essential-sup norm
lu||p= = esssup|u(z)| = inf{c; |u(x)| < c a.e. on Q}.
e
We say that a function f : Q — R belongs to Li, . () if 1xf € LP(Q2) for any compact
K cQ.

Theorem 1.3. (Hélder’s inequality). Assume that f € LP and g € L? with 1 < p <
o0o. Then fg € L' and

[ 1591 < 1£lllly-

7



Preliminary

Definition 1.14. Let Q be an open set of R, and 1 <7 < n. A function u € L () has
an i weak derivative in Li _ () if there exists f; € LL_ (Q) such that for all ¢ € C5°(Q2)

loc
we have

| u@dipl@)ds = = | fi@)p(e)da.

This leads to say that the i derivative within the meaning of distributions of u belongs
to L. (), we write

ou
Definition 1.15. Let 2 be a bounded or unbounded open set of R”, and p e R, 1 < p <
+00, the space W1?(Q) is defined by

@-u

WhP(Q) = {u € LP(Q); such that d;u € LF(Q),1 <i<n},
where d;u is the i'" weak derivative of u € L. (). For 1 < p < 400 we define the space

Wy (Q) as being the closure of D(Q) in W?(Q), and we write

wi.p

Wy?(Q) = D(Q)

Definition 1.16. Let 2 be an open set of R, m > 2 integer number and p real number
such that 1 < p, we define the space W™P(Q2) as following

WmP(Q) = {u € LP(Q2), such that 0%u € LP(2),Va,|a] < m},

where o € N, |a] = ay + ... + «, the length of o and 0% = 07" ...0%" is the weak
derivative of a function u € Lj,.(Q) .
The space W™P(Q) is equipped with the norm

[ullwne = llulle + 32 0%l

0<|a|<m
For p = 2, the space W™?(Q) is noted H™(Q).

Proposition 1.2 (Poincaré’s inequality). Suppose I is a bounded interval. Then there
exists a constant C' (depending on |I| < oo ) such that

ullwroy < Cll|zoy  Yu € WoP(I).

In other words, on the space Wy, the quantity Hu’HL,,(I) is a norm equivalent to the
WYP norm.

1.1.2 The functional spaces

Definition 1.17. Let (X, ||.||) be a real Banach space. We define the space C'(0,7T; X)
by
C0,7;X)={f :(0,T) — X ; with f continuous }.

equipped with the norm

Hu”C(O,T;X) = tg%&gi] [Ju ()]l -



Preliminary

Definition 1.18. A function f:(0,7) — X is called strongly differentiable at ¢y € (0,7)
if there exists an element

df |1 df _
dt( 0) € X such that flgtl)Hh (f(t0+h)_f(t0)_cit(t0)> . = 0.
df . o
o (to) is called the strong derivative of f en t.

Definition 1.19. Let 0 <7 < oo and let (X, ||.||y) be a real Banach space. We denote
by D(0,T; X),the set of continuous functions with compact support in (0,7") with values
in X.

Definition 1.20. A function f : (0,7") — X be an integrable function if there exists a
sequence of functions (f,,)n, n € N belonging to D(0,7"; X) such that

n—oo

i [ 15 (9) = £ () ds =0,

Theorem 1.4 (Bochner). A measurable function f: (0,T) — X is integrable if and only
if the application t — || f(t)||x, which is defined from (0,T) into RT is integrable, in this

case ,we have
T T
| [ fsras < [ 17 @lxds

Definition 1.21. Let 1 < p < oo, The Lebesgue space LP(0,7T; X) is the set of classes
of measurable functions f : (0,7')X such that the application t — ||f (¢)||x belongs to
LP(X). The space LP(0,T; X) is a normed space equipped with the norm

HfHLp(OTX (/ || f(t) ”p dt)

For p = oo,

L>0,7;X)={f : (0,T) - X; measurableand 3C >0 : | f(t)]|y <C ae},
equipped with the norm

1l e rxy =E{C > 05 [[f(D)lx <C ae te(0,1)}.

Proposition 1.3.

1. L*(0,T; X) is a Banach space, for (1 < p < 00).

2. If X is a Hilbert space with inner product { ., . )x then, L*(0,T; X) is also a Hilbert

space with inner product

T
<UUL20TX / th
0

3. For1<q<r <o0, we have L"(0,T; X) — L%(0,T; X) with continuous injection.



Preliminary

Definition 1.22. Let u,w € L*(0,T; X). The function w is called the generalized deriva-
tive of order n of w on (0,7) if

/w) (t)u(t)dt = (-1)"/90@)@0(@ dt Yo eD(0,T;X).

Definition 1.23. The Sobolev space H'(0,T; X) is the space of functions u : (0,7) — X
such that

uwe L*(0,T;X) and o € L*(0,T;X).
The space H! (0,T; X) is a Banach space equipped with the norm

1/2
il oy = (Ul 2y + 11 2ory)

Given an integer m > 2,we define by recurrence the space
H™(0,T;X) = {ue H" ' (0,T;X); ' € H" ' (0,T; X)},

equipped with the norm

Hu”Hm(O,T;X) - ||uHL2(O,T;X) + Z]_ Hu(a) L2(0,T;X) :

0
Proposition 1.4. If f € LP(0,T;X) and a“: € LP(0,T; X)with (1 < p < ), So f is
continuous from [0, T] to X after a possible modification on a negligible set of (0,T).
Definition 1.24 (locally integrable function). A function u defined almost everywhere
on € is said to be locally integrable on Q provided v € L'(Q2) for every open U C Q. In
this case we write u € L ().

Lemma 1.1 (Gronwall’s Lemma). Let o > 0 and 8 € C(0,T;R) such that 5(t) > 0,
Vt € [0,T] . if u e C(0, T;R) is a function such that:

T
u(t) <« —i—/o B(s)u(s)ds, Yt e [0,T].
then, ;
u(t) < aelo s v e [0,T).

Definition 1.25 (Gateaux Differentiability). Let f : U — Y be a map, Let xy € U.The
function f is a Gateaux Differentiable function at z if

1. f is differentiable at ¢ in every direction v € U\{0}.

2. There exists a bounded linear map A € L£(X,Y) such that f'(zg,v) = A(v) for all
v element of X\{0}.

In this case, the map f’(z¢) is called the Gateaux differential of f at zy and is denoted
by D f (o) or fg (o).

In orther words, f is Gateaux differentiable at z if there exists a bounded linear map
A€ L(X,Y) such that:

lim f(xo+tv) — f(x0)

t—0 t

= A(v), Vve X\{0}.

10



Preliminary

1.2 Basic theory of semigroups

1.2.1 Uniformly continuous semigroups

Definition 1.26. Let X be a Banach space. A one parameter family {7'(¢)}, 0 <t < oo,
of bounded linear operators from X into X, is a semigroup of bounded linear operator on
X if

1. T(0) = I (I is the identity operator on X).

2. T(t+s)=T()T(s), for every t,s > 0 (the semigroup property).
Definition 1.27. A semigroup of bounded linear operators {7'(t)}+>0, is uniformly con-

tinuous if
lim ||T°(t) — I]| = 0.
t—0

if {T'(t)}+>0 is a uniformly continuous semigroup of bounded linear operators then
lim, [ T(s) = T(1)| = 0.
Definition 1.28. The linear operator A defined by

D(A) = {:U € X : lim Mf_x exists }

t—0
and T d*T
A = Jim LT =@ ATl poa,
t—0 t dt

=0
is the infinitesimal generator of the semigroup {7'(¢) };>0, D(A) is the domain of A.

Theorem 1.5. A linear operator A is the infinitesimal generator of a uniformly contin-
uwous semigroup if and only if A is a bounded linear operator.

Remark 1.1. a semigroup {7'(¢)}:;>o has a unique infinitesimal generator. If T'(t) is
uniformly continuous its infinitesimal generator is a bounded linear operator. On the
other hand, every bounded linear operator A is the infinitesimal generator of a uniformly
continuous semigroup {7'(¢)}s>0. Is this semigroup unique? This result is given by the
following theorem:

Theorem 1.6. Let {T'(t) }1>0 and {S(t) }i>0 be uniformly continuous semigroups of bounded
linear operators. If

then T(t) = S(t) , fort > 0.

Corollaire 1.1. Let {T'(t)}i>0 be a uniformly continuous semigroup of bounded linear
operators, then

a. There exists a constant w > 0 such that ||T(t)]| < e**.

b. There exists a unique bounded linear operator A such that T(t) = e*4.

c. The operator A in the part (b) is an infinitesimal generator of {T'(t)}i>0-

d. t — T(t) is differentiable in norm, and
dr(t
di) =AT(t) =T(t)A.

11



Preliminary

1.2.2 Strongly continuous semi-groups

In the following, we assume that A is a bounded linear operator of X in X.

Definition 1.29. A semigroup {7'(t)}+>0, of bounded linear operators on X is a strongly
continuous semigroup of bounded linear operators if

lim T(t)xr =z for every € X.

t—0

A strongly continuous semigroup of bounded linear operators on X will be called a semi-
group of class Cy or simply a Cjy semigroup.

Theorem 1.7. Let {T(t)}+>0 be a Cy semigroup. There exist constants w > 0 and M > 1
such that
|17 < Me**  for 0<t<oo0. (1.2)

Definition 1.30. The growth bound of the strongly continuous semigroup 7" is the num-
ber wy(T') defined by

) 1
wo(T) = inf ' log|[Tif|.
Clearly ,wo(T) € [—00,0).

Proposition 1.5. Let T be a strongly continuous semigroup on X, with growth bound
wo(T). Then

1. wo(T) = limy,o 1 log || T3],
2. For any w > wo(T) there exists an M, € [1,00) such that

||| < Mye**, Vte€[0,00).

3. The function ¢ : [0,00) x X — X defined by ¢(t,z) = Tyz is continuous .

Definition 1.31. Let{T'(t)};>0 be a strongly continuous semigroup on X, with growth
bound wy(7"). This semigroup is called exponentially stable if wy(7") < 0.

We give some properties on the Cy—semigroups.

Theorem 1.8. Let {T'(t)}+>0 be a Cy semigroup and let A be its infinitesimal generator.

Then
1. Forx e X,
o1 tth
}LILI(l) E/t T(s)xds =T(t)x.
2. Forx € X,

/01 T(s)xds € D(A) and A </OtT(s)xds> =T(t)x — .

12
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3. For x € D(A),

T(t)xr € D(A) and jtT(t)x = AT(t)x = T(t)Ax.

4. For x € D(A),

T(t)r — T(s)e = [ "T(r) Adr = / " AT (7)dr

Theorem 1.9. Let {T(t)}+>0 and {S(t) }i>0 be Coy semigroups of bounded linear operators
with infinitesimul generators A and B respectively. If A = B then ,

T(t)=S(t), forallt>D0.

Theorem 1.10. If A is the infinitesimal generator of a Cy semigroup {T(t)}i>o then,the
domain of A, D(A) is dense in X and A is a closed linear operator.

1.2.3 Hille-Yosida and Lumer-Phillips theorem

The focus of this paragraph is to provide an analysis of the Cy—semigroups of contractions,
which is commonly referred to as the Lumer Phillips theorem. To begin, it is necessary
to establish some preliminary information.

Definition 1.32. A one-parameter family {7'(¢)}:>o C £(X) is a contraction semigroup
on X provided
Tt) <1, Vt>0.

Definition 1.33. Let X be a Banach space and let X* be its dual. We denote the value
of x* € X* at x € X by (2*,x) or (z,2*). For every x € X we define the duality set
F(z) € X* by

F(z) = {x* (2" € X* and (2%,7) = ||z|* = Hx*||2}

Definition 1.34. A linear operator A is dissipative if for every x € D(A) there is a
x* € F(z) such that
Re (Az,z*) < 0.

Theorem 1.11. A lineair operator A in dissipatios if and only if
(AL — A)x|| > M|z|| forall x € D(A) and A > 0.

Theorem 1.12 (Hille-Yosida). A linear (unbounded) operator. A is the infinitesimal
generator of a Cy semigroup of contractions {T'(t) }+>0,t > 0if and only if

1. A is closed and D(A) = X.

2. The resolvent set p(A) of A contains Rt and for every A > 0,

IR A <

> =

13
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Theorem 1.13 (Lumer Phillips). Let A be a linear operator with dense domain D(A)in
X.

1. If A is dissipative and there is ahg > 0 such that the range, R (Aol — A), of Aol — A
is X, then A is the infinitesimal generator of a Cy semigroup of contractions on X.

2. If A is the infinitesimal generator of a Cy semigroup of contractions on X then
R(A — A) = X for all A > 0 and A is dissipative. Moreover, for every x € D(A)
and every z* € F(x),Re (Az,z*) <0.

1.3 Nonlinear Evolution Equations

1.3.1 The homogeneous Cauchy problem

Let X be a Banach space and let A be a linear operator from D(A) C X into X. Given
up € X the abstract Cauchy problem, with initial data wug, consists of find a solution u to
the following initial value problem

dt

W) — Au(t), t>0,
{ u(0) = up. (13)

We mean by a solution an X, valued function u such that u is continuous for t > 0,
continuously differentiable and u € D(A) for ¢ > 0 and (1.3) is satisfied.

Theorem 1.14. If A is the infinitesimal generator of a differentiable semigroup, then,
for every ug € X | the initial value problem (1.3) has a unique solution.

Proof. see ([11], Ch.4 ,P.104) O

1.3.2 The Inhomogeneous Cauchy problem

0 — Au(t) + f(t) t>0,
{ S (1.4)

where f:[0,T]— X.

We will assume throughout this section that A is the infinitesimal generator of a Cj
semigroup {7'(t)}+>0. Consequently the corresponding homogeneous equation, i.e., the
equation with f = 0, has a unique solution for every initial value ug € D(A).

Definition 1.35. A function w : [0,7[— X is a (classical) solution of(1.4) if
1. w is contimuous for [0, 7.
2. w is continuously differentiable function |0, 7.
3. u(t) € D, for t €]0, T and (1.4) is satisfied on [0, 7T7[.

Theorem 1.15. If f € L'(0,T; X), then for all x € X ,the initial value problem (1.4)
has at most one solution. If it has a solution , this solution is given by

u(t) = T(t)ug + /Ot T(t —s)f(s)ds.
14
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Proof. see ([11], Ch.4 ,P.106) O

Definition 1.36. Let A be the infinitesimal generator of a Cy semigroup {7'(¢)};+>0. Let
up € X and f € L*(0,T; X). The function u € C([0,T]; X) given by

u(t) = T(t)uo + [ Tl — ) f(s)ds, 0<t<T,

is the mild solution of the initial value problem (1.4) on [0,7] and the last estimate is
called Duhamel’s formula.

1.3.3 Nonlinear Evolution Equations

W 4 Au(t) = f(t,ul(t), t>to,
{ ud(to) Al (1.5)

where — A is the infinitesimal generator of a Cjy semigroup T'(t),t > 0, on a Banach space
X and f: [tg, T] x X — X is continuous in ¢ and satisfies a Lipschitz condition in u.

Remark 1.2. The initial value problem(1.5) does not necessarily have a solution of any
kind. However, if it has a classical or strong solution , shows that this solution u satisfies
the integral equation

¢
u(t) =T (t—to)uo+ | T(t—s)f(s,u(s))ds. (1.6)
to
Definition 1.37. A continuous solution u of the integral equation (1.6) will be called a
mild solution of the initial value problem (1.5).

We start with the following classical result which assures the existence and uniqueness
of mild solutions of (1.5) for Lipschitz continuous functiuns f.

Theorem 1.16. Let f : [to,T] x X — X be continuous in t on [to, T| and unifirrmly
Lipschitz continuous (with constant L) on X. If —A is the infinitesimul generator of a
Co semigroup T'(t),t > 0, on X then for every uy € X the Initidal value problem (1.5)has
a unique mild solution u € C ([ty,T] : X).

Theorem 1.17. Let f : [0,00 | xX — X be continuous int fort > 0 and locally Lipschitz
contimuuns in w, uniformly int on boumded intervals. If —A is the infinitesimal generutor
of a Cy semigroup T(t),t >0 on X then for every ug € X there is a tye, < 00 such that,
the initial value problem

u(0) = uy,

has a unique mild solution w on [0, tmax [ . Moreover, if tna.x < 00, then

I = 0.
i lu(?)]] = oo

Theorem 1.18. (Regularity). Let —A be the infinitesimal generator of a Cy semigroup
T(t),t >0 on X. If f: [to,T] x X — X is continuously differentiable from [ty,T] x X
into X then the mild solution of (1.5) with ug € D(A) is a classical solution of the initial
value problem.

15



Chapter 2

Existence and stability of abstract
linear and nonlinear evolution
systems with a single or multiple
delay term

This chapter investigates the global existence and the energy decay for abstract linear evo-
lution problems with delay terms. We started by considering a constant delay and ended
with a nonlinear version of the previous setting where multiple time-independent delays
replaced the constant delay. Based on semigroup theory, the existence and uniqueness
of the solution are established for both systems under specific conditions. Furthermore,
exponential stability results are derived directly by estimating the solution formula. The
analysis encompasses both the case of a single constant delay and time-varying delays. A
nonlinear model with a local Lipschitz condition on the nonlinearity is also considered.

2.1 Abstract linear evolution equation with a con-
stant delay

2.1.1 Setting of problem

Let H be a Hilbert space with inner product and norm denoted by (-,-) and || - ||, respec-
tively, A an operator from H into itself which generates a Cy-semi group exponentially
stable.

The objective of this section is to study the well-posedness and the exponential stability
results for the following abstract delayed evolution equation:

U(t)=AU(t)+ k(t)BU(t — ), Vt e (0,00),
(Py) : S U(0) = Uy,
BU(t — 1) = f(t), Vit e (0,7),

where 7 > 0 is a fixed delay parameter, k : [0,00) — R is a function belonging to
L. (0,00);R) and Uy € H, f € C(0,7; H) are the initial datums.

For getting the intended results, we assume the following assumptions:

16
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(Hy) A is the infinitesimal generator of an exponentially stable semigroup {S(t)}i>o in
the Hilbert space H which means

IM,w >0, [|SE)|leen < Me ™, Vt=0. (2.1)

(Hy) B: H — H is a continuous linear operator.

2.1.2 Well-posedness

The existence of the solution of the system (P;) is given by the following proposition

Proposition 2.1. Given Uy € H and a continuous function f : [0,7] — H, the problem
(Py) has a unique (weak) solution given by Duhamel’s formula, for all t > 0

zmw:sawygfk@w@—@BU@—ﬂ@. (2.2)

Proof. The desired result is to establish the existence and uniqueness of a continuous

solution U for the system (P;) on the entire time domain [0,400). We achieve this by

dividing the time domain into intervals of length 7 and analyzing each interval iteratively.
For the first interval [0, 7], we define

Gi(t) =k(t)BU(t — 1), te€]0,7],

to integrate the time delay and rewrite the system (P;) as a standard non-homogeneous
problem

{lww:Aww+GN% vt € (0,7), (2.3)

U(0) = U,

We have that G; € L'((0,7); H) since k € L}, .([0,00);R) and f € C([0,7]; H), by
Theorem 1.15, the system (2.3) admit a unique solution U € C([0,7]; H) on this interval
satisfying the Duhamel’s formula

U@:S@%+Ak@-ﬁg@@,w6mﬂ,

then, it gives
¢
U(t) = S0y + | k()S(t = 5)BU(s = 7)ds, Vit € [0,7]. (2.4)
0
Similarly, for the next interval |7, 27], setting

Go(t) = k(t)BU(t — 1),

where U(t — 1) for t € [r,27] is obtained from the first step. Therefore, the model (P;)
may also rewritten as inhomogeneous Cauchy problem in the interval [r,27]. We may
recast the model (P) as follows

{ U'(t)=AU(t) + Ga(t) in (1,27),

Ulr)=U (), (2:5)

with U (77) is a notation of the value of U in t = 7, it can be estimated from (2.4).

17
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By using a classical result of abstract Cauchy problems, there exist a unique continuous
solution U : [1,27| — H satisfying

Ut =56 - () + | B(s)S(t— $)BU(s — 7)ds, te 2. (26)

T

Combining the partial solutions (2.4) and (2.6), we construct a unique continuous solution
U :[0,27] — R satisfying the following formula of Duhamel

Ul(t) Uo—l—/ S(t—s)BU(s —1)ds, te€]0,27].

By repeating this process on subsequent intervals and extending the solutions, we
ultimately prove the existence and uniqueness of the desired solution U € C([0,00); H)
on the whole time domain given by (2.2). O

2.1.3 Exponential stability

In this subsection, we establish the exponential stability directly from the Duhamel’s
formula (2.2). This result is stated in the following theorem

Theorem 2.1. Assume that there exist two constants w' € (0,w) and v € R such that,
for everyt >0

t
MHBH@“T/ k(s + 7)|ds < v + W't. (2.7)
0

Then, there exists a positive constant M’ such that the solution decays exponentially, for
all t > 0, we have
U] < M'e= (@t (2.8)

Proof. According to Proposition 2.1, the system (P;) admit a unique solution given by

U(t) U0~|—/ S(t—s)BU(s—T)ds, teR,.

Passing by the norm, we get

1w :“S(t)UO+/()tk(s)S(t—s)BU(s—r)ds |

< IS ol + [ KIS ~ IBU(s = 7)ds,
s0, We obtain
@ <ISONITN+ [ IKEISE = IBUEs — 7)lds
+ [ IS = IIBUC = 7)]ds,
from the third equation in the system (P;) and by (Hs), we have
@ <ISOIIT+ [ KIS~ )1 (s)lds
+ [ RIS = BN = 7)lds.

18
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Thus, by using the fact that the semigroup {S(¢) }+>0 is exponentially stable, the inequality
(2.1), we arrive at

U@ <Me™" || Ts] +/0 [k(s)[Me“"2)|f(s)| ds

t
+/ [k(s)[Me= | B]|U(s — )| ds.

Then,
U] <Me™" [Tl + M [ k()| 0] £(5)] ds
t

+ MUBI| [ k(s)]etU(s = )] ds,

which is i
e Ul <MVl + M [ k(e |f(s)] ds
t
+ M|IB| [ Ik(s)|e*|U(s = 7)]| ds.

Therefore,

U < MUl + Me“”/g [k(s)[e“C7] f(s)|ds
t
+MHBH6°”/ [k(s)|e*CD U (s — 7)]|ds, (2.9)
Now, for all t > 0, we take

u(t) = e U@, o := M ||Us|| + Me*" /OT [k(s)[e““"D f(s)l|ds (2.10)

and
B(t) := M| B|le“T|k(t + 7). (2.11)

On the other hand, the last term in (2.9) be can estimate by making the following
change of variable = s — 7, it result

t—1
| kG4l U6) ds,

then,

M||B||e°”/0 k(s 4+ 7)[e“®||U(s)]||ds. (2.12)

By combining (2.9), (2.12), (2.10)and (2.11), we obtain

u(t) < o+ /OtTﬂ(s)u(s)ds, Vit >0,

Therefore, such as > 0 and u > 0,
t
ult) < a+ / B(s)u(s)ds, Vt> 0.
0
We apply Lemma 1.1, we get, for all t > 0

u(t) < aedo BEs,
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From the definition of u, we attain

U] < aeo PO= vt > 0,

Lastly, we found
U] < aelo 8Ost gy >, (2.13)

On the other hand, by (2.11) and(2.7), we acquire

¢ t

/ﬂ(s)ds—wt:/ M||B|le“T k(s + T)|ds — wt,

0 0
<y+ut—wt=vy—(w—-w)t.

Consequently, the inequality (2.13) becomes

(U@ < aeve= @Dt < M@t

Y

for all ¢ > 0 where M’ = ae”.
Hence, We obtain the exponential stability estimate of the solution of the system (Py).
Otherwise, the proof of the Theorem 2.1 is done. n
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2.2 Abstract linear evolution equation with multiple
time varying delays

2.2.1 Setting of problem

Let consider the following abstract evolution equation with multiple time dependent delays

U@zAWﬂ+i&@&U@—mm,vmz&w%

P\ Buw = r, vt € [—7,0],
U(0) = Us,

where

1. As previously, the operator A generates an exponentially stable semigroup {S(¢) }+>o
in a Hilbert space H.

2. Vi=1,...,n,7; be the time delayed functions with 7* will be defined later.
3. The functions k; : Ry — R are belonging to L. (R, R), fori=1,...,n.

4. Uye H, f; € C([-7*,0]; H),i=1,...,n are the initial data.
For studying the system (), we’ll need to make the next assumptions :

(H3) Yi=1,...,n,B; are continuous linear operator from H to itself.

(Hy) The time-varying delay functions 7; : Ry — (0,400),i = 1,...,n belonging to

Whe moreover, we suppose, for each i =1,...,n,

0<m7(t) <7, (2.14)
and

Ti(t) < e <1, (2.15)

for almost everywhere ¢ > 0 , with appropriate constants 7; and ¢;. Let give the
parameter 7* by

T = max {:(0)}, (2.16)
Remark 2.1. We get from (2.15) that

(t—7(t) =1—7/() >0, ae Vt>0, (2.17)

and therfore,
t—mi(t) > —71(0), Vt>0. (2.18)
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2.2.2 Well-posedness

For the existence and uniqueness result of solution in this case, we refer to the following
theorem

Theorem 2.2. Given Uy € H and continuous functions f; : [-7,0] - H,i =1,...,n,
the problem (P3) has a unique (weak) solution given by
t n
U(t) = S(t)Us + / S(t— ) S ki(s)BU (s — 7i(s)) ds, ¥t > 0. (2.19)
0

i=1
Proof. Let us firstly consider that for all i = 1,... n, the time delays functions 7;(t) are
bounded from below by positive constants 7;, which means

7i(t) > 1;, forevery ¢>0. (2.20)
Similarly to the the proof of Proposition (2.2), let us use the method of steps by considering
an interval of length 7,,, in which given as follow

Tiin := min {7;,i = 1,...,n} > 0. (2.21)

By (2.20) and(2.21) , we have

Tz(t) Z T; Z Tmin = 07 Vt Z 07
S0,

t—7i(t) <t—1; <t —Tmm Vt>0andi=1,... n.

Therefore, if t € [kTmin , (kK + 1)Timin |, Wwe've got

kTmin S t S (k + 1>7—min,
then,
t—7(t) < kTmm, Vi=1,...,n.

Let pass to the general case. For each fixed positive number 0 < e < 1, let define the
modified time delay functions 7¢(¢) by

Ti(t) =1(t)+e, t>0, i=1,...,n. (2.22)

(2

Moreover, we extend the initial data f; to continuous functions f; : [-7* — 1,0] — H with
the constant 7* given by (2.16). Now, we introduce the next model

U/(t) = AULt) + Zity k(1) BiU (¢ — (1)), ¥t € (0, 00),
BUAt) = fi(t), vt e [-7"—1,0], (2.23)
UE<O) — U().

This system has a unique and continuous solution Uc(-) € C([0, +00); H), since 7{(t) >

e > 0, for each t and i, and as f; are continuous functions. The solution satisfying the
following formula

n

Ui(t) = S0y + | "S(t— 8) S k() B (s — 7(s)) ds, (2.24)

i=1

22



Abstract linear and nonlinear evolution systems

forallt>0andi=1,... n.
Now, for €1,€2 < 1 and by using (2.24), we have

U, (t) = Ugy,(t) = [S(t)Uo + /Ot S(t—s) zn: ki(s)B;Ue, (s — 71 (s)) ds}

~[swwvo+ | St —s) iki(s)BiUQ (s T;Q(s))ds] |
= [t =) S hl8) B Ve (5 784() = Uiy (5 — 75%(s))] ds.
= [ St =9 S KB [ (5= 752 (5) = U o = 78 ()] s
+ [ S(t—ys) i ki(s)B; [Ue, (s — 7i1) — Ue, (s — 712(s))] ds,
= zn: S(t — s)ki(8)B; [Ue, (s — 151(8)) — Ug, (s — 711(5))] ds
3 [0 = sRAB Ve (5 = 787) — U (5 72(5))) s

Passing by the norm, we obtain

1Ue (1) = U, (D) <

+

Therefore, by (2.1), we arrive at

i /O S(t — $Yki() B U (5 — 75(5)) — Usy (5 — 76 (5))] dis

i/ot S(t — s)ki(s)B; [Ue, (s — 11*) — Ue, (s — 772(5))] ds|| .

1Ue, (1) = Us, ()] < /Ot Me =) z: [Fi($)[ | Bil [Uey (5 = 777 (5)) = Ue, (s = 777 (s))[ ds

n

t
[ M ) 1B U (5 = 70) = Uy (5 = 72(5))

i=1

Under the assumption (Hj), it result

U (1) = U0 < M (L + 1),
with . "
I = /0 e’ ; k() | Bill [[Ue, (s = 75 (5)) = Uey (s — 75 (s)) || ds
and

n t
I = Z/O e [ki()[ | Bill |Ue, (s = 7 (5)) = Uey (s — 772(5)) || ds.
i=1
Let firstly estimate I, for

oc=s5—7(s) and @i(s):=s5—1(s) =€ + o0,
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we have,

h-i[? wwﬂmm@3m+Mmeuw—%mijW

Using (2.15) and (2.22), we get

11<Z/

from (2.14) and as €¢; < 1, we achieve

ew (ti(s)+e€1)

e“lki (97" (0 + ) 1Bl |Ue, (0) = Uy (o) ds,

1—g¢

_7—61<t) (Tl-‘rl)
wo
Il < Z/ d 0 71 e

ki (071 (0 + )| IBill 1T (0) = Usy (o) ds,

— C;
Consequently,
n w(ﬂ-—&—l) oo .
Z/l1 e ki (7" (0 + ) [ Bl U (0) = Uua(0)]] s,
] <1(0 -G
which is

n 6w(77—i+1) t ws 1
hézl_QWWAeAﬂ%(HﬂDW%@—@ﬁmﬁ (2.27)

i=1

Secondly, let estimate I, we have
nooet
I = Z/O e ki | Bill |Ue, (s — 77 (5)) = Ue, (s — 7%(s)) || ds.
i=1

Since U, () € C (R, H), then it is locally uniformly continuous, for every z € R there
exists a neighbourhood ¥ C R, such that, for all £ > 0, there exists § > 0 such that

[rr — 2| <6 = (U (21) = Ug, (22)]| <é,
for all x1, 29 € ¥. Let take 1 = s — 77 (s) and 9 = s — 772(s), we obtain
Tr1 — X9 = Ti(S) + € — (TZ'(S) + 62) = €1 — €9.

Then, for a fixed T > 0, we deduce
noopt
L<> [elkl Bl eds, < C(T,e — ).
=170

So, we get the following estimate
[2 S C (T, €1 — 62) . (228)

Now, using (2.27) and (2.28) in (2.25), we conclude

n w 7'1—&—1
U () = Ul < MY T 1B [ e[

+ MC (T, €1 — 62) y (229)

(ot (s + e0) | 11U, (5) = Uss(s)]1 ds

24



Abstract linear and nonlinear evolution systems

Next, applying Lemma 1.1 for
u(t) = e Uy (t) = U], a=MC(T &1 — 6)

and

Bls)=MY

=1

1B

- k; (gpi_l (S+61)>’d8.

We find

(i +1)
=

U (t) = Uny (8)]]| < MO(T, & — e)eo 2=

IBille<* ki (; ' (s+e1))|ds

Therefore, we can confirm that for ¢ — 0 The functions U, converge locally uniformly
to a function U € C([0, +00); H) that satisfies 2.19 , and this concludes the proof.
O

2.2.3 Exponential stability

The next theorm proves that the solution of the problem (P,) is exponentially stable
under a suitable condition on the parameters of the system.

Theorem 2.3. Assume that there exist two constants w' € (0,w) and v € R such that,
forallt >0,

n eo.ﬂ_'i t
M BZ-/
>l

Hence, there exists a constant M' > 0 such that the solution of (Py) is exponentially
stable, 1.e.

k; (gpfl(s))‘ ds < v+ uW't, (2.30)

|U@®)]| < M'e=@=t v ¢ >0. (2.31)

Proof. From the formula of Duhamel, the estimate (2.19) and by(2.1), it follows

n

UO1 < IS0+ | {5t~ 3EB (- n(5) ds

i=1

Y

+ n
< Me™t | U +/ Mem“U=9 8" ki(s) B;U (s —Ti(S))’ ds,
0 i=1
t n
< Me ™ || Uy +/0 Me=9= 3 " ki(s) |1 BiU (s — 7i(s)) || ds.
=1

So, from (2.14), we deduce
noot
U@ < MUl + MZ/O e |ki(s)[ | B:U (s — 7))l ds,
i=1
no_ gt
< M||Uoll + MZ‘?M"'/ CT D [ki(s)] | BU (s — 7ils))ll ds.
i=1 0

Now, let consider the following change of variable

©i(s) :=s—m1(s) =0, (2.32)
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for every i = 1,--- ,n. Based on (2.15), we note that ¢; are invertible functions and we
get

t
/ GO |ki()] | BU (s — 7i(s))|| ds
0
t—7;(t) wo - do
= [ < ke @)|1BU@)

1 t—74(t) oo .
1—¢ /n-(o) " [k (97! (@)) [ 1B.U () ] do

IN

Otherwise,

IN

N Wi
U@ MW%wHWZg_ (/(0 |k (7 ) [IBU )]l ds.
i=1 T

C;
t—7i(t)
)

<M||U0||+MZ W; /0 e [ks (¢7())] 1 i) | ds

i v —7i(0)

WT; t—mi(t)
+ MZ / ews

11 —q¢

ki (97 ()| 1B:U (s yds>

ki (07'(9))| 1BU ()] ds,

oW
< M{|Uoll + MZ
i=1

WT; 0
/ ews
— 1 —¢; J-7(0)
M n ewTT t
+ / ews
; 1—c¢; Jo

Furthermore, for all t > 0, setting in the case

ki (07 ()| 1 fi(s)ll ds

i (71 9)) 1Bl 1U(s) | ds. (2.33)

u(t) = U],

(T e o))

and -
= MY ~— |k (¢7(5)) | IBi]
i=1 1

As a result, the inequality (2.33) takes the form

t
u(t) < « —i—/ B(s)u(s)ds, ¥t > 0.

0
From the inequality of Gronwall, see Lemma 1.1, we arrive at

u(t) < aedo B
for all ¢ > 0. So,
U @)]| < aelo =t yp > g,

Similar to the proof of Theorem 2.1 and by considering the condition (2.30), we establish
the exponential stability estimate of the solution in the case of multiple time-varying
delays functions. This completes the proof. O
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2.3 Nonlinear evolution equation with multiple time
varying delay

This section is devoted to establish the exponential stability results for a nonlinear model
with a multiple time-varying delays function as before.

2.3.1 Setting problem

Lastly, let consider the next system

U'(t) = AU(t) + Zn: k:(t)B;U (t — 7;(t)) + F(U(t)), te€(0,00),
<P3) : BiU<t—Ti>:fz‘(Zt_)7 t e [—T*,O},
As before, we keep that

1. {S(t)}+>0 is an exponentially stable semigroup in a Hilbert space H generated by
the operator A.

2. The delayed functions 7, € W (R+,Ri> Vi =1,...,n satisfy (2.14) and (2.15).
7* is defined in (2.16).

3. The functions k; : Ry — R are belonging to L. (R, R), fori=1,...,n.
4. Uye H, f; € C([-7",0]; H),i =1,...,n are the initial data.

In order to state the desired results, let suppose that the functional F' is locally Lips-
chitz

(Hs) F: H— H is a nonlinear locally Lipschitz function, i.e. for each positive constant
r, there exists a positive constant L(r) such that

1) = F(V)lla < LU =V, (2.34)

for all U,V € H with ||U||g < 7, ||V ||z < r, moreover, F(0) = 0.

2.3.2 Well posedness
The global existence and uniqueness of solution of system (P;) is given in the next result.
Theorem 2.4. Let assume that

1. There exist w' € (0,w) and v € R such that (2.30) is satisfied.

2. There exist p > 0 and C, > 0 with L (C,) < ‘”’7“/

Then, if Uy € H and f; € C ([—7*,0]; H), fori=1,...,n verify

no0
1Toll7 + Z/ Ras)] - i)l ds < 7, (2.35)
i=17""
then the problem (Ps) has a unique global solution U € C([0,400); H) satisfying
\U@)|| <C,, Vt>0. (2.36)
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Proof. Note that the system (P3) is a nonlinear inhomogeneous Cauchy problem, from
the previous results in the well-poseness of problem (P,) and by using the fact that F
is locally Lipschitz function, the system (P;) admit a unique local solution according to
Theorem 1.16. Under the condition (2.35), we get the global existence by applying the
similar method as in [2]. For more details, we will adopt this method in the applications

part, see 3

2.3.3 Exponential stability

[]

The decay result associated to the problem (P3) is ensuring by the following theorem:

Theorem 2.5. Under the assumptions of Theorem 2./, there exists a constant M > 0

such that the solution of (P3) satisfy the following estimate of decay
|U#)|| < Me~ @ =MLEE it > ),

Proof. Starting by Duhamel’s formula which given as follows

U(t) = S(¢ U0+/ t—s<;k VBiU (5 — 7i(s ))+F(u(s))>ds,

for all t > 0. Moreover, as previously, we have

t n
U@ < Me™" [Tl +M6_“’t/0 e > ki() |1 B:U (s — 7i(s)) ]| ds
=1

t
+ Mewt / || F(U(s))]|ds.
0
Thus, by (2.14), we get

UMl < MUl +M/ e S)Zlk‘ IHIBU (s = 7i(s)) || ds

=1
t
+ Met [ | P(U(s))l|ds,
0
Using the same change of variable,
©0i(s) :=s—T1(s) =0,

and repeating the same argument in the previous section, we arrive at

S e )] 1) ds

ks (97 ()) |1 Bill U ()l ds

U@ < M!\Uo||+MZ

t
+M21—cz/

4 Me vt /0 S| F(U(5)) | ds.

From (2.34) and by using the fact that F'(0) = 0 and since the solution satisfies (2.36),

we achieve

n ewﬂ 0
e NU@) < MU +MZ — «/T-(o) .

+M21—c,/

+ML(C,) [ U (s)]ds,

ki (27 ())| 1£i(s)ll ds

(@7 ) I1Bll U ()]s
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for all £ > 0. At this position, we set
u(t) = e|U()],

o = M|Us| + M 3~ 7" [k (167 ()| 1f(s)]] ds
=1

1

and n o
=3 7 [k ()| 1B
Consequently,
u(t) < a+ Ot S(s)uls)ds + ML(C,) | "u(s)ds, VE> 0.
So,

<a—|—/ s)+ ML (C,)] u(s)ds,

Applying Gronwall’s inequality, see Lemma 1.1, we conclude that

u(t) < aeloBE+MLC)ds,

Finally, by (2.30), we have
Ut)|| < Me™ W' =MLCE > ),
I

with M = ae?. As L(C,) < “’7‘“/, we conclude that the solution decays exponentially.
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Chapter 3

Application

In this chapter, we give an abstract semilinear evolution equation with multiple time
varying delays as an application that illustrate the results obtained.
Consider the following second-order evolution equation

n

u + Au+ CCu = VP (u) + Z ki(t)D; Diuy (t — 7i(t)) ,t € (0, 00), (3.1)
i=1
With (
U(O) = Ug, Ut 0) = uq, . .
{ DDz (t) = fiit), €T E=Len (32)
Where

1. A: D(A) — H a positive self adjoint operator with a compact inverse in a real
Hilbert space ‘H (we denote by ||.|[the norm in H ). Moreover, V' the domain of the
operator v A = A2,

2. Yi=1,...,n,W,; be real Hilbert spaces and C' : Wy — H, D; : H — W, are bounded
linear operators.

3. The functions k;, 7; and the constant 7* are defined as before.
4. The initial data (ug,us, f;) € V. x H x C([-7%,0]; H).
5. The estimates (2.21) and (2.20) are satisfied.

To ensure the well-posedness assumption and the exponential decay estimate of problem
(3.1), we consider the following assumptions:

(A1) The bounded linear operators C' : Wy — H and D; : H — W, satisfy

B
allully, < 1C ully, (3.3)
and
1D} ullyy, < dilul®, (3.4)
forall w € H and i = 1,...,l, with appropriate positive constants d; and a.
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(A2) Let ¥ : V — R be a functional having a Gateaux derivative D¥(u) in every u € V
such that

Vu e V,3e(u) e Ry : |DY(u)(v)] < c(u)|jv|, YveV. (3.5)

where DV (u) is the Gateaux derivative of the functional ¥ at w. Thus, ¥ can be
extended to the whole H and we denote by VW(u) the unique vector representing
DV¥(u) in the Riesz isomorphism, namely

(VU (u),v)y = DY (u)(v), YveH.
Moreover, for all r > 0, there exist L(r) > 0 such that
VP () = V()| < L(r) [ VA — ), (3.6)

for all u,v € V satisfying ||V Au| < r and ||V Av| < 7.

Furthermore, ¥(0) = 0, V¥(0) = 0, and there exists an increasing continuous func-
tion A such that, Vu € V,

IV ()| < A(|VAul) |V Au]. (3.7)

For U := (u,v)” where v = uy, the problem (3.1) can be rewritten as the system (P)

with operator A is given by
0 1
A= ( -A —-CC* ) ’

H =V xH,
While B;,©=1,...,n and F are defined as follows

The Hilbert space H by

B,U = (0,D;Div)"  and F(U) := (0, V¥(u))T.

Under the above assumptions on ¥, it implies that the function F satisfies(2.34) and
F(0) = 0. Moreover, the operator A generates an exponentially stable semigroup S(t):>o,
as shown in the next Lemma.

Lemma 3.1. The operator A is the infinitesimal generator of Cy-semigroup S(t)i>o on
H.

Proof. We will prove that the linear operator A is the infinitesimal generator of Cy-
semigroup S(t):>o on H based on the theorem of Lummer-Phillips.
Firstly, A is a dissipative operator. Indeed, for U = (u,v) € H, we got

A0 G, (Canced (D),
= (v,u)y + (=Au — CC*v,v),
= (VAv, VAu) — (VAV Au,v) — (C*v, C*v)
= —(C"v,C*v),
— — ||l < 0.
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Thus, we deduce that A is a dissipative operator.
Secondly, The operator A\ — A is surjective, for any A > 0. Indeed, for all ¢ =
(¢1,2)" € H, there exist U = (u,v)" € H such that

(M — A)U = .
This last is equivalent to
AU — v = 1,
{ A+ Au + CC*o = . (3.8)
from the first equation in the previous system, we have
v = Au— .
So,
A(Au— 1) + Au+ CC* (Au — 1) = pa,
Consequently,

N+ Au + AOC*u = oy + Apy + CC* 5.

For A = 1, we obtain

u+ Au+ CC*u = gy + 1 + CCT ¢y, (3.9)
for p € V., we got
<u+ Au+ CCu, ¢ >=< o+ 1 + CC*p1, 0 > . (3.10)
Thus, we put
a(u, ) =<u+ Au+ CC*u, ¢ >
and

b(g) =< 2+ 1+ CC*py1, 0 > .

Now, We prove that (3.10) is a continuous and coercive bilinear form.
First, we show that a is bilinear form, Va € R, Vuy, us € V, then

a(auy + ug, @) =< auy + us + A (quy + ug) + CC* (aug + ug) , ¢ >,
by the linearity of the inner product and the linearity of A and C'C*, we have
a < uy + Aup + CC*uy, ¢ > + < ug + Aug + CC*uy, ¢ >= aa (uq, @) + a (uz, @),
Moreover, Vo1, po € V', we have

a(u, apy + ¢2) =< (u+ Au + CC*u) , (ady + ¢2) >,
=a<u+A+CCu,¢1 >+ <u+ A+ CC* gy >,
= aa (’U/, ¢1) +a(u7¢2)7

So, a is bilinear form.
Secondly, a is continuous form, indeed

la(u, @)l = | < (u+Au+CC), ¢ > |,
< lu+ Au+ CCull [|4]I.
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Using the Holder inequality and as A and CC* are continuous operators, we get

la(u, )] < [lulllloll + [Aullllofl + ICC™u] o]l
< ([lull + (Al + lCC{[{lul)) |,
< Cllullol].
Now, we demonstrate that a is coercive,
a(u,u) =< u,u >+ < Au,u > + < CC*u,u >,
> [|V Au|? > [ful§-
Thus, by applying Lax-Milgram theorem, we conclude that (3.10) has a solution unique

u € V such that, the equation a(u, @) = b(¢) is verified, so, there exist U = (u,v)" € H
such that

(A — AU = .
Otherwise, the operator A is m-dissipative operator. Therefore, according to Theorem
1.13, A is an infinitesimal generator of a Cj semigroup S(¢);>0 on H. O]

Remark 3.1. A generates a Cy semigroup S(t);~o on H exponentially stable, for some
conditions on the damping operator CC*, we refer to [4], see also ([6], Ch. 5).

Now, let define the energy functional associated to problem (3.1) as follows, for all
t>0

1 1
E(t) =5 e * + fllx/7lu||2 — U(u)
1 n
5 2; 1—g¢ /t (1)

We will demonstrate that the problem (3.1) satisfies the well-posedness assumption
and the exponential decay estimate of Theorem 2.5 for small initial data under a suitable
condition between the constant a and the functions k; in (3.3). We need the next lemma.
Lemma 3.2. Assume that k;(t) = k! (t)+kZ(t) with k} € L'([0,+00)) and k} € L>(0,+00)
fori=1,...,n. Furthermore, assume that

2a 1— C;
2l < . 7
‘oo — ndl 2 — C;

ki (971(5)) | 1 D7 ue() 1y, ds. (3.11)

i=1,...,n (3.12)

Then, for any solution u of problem(3.1), defined on [0,T) for some T > 0, and satisfying
E(t) > 3 ug(t)||* for all t € [0,T), we have

E(t) < CE(0), Vtel0,T), (3.13)
with
o i (Rl (e @) o] s (3.14)
Proof. By differentiating the energy functional, we obtain
E(t) = {une ) + (Au, ) — (Vi(w), ) + il |6 (e ) 107012, -
33 O R (o =m0 107 (= ),
i=1 B
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for all t > 0. By using (3.1), we have

(uge + Au — Vp(u), ur) = < C’C*ut—i-Zk t)D; D} ut(t—TZ(t)),u>.

i=1
Thus,
E'(t) = [ Crut)llyy, +Zk ) (Djue (t = 7i(t)) , Diwi(t))
< —1 * 2
+;2( ki (7)) | ID7us(1) 11y,
" (T—T/(t _ *
_yn G ”)m@la—n@»wam@—nmma-
=1 2 )
According to (2.32), we deduce
E'(t) = —[[Cru®)llyy, +Zk )(Diug (t = 7i(t)) , Diui(t))
s u ks (07 )| ID7u (15,
i=1
" (17t .
-y =y <? D110 ¢~ )
i=1 Ci
By using the Cauchy-Schwarz’s and Young’s inequality, it result
\k;

A (s =m0, + 10701,

ikz(t) (Diug (t — 7i(t)), Diug(t)) < Z

( _1(t)>’+ |k‘,(t)|1 ||D;kut(t)||%/[/z

=1

32 (1-4 ;?>!HMDWG—EUW%-

=1

! * 1 -
B(t) < = ICu(t)ly, + 22[
.

By using (2.15), we get

332 (1 S ot oz e - oy, <o

Then,for all t > 0

2

b (o1 0) ol D7)

E'(t) < —[Cu®)ly, +;; [(1—1>

Using the definition of k; = k] + k2, we arrive at

B(0) < ~ICu®ly, + 53 (72 7 (07 0)] + [20)]) 1D,
53 (T2 8 (o)) + ] 1ol
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From (3.3) and (3.4), we attain

* 1 - 1 — *
~lICm Ol + 53 (1= 2 (¢ @)+ [ @] ID7w N,
9 1 n 2_Ci 2 % 2
< —allu(® +5 >0 T 2] _IDru ),
i=1 & o
" /—a 1 2—g¢
< (Z0p LA e ) £)|I2
<3 (3 s L) ol
Under the condition (3.12), we have
" /—a 1 2—g¢
L2 Y <o
S (o st L) o
As a result,
/ ]‘ - 1 1 —1 1 * 2
B0 <53 (1= |8 (¢ )]+ [ ®)]) 1071,
=1 1

k! (o7 )| +

100 b1

— |k (p71(9)) | +

kz}(@\) Jua(s) . ds,

From (3.15) and (3.11), we obtain

B(t) < E(0) + OtK(s)E(s)ds,

With

K=Y (1

S \l—a

k(o7 ®)| +

k}(t)\) .

Now, Gronwall’s inequality yields

E(t) < E(0)el K=,

(3.15)

This last implies (3.13) with C' defined in (3.14). The proof of Lemma 3.2 is now complete.

]

Proposition 3.1. Assume that k;(t) = k} (t)+k?(t),i = 1,...,n, where k} € L*(]0, +00))
and k? € L>(0,+00) with (3.12). Then, the system 5.1 satisfies the assumptions of well-

posedness result, Theorem 2.J.

Proof. Initially, we limit our scope to the period [0, Tyin|, Where 7., represents the con-
stant specified in equation (2.21). At this time, the model can be recast in abstract

form
{ Ut)y=AU@)+ >, ki(t)Gi(t) + F(U(t)) in (0,00),
U(0) = U,
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with G;(t) = (0, f; (t — 7(t))),i=1,...,n

Let use classical methods from nonlinear semigroup theory to prove the existence of
a unique mild solution defined on a maximal interval [0,d) where 0 < 7,;,. We aim to
demonstrate that with sufficiently small initial data, the solution extends globally and
adheres to a specific constraint. Although, this approach is inspired by [2], we encounter
additional challenges due to the time-varying nature of k;(-) resulting that the energy
function is not necessary decreasing. Firstly, we note that

h ||V Auo|) < ; then  E(0) > 0. (3.17)
This deduction stems from the assumption (3.7) concerning the function ¥, i.e.
W) < [ (s, wlds,
applying Cauchy-Schwarz, we have
wl < [ 1wl VAulds,

by (3.7), we get
W (u)|

IN

[ BV Asuly [V AsullvAulds,
H\/ZluHQ/O1 h(s||vV/Aul|) s ds.

As s <1 and h is increasing function, we have

VAl [ (Al 5 ds,
IVAulPh(IVAul) [ s ds.

IA

W (u)]

IN

IN

So,
()] < Sh(IVAul) VAl (318)

Now, from (3.11), we have

E0) = H )II* +*||\/7W( 0)[[* — @ (u(0))

¢(0
1 /
22 —¢; J—7:(0)

By (3.17) and(3.18), it results

ki (071 (9)) | 1D us(s) |3, ds.

E(0) > HulH + = 2 A - 111 |/
l " -1 * 2
+§; . /—nm) ki (971(9)) | 11D7a(5) 13, ds,
> énulnuiumuof
l
+ ; > /0 k; (g&i—l(s))‘ | D;ue(s) 3y, ds > 0.

= 1—ciJ-n0
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Let prove that if

1 1/2 f1/2 1
h ((|v/Auo||) < 5 and h (2C"2E2(0)) < 5 (3.19)
where C' is the constant defined in (3.14), then, we have
1 1
E(t) >3 Hut(t)H2 + IV Au(®)|?
1 _ .
X i [ e G @) D@ s, vic0.0). @20

Let us prove by contradiction, we consider the supremum r of all s € [0, ), such that
the equation (3.20) holds true, for all ¢ € [0, s]. We assume that r < . As a consequence
of continuity, we have

E(r) = *|IUt( )I? +*||\/_U( )|?

!
+§z 1]-_01/7” 7i(7)

Therefore, we infer from (3.21) and (3.13) that

i (01(9)| IDue(s) 5y, ds > 0, (3.21)

(VAP < B < CB(0),
IVAu()|* < 2(E(r)* < 2(CE(0))%,
using the fact that h is increasing, we’'ve got
M(IVAu)) < b (2B2()) < b (2072E2(0)) < ;
Using(3.18) in the definition of E(r), this gives

E(r) = fllut( )| +f||\/_ (MII? = T (u(r))
1< v
+221_CZ/T 7 (r)

=1

1
> 5 () + *H\/ZU(T)H?
1 l
+221—Cz/r 73 (1)

=1

ki (91(5))| - |1 Djue() 1y, ds,

ki (971(9))| 1107 (5) 1y, ds,

contradicting the maximality of . This implies r = §.
At this position, let define

1 (1
pi= st (3)- (3.22)

So, (3.19) is satisfied, for all ug € Vu; € H, f; € C ([—-7*,0],W;),i =1,...,n, satisfying

|VAu

s (7)) [ 1) 12, ds < o2,

—7;(0)
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Indeed, this condition implies H\/ZuoH < p and then, observing that C' > 1. Hence, we

conclude
n([VAu]) < mo) = b (507 (5)) < 5

Moreover, from (3.19), we get the estimate
3 2 1

B(0) < 7 |[VAu| + 3

1& 10 0

AP ey

-1 1— C; J—7;(0)

ki (97 ()) | 1 £i() 5y, ds < %,
(3.22) gives

h (2C"2E'2(0)) < h (2C"?p) < h (;gii ( —1(1/2))> = ;

We conclude that (3.19) holds, so(3.20) satisfied. Moreover,

1 1
0 <7 lue(O)1* + fII\/Zu(t)|I2
1 t
+ZZ 1—CZ/t 7i(t)

=1
E(t),
CE(0) < Cp*

ki (97 1(9)) | 11D7ua() 13, ds,

IAIA

for all ¢ € [0, 0].

By taking the solution at time ¢ = ¢ as initial datum, we can extend the solution
of problem (3.16). Follow the same argument as before, we may expand the solution to
include the entire interval [0, Ty |, and the solution satisfies

(VA (i ) !

) < B (2E"2 (1w )) < b (2C2EY2(0)) < 5

where the estimate (3.13) has been applied on the whole interval [0, 7]

Then on the second interval [Tiin, 27min}, after we obtain the solution U(-) on the
interval [0, Tyin], We may rephrase the problem (3.1) using G;(t) = (0, D;D;uy (t — 7;(t)))
to put it in the abstract form (3.16). Note that.

for ¢ € [Tmin, 2Tmin] it results ¢ — 7;(t) < Twin) -

To obtain a global solution satisfying (3.13) , we can repeat the same deduction on earh
interval of length 7,y . O
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Conclusion

This work has presented a systematic analysis of linear and nonlinear abstract, delayed
evolution models. The solution’s global existence and exponential decay estimates have
been established in the case of a single constant delay and multiple time-varying delay
functions based on classical results in the theory of semigroups of nonlinear evolution
equations and undersome conditions on the initial datum. Duhamel’s formula and Gron-
wall’s inequality have played a main role in both results. Moreover, the same results of
existence and stability have been established for a nonlinear abstract, delayed system by
considering a nonlinear source term satisfying some condition of Lipschitz.

Through careful proofs and theoretical setting, we have highlighted the importance of
understanding the relation between system parameters, time delays, and feedback coeffi-
cients in ensuring stability and decay properties.

By giving a second-order abstract semilinear evolution equation with multiple time-
varying delays, we have illustrated the comprehensive analysis presented in this work,
in other words, the decay results of energy together with delayed effects in equations of
evolution.
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Existence and stability for abstract linear and nonlinear evolution problems

with single or multiple delay terms
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