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Abstract

This thesis deals with some existence of Random solutions and the Ulam stability for a class
of Katugampola Random fractional differential equations in Banach spaces with delay. We use
the Random fixed point theorem for the existence of Random solutions, and we prove that our
problem is generalized Ulam-Hyers-Rassias stable. An illustrative example is presented .

Keywords: differential equation, Katugampola fractional integral, Katugampola fractional

derivative, Random solution, Banach space, Ulam stability, fixed point,delay.

Résumé

Ce mémoire traite de I'existence de solutions aléatoire leur ou sens et de la stabilité de Ulam
pour une classe d’équations différentielles fractionnaires avec dérivé de Katugampola avec retard
dans des espaces de Banach. on utilise le théoréme de point fixe pour I'existence de solutions
aléatoire , et nous prouvons que notre probléme est d’Ulam-Hyers-Rassias généralement stable.
Un exemple illustratif est présenté .

Mot clé: équation différentielle, Intégrale fractionnaire de katugampola,dérivé fractionnaire de

Katugampola, solution aléatoire ,espace banach,Ulam stabilité, point fixe jretard.
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INTRODUCTION

The history of fractional calculus dates back to the 17th century. So many mathematicians
define the most used fractional derivatives, Riemann-Liouville in 1832, Hadamard in 1891 and
Caputo in 1997 [24, 27, 31] . Fractional calculus plays a very important role in several fields
such as physics, chemical technology, economics, biology; see |2, 24| and the references therein.
In 2011, Katugampola introduced a derivative that is a generalization of the Riemann-Liouville
fractional operators and the fractional integral of Hadamard in a single form [21, 22, 29].

Historically, differential equations went through the beginning of development From analysis,
generally when mechanical problems or Engineering from [2, 9, 24].

Classical theory of mathematical modeling of transformation Physics is the assumption that
the future behavior of a system can be summed up, In the inevitable framework, by its present
alone, without relying on its development frontal. This assumption leads to modeling in the
form of fractional differential equations. But there are many cases where this theory is true It
is put in a state of deficiency, after which it is necessary to take into account other phenomena,
This then increases the complexity of the system analysis. Among these reasons is the phe-
nomenon of delay or heredity that characterizes the effect That the condition of the operation
is exercised on its current behavior. Thus, fractional differential equations with delays can
no longer be To be written mathematically in the form of a fractional differential, But it is

described by genetic equations that becomes its theoretical dimension No final.

Fractional differential equations arise late in the formulation many dynamic phenomena in
which some effects are not immediate, But it intervenes with a delay, in other words when
the situation is at a certain moment a function of his past. It can be found in many areas of
application, particularly in economics, Physics, medicine, biology, [8] The importance of being
late Or such a model may be different: the time of gestation in biology, the time of driving

reaction, the incubation period of an infectious disease, accumulation time. Thus, we find in
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the theory of these fractional differential equations with a delay from|[8, 14, 28]

In this thesis we will focus on fractional differential equations With a delay and more
accurately the results The solutions are unique. These results are based on the fixed point
theory and the concept of Ulam-Hyers-Rassias stability [5, 6, 7, 11, 16, 17, 19, 20, 26, 28, 30]

The memory is organized as follows :

In the first chapter, we will present some preliminary notions about fractional calculation
about fractional calculus (the Gamma function, the Beta function the derivatives and the
fractional integrals of Caputo, Rimmann- Liouville ,Hadamard,Katugampola).

In the second chapter, we analyzed the article on dynamics and stability of Katugam-
pola stochastic fractional differential Equations which is investigating the following class of

Katugampola random fractional differential equation see [10]

PDu (t,w) = h (t,u (t,w),w), t € T =10,T],

with the terminal condition

u(T,w) = ur (w).

where ng is Katugampola operator of order ( with 0 < (<land p>0,T >0, 27:Q+— FE
is a measurable function , h : I x C x € — FE is a measurable function , and 2 is the sample

space in a probability space, and (E, ||.||) is a Banach space.

In the third chapter, we study the existence and uniqueness of solutions for fractional

differential equations with finite delay

PDu (t,w) = h (t,u (t,w),w), t € 1=10,T],

and

u(t,w) =g (tw), te[—a,0].

where pDé is Katugampola operator of order ( with0 < (<landp>0,T >0, g:[—a,0] x
2 — E is a measurable continuous function in [—a, 0] e is the delay « >0, h: I XCo X Q — E
is a measurable function , Cr = C¢, ([—«, T, E) the Banach space defined on [—c«, T'| and 2 is

the sample space in a probability space, and (F, ||.||) is a Banach space.

w=u(t+7), T € [~a,0].




CHAPTER 1

PRELIMINARIES

1.1 Functional spaces

By C (I) := C(I,E) we denote the Banach space of all continuous functions x : I — E with

the norm

[2llcc = super [2(E)]

and L'(I; E) denotes the Banach space of measurable function z : I — E with are Bochner

integrable, equipped with the norm

el = / 2(6)) d.

Let C = C¢, (I) be the weighted space of continuous functions defined by

Coo(I)={x:1-E &2 eC(I)},

With the norm

lzlle = supee, €74 (€)]|oc.

Also Let C, = C ([—a; 0]) be the weighted space of continuous functions

with the norm

lglle. = sup g (7) ],

TE[—a;0]
and

|z-llc. = sup |z (T +o)].
c€[—a;0]
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Consider Cr = C¢, ([—«,T], E) the Banach space defined on [—a, T] with the norm

zller = llzlle + llzflca-

1.2 Special Functions

1.2.1 Gamma function

The Euler Gamma function is an extension of the factorial function to real numbers and is
considered the most important Eulerian function used in fractional calculus because it appears

in almost every fractional integral and derivative definitions.

Definition 1.2.1 [25]
+oo
['(2):= / e ' dt, 2 > 0.
0

For positive integer values n, the Gamma function becomes I'(n) = (n — 1)! and thus can be
seen as an extension of the factorial function to real values. An important property of the

gamma function is that it satisfies I'(z + 1) = 2I'(2) a > 0.

Example 1.2.1 (Some particular values of T' (z) )

1.
1 Heo 1
r (5) = / e 'tadt, let t =2, dt = 2ydy
0
+o0
0
o0 )
= 2 e Ydy
0
_ VT
2
N
2.

!
—~

—_
~—

I

—+o0
/ ettt
0

= [—e_t}(o)o =1.
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1.2.2 Beta Function

Definition 1.2.2 [25]: The Beta function, or the first order Euler function, can be defined
as

1
B (m,n) = / t" 1 =) dt,n > 0,m > 0. (1.1)
0

Proposition 1.2.1 [25]:
We use the following formula which expresses the beta function in terms of the gamma function

.Vn>0,m>0

e (1)

B(m,n) = B(n,m) (1.2)
* (2)
B(m,n) = % (1.3)

Proof.Property (1):

we have B (m,n) = fol "1 =) tdt ,n>0,m>0.
Using the change of variable t =1 — = , we get
B(m,n) = fol(l —z)™ 1" ldt = B(n,m).

Property (2):

Letting :
+oo
[(s1) = / v e d, (1.4)
0

and and

400
D)= [ ooy (15)
0

From (1.4) and (1.5), we have

+oo “+oo
[ (s1)T (s2) :/ xsl_le_xdx,/ y*2 e Vdy
0 0

Let’ s put

r =u? — dr = 2udu,

y = v* = dy = 2vdv.
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We have

+oo +oo
[(s1)T (s2) = / u231_26_“22udu./ 0¥ %" 2udu
0 0

+o0 9 +o0 )
= 4/ usi—le du./ ¥ e dy
0 0
+oo +o0o ) )
= 4/ (/ p252lemv dv) ur e du
0 0
+o0 +o0 9 9
= 4/ / ¥ e 2 e udu
0 0
+oo +oo 9, o
— 4/ / U23271u281716—<u —+v )dUdU
0 0

Using the followmg change of variable

v =1cos(
= dvdu = rdadr
u = rsin (
So :

+oo
[(s))T(s2) = 4/ / 2271 cos ()22 21 sin (@) e rdadr
0 0

+
/ / R T (04)252_15111 (oz)QSl_ldozdr
0

+oo
o)t 2511 Lo 2
/ (/ cos ()™ " sin ()™ da) pREITRS22e T e
0 0

+oo 5
259—1 . 251 -1
/ / p2ot2ea=2, Tdr/ cos (@)™ sin (@)™ da
0 0 0

jus

+o0 5
_ 255-1 . 2511
/ pRsitse=2omr 2rdr2/ cos (@)™ sin (@)™ da
0

us
+OO )’ o2l 2 2 2551 2s1-1
1 — so—1 . s1—
/ " 2rdr.2/ cos ()™ sin ()™ da
0 0

I
W
8

I
W

I
IS

Let’ s
r? =u = 2rdr = du, we have :
+oo 3
/ w2 ey du. 2/ cos (a)** ' sin (@)*' ' da
0 0
I (s1+ s2) .2 /2 cos (a)** " sin (a)* 7 da
0
Thus :
[ (s1)T (s2) /’2’ 259—2 . 251 -2 .
—_—— = cos (a)*? “sin (a)“** " “ 2 cos (a) sin (o) da
T (51 1 52) i () () () sin ()
Let’ s

u = (sin (a))® = du = 2sin (@) cos (o) dowe obtain |
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F (51) F (82) _ /1 uslfl (1 o u)sz—l du
[ (s1+ s2) 0
Consequently
F(Sl)F(SQ) /1 -1 so—1
,S9) = —————5 = 171 —u)” " du.
B (s1,52) T (51 + 52) i wT (1 —u) u
|

1.3 Elements From Fractional Calculus Theory
In this section, we recall some definitions of fractional integral and fractional differential oper-

ators that include all we use throughout this theme

1.3.1 The Riemann-Liouville

Definition 1.3.1 [2]: The Riemann-Liouville fractional integral operator of the function he
L1(I; E) of order ¢ €Ryis defined by

RL[Ch(t) = Fi/t (t — 5)° h(s)ds. (1.6)

Example 1.3.1 [2/]: Let a >0, and b > —1 . Then

ro+1) ja+h

]‘(ltb —
0 Ila+b+1)

Lemma 1.3.1 [2/]: The following basic properties of the Riemann-Liouville integrals hold :

1. The integral operator I§ is linear.

2. The semigroup property of the fractional integration operator 1§ is given by the following

result

I§ (Igh (1)) = I§™°h (t) ,a,b > 0, (1.7)
holds at every point if f € C([0,T]) and holds almost every where if f € L' ([0,T]),

3. Commutativity

1§ (Ioh (t)) = 15 (I§h () ,a,b > 0,

Definition 1.3.2 [2]: The Riemann-Liouville fractional derivative of order ¢ € R, is defined

by
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RLDSh(t) = ﬁ (d%)n/; (t— )" 'h(s)ds, = (%)n [ f(1)] . (1.8)

Example 1.3.2 [24, 25]:
Leta>0,8>—1and f(t) = (t —a)’ then

(I8 f) () = % (t—a)a>08> -1, (1.9)
(*EDef) () = % (t—a)’“a>00>—1. (1.10)

This because

(FEIg) = ﬁ / (t—s)""" (t —a)’ ds.

Performing the change of variable
t=a+7(t—a),0<7<1. (1.11)

So (1.7) becomes
)+

("F1g) = - ™ ; (aoé) /017"3 (1—7)*"dr.

By using (1.1) and the property (1.3) we have
+1,a)
RLpa) _ B(B+1, PREACAY
( a ) F (Oé) ( (I)
r 1
(6 + ) (t . CL)CH-ﬁ )
'+a+1)
In particular if 5 = 0 and o > 0 then the fractional The Riemann-Liouville derivative of a

constant is generally null indeed , we have

C

(" D3C) (t) = Ti—a)

(t—a) “a>0.

It was necessary to establish the following result.

Proposition 1.3.1 [2/, 25] Let m > a > m — 1 and then

BLpeft)y=0 = ft)=) ¢ (t—a)™ 7, Vep..c, €R.(1.12)

Particular if 1 > o > 0 then

Blparty=0 =ft)=clt—a)", VYeeR.




9 Chapter 1. Preliminaries

Proposition 1.3.2 [24, 25]:

The Riemann -liouville derivation operator has the following properties boast :

1. It is linear operator.

2. lim (®Dgf) = fm=Y and lim (**D2f) = fom.

a—m—1 a—m

3. BLDaJo — .

1.3.2 Caputo fractional derivative

Definition 1.3.3 [2/]:
Let « € l|m —1,m[ and f € C™ ([a,b]) we call the derivative of f in the sense of caputo the
function defined is defined by

(‘Daf) () = (I af(m)(t
= / )Pt f M) (1) da. (1.13)

Lemma 1.3.2 [2/]:

the Riemann derivative and the caputo derivative are related by the formula

@ (t—
D)) = DS [f OB %] ,
you can also write
c o _ (RL N« = f(J) (t - a)jia
(‘Dgf) () = ("“Dgf) (”_;m' (1.14)

Proof.we have by definition

(DN W = (rf) 0 = () o
- () memem

~

dt
d\" e = fY (a) (x — a)’
= (a) I, [f (t) — i ]
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Example 1.3.3 [2/]:

We deduce that if f™ =0 for j = 0.1.2..m — 1, we have °D% =RY D concerning the derivative

B

of function t — (t — «)” , we have

o = e |(4) a-o
_ RLpmea (1“ IB+1) )) (t— a)’™

B+1—m

- (F (Fﬁ(f f—l)m)>RL e

_ F+1-m) , s
N F(ﬁ+1—a)<t )

— (“D2f) (1) = Eggi—izi (t—a)’. (1.15)

The derivative of a constant function in the caputo sense is zero , according to (77)
cpeC =t 1" (0) = 0. (1.16)

Proposition 1.3.3 [25]:

Let a € |m —1,m[ and f € C™ ([a,b]) We have
1 oDz MU f] = 1.
2. <D [FEISf] = 0 then f(t) = Y77 ¢; (t — a)’.
9. Iy D1 (1) = F (1) + X7 SS9 (a).

4. If0< a and B <1 with o+ B <1 and of class C*

(D2 o° DF) f = D2 = (°DP o° D2) f.

1.3.3 The Hadamard fractional

Definition 1.3.4 [3/ The Hadamard fractional integral of order C is defined as

t ¢—1 s
(ISh) (t) = %0/1 (log é) h(s) d?’ ¢>0. (1.17)

provided that the left-hand side is well defined for almost every t € (0,T')

Example 1.3.4 [3]:

10
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Let f be the function defuned by :
g1
f(t)zlog a 7/B>_17
t 1 t t T\ dt
*log’ (=) = = [ log®' [ =) 1log” (=) —.
©8 (a) F(a)/a ©8 (7’) ©8 (a) T

log(7) — log(a)
log(t) — log(a)

I%log? (2) = ﬁ /01 {bg ( ) — zlog <2>]a_lxlog5 (2) log (2) dx

(1—2)* '2Pd

we have :

By the change of variable x = and beta function it follows that

t

)
)B(a,ﬁJrl)
)—

QI+ 2|+ |+

fora =1 and 8 =1 we obtain I'log (ﬁ) = @logQ (2) = 4 log? (z):

If a = %, we have

Proposition 1.3.4 [3]:
let f,g € C([a,b]) fora >0, (>0 and A,B € R we have

1A (MIFF) (6) =1 17 (IR f) (8) =" IgOf (t)
2. "IY[Af () + By (1)) = AMIZf () + B I3g (t)

Definition 1.3.5 /3]

The Hadamard fractional derivative of order a is defined as
d\" ;.. .
eomw = (%) G (1.18)

= ¢ td n/t lo ! n_a_lf()dsd eN‘n—-1l<a<nt>
= F(n—a) 7 ’ gS S r s, n ,n a < n, a.

Such as § = t%.
provided that the left-hand side is well defined for almost every t € (0.T).

11
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Example 1.3.5 [2/]:
We consider the function defined by

¢ B
f:t—)(log—) ,
a

We have

B n t n—a—1 B
t 1 d t t ds
Do (log—) = = (t— / log — log—) —d
“<Oga) F(n—a)(dt a &% ) T

By change of variable x = iZié, we obtain
B d t\n—ath g
t (t) (log ) —an
H o _ dt s B n—a—1
D2 | log — = 1— d
a<oga) T(n—a) /Ou( ) u

Ifwetakeﬁ:g,azlthen

lfwetakeﬁz(),oz:gthen

0 1 1

1 t r(1) d t)2
Hpz (log =) = ——~2 _(+=) (log-
(Oga> F(%—H)(dt %8

Is not nulle.

Proposition 1.3.5 [2/] Let « < 3 <0 .If f € C (|a,b]) then :
"Dy ("I7f) () =TI ().

In particular if « = 8 then
1Dy (MITf) () = f (1)

12
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1.3.4 The Katugampola fractional

Definition 1.3.6 /2] The Katugampola fractional integrals of order (¢ > 0) is defined by

1-¢ gt gp—1
PISh (1) = 16(()/0 = SP>1_Ch(s) ds, (1.19)

for p>0.

Definition 1.3.7 [2] The Katugampola fractional derivative of order ({ > 0) is defined by

*DSh (1) = (tl_”%)n <”I§ h) (1)

pC—n+1 - d n t Sp_l , ]
T Th-Q\ @ PPV =S | 1.20
F (n - C) ( dt> \/0 (tp _ 8p>c—n+1 (S) S, ( )
for p >0, provided that the left-hand side is well defined for almost every t € (0,T).

We present in the following theorem some properties of Katugampola fractional integrals and

derivatives.

Example 1.3.6 [22] We find the generalized derivative of the function f (x) = x¥ wherev € R
. The formula (1.20) yields

ppogt — — P (gL /x—tp_l tdt (1.21)
T TA—a) \" dr) ), @) ‘

To evaluate the inner integral, use the substitution u = ;—Z to obtain (du = %tl_adu v = u%w”)

r e vhpllma) 1 %
/ L P / Y
o (2P —1°) p o (1—wu)

vtp(l—a)
L (),
P P

where [ (.,.) is the Beta function. Thus, we obtain,

v a—1
F(l—l—;)p
F(1+g—a)

Theorem 1.3.1 [21, 22]: Let 0 < Re(¢) <1 and 0 < Re(n) <1 and p >0, fora>0:

:Cvfa.p’

PDSxY =

o [ndex property
("D5) ("Dih) (t) = DF*"h(1),

13
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(PI8) (PI2h) (1) =" IS (1),
e Linearity property
?D5 (h+g) (t) =" Dsh (t) +" D5g (1),
PIs (h+g) (1) =" Ith (8) + I (t) .
Proof.:

e Using Fubinis Theorem, for "sufficiently good” function h, we have

1-¢ gt "

) e 0 = o | e o)
_ pe tsc—l p_ gp)SL P Sxp (el — 2PV V1 () dueds
N F@Ll (t" =) rmyé ( )" h(z) ded

(s —aP)" " ds.

Let (s —2°) = u (t* — a”) , we get psP~lds = (t” — z*) du then

t
/ p(tP — ) (" — aP)" 5PN ds

1
/ W (P — )T (P — 2P) du
0
1
/ (t" — :Up)c_l uCut (1 — x”)n_l (t" — x”) du
0

(" — 2" B (¢,m)

(tp . mp)(—l-n—l I (C) I (77)

Te¥n (1.23)

according to the known formulae for the beta function Substituting (1.23) into (1.22), we

obtain

pl—C—n

("15) CIIh) () =

pl—C—n

T ) [ h@)a @ )

¢+n—1 r (C) I (77) d
"T(¢C+n)

Pl

= PISTTR (1),

e The results follow from direct integration and derivatives

14



15 Chapter 1. Preliminaries
for katugampola fractional integral of order ¢ € R, defined by (1.19), we obtain
1-¢ gt g1
IS (h+g) = L / h+g) (s)ds
0( g) F(C) 0 (tp_8p>]__<( g)( )
1—-¢ gt p—1 1-¢  pt p—1
P 8 P S
= h(s)ds+ / s)ds
F0 ) O T e
= PISh(t)+" I5g (t).
for katugampola fractional derivatives of order ¢ € R, defined by (1.20), we get
pDC _ 1fpd ! P76
fhvg) = (#72) (B (+9)®)
d\" d\"
= (tr— (Pﬁh) )+ [t — (PIC ) t
(1) Crin) 0+ (125 ) (o)
= PISh(t)+" Isg (t) .
=

Theorem 1.3.2 [10, 21, 22]:
Let p be a complex number, Re(p) > 0,n = [Re(p)] and p > 0: Then, fort > a,

1.
liny (“Igh)():ﬁ/a (t—s) " h(s)ds (1.24)
’ lim (PISh) = g !) his 1.25
iy (59) = o [ (log2) 9 (1.25)
3. .
tiny (D50 = =g () [ -9 s (1.20
/.
i (D) — — (1N [ (0e ) hs) ©as
}HO( DSh) T =0 (tdt) / (1 gs) h(s) td (1.27)

Proof.The equations (1.24) and (1.26) follow from taking limits when p — 1, while (3.2) follows

from the L’Hospital rule by noticing that

im A O L b t im p—1 (tp_sp)c_l
%mo/a (7 — ) F(O/a Aoy (s) s p s
1 t it ¢t ds
- o) (z) he)
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The proof of (1.27)

(—n+l d\" [* h(s)s"? 1 d\" [*
. p 1— . 1— -1
lim 2 (el B T h(s) s
plgcl)f‘(n—o ( dt) /a (tp_gp)c_”“ ['(n—() plg(l)( dt) /a ()

-
Remark 1.3.1 :[10]

1. lim ("ISh) = ("MISh) (t).

p—1

2. lim ("ISh) = (MISh) (1)

p—0

3. lim ("D5h) = ("FD$h) (t).

p—1

4. lim ("DSh) = ("ISh) (t).

p—0

Lemma 1.3.3 [10]:
Let 0 < ¢ < 1. The fractional equation (ngv) (t) =0, , has as solution

v (t) = ctPC Y, (1.28)
with ¢ € R.
Lemma 1.3.4 [10]:
Let 0 < ¢ < 1. Then
a5 (PDgh) (t) = h(t) + ct?CD. (1.29)

Proof.
Let n=1 and #I§h (t) = (t'7724)" IS R (t), we have

d

H—r

15 ("D§r) i) 157 Dm0

) (F (E_j 1) /ot (te S_:,lo)c (pDéh (S)) ds)
tlp%> (F(Zj 1) /Ot (17 S_psl)_c Kslf’%) (1374;1) (8)} ds)
) (F(g—_jl) /Ot (1" — 5°)° [% (11-<1) (5)1 ds)
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Notice here that the integral is evaluated by

g=(t" —s") =g = —p(s"7H(tP — ),
d
I 1-¢ _ 71=¢
f=— <IO h)(s)—>f I

Then

Hence , we get

I — tPC—1)
/ Tt = ") I h(s) ds
LI

() o
—h(t).

d
_[2 - <t1 pd—)

Finally, we obtain

oIS (PDéh) (t) = h (t) + ct? D,

Definition 1.3.8 [10]:

By a random solution of problem (3.1) and (??) we mean a measurable function z (w,.) € Cr

which satisfies (3.1) and (?7).

Lemma 1.3.5 [3, 25] :

Let T Q2 x E— E be a mapping such that T (.,v) is measurable for allv C E, and T(w,. ) is

continuous for all w € Q0 Then the map (w,v) — T(w,v) is jointly measurable.

Definition 1.3.9 [10]:

A function h : I x E x Q — FE is called random Carathéodory if the following conditions are

satisfied:

17



18 Chapter 1. Preliminaries

o The map (s,w) — h(s,z,w) is jointly measurable for all x € E , and

e The map x — h(s,x,w) is continuous for almost all s € I and w € €.
Lete > 0 and ¢ : Q2 x I — R be a jointly measurable function. We consider the following

mequality

PD§x (s,w) — h (s, (s, w) ,w)H < ¢(s,w),forsel and w e (1.30)

Definition 1.3.10 [//:
The problem (3.1) and (?7?) is generalized Ulam-Hyers-Rassias stable with respect to ¢ if there

exists cp.y > 0 such that for each solution x (.,w) € Cr of the inequality (1.30) there exists
y (., w) € Cr satisfies and (3.1) and (?7?) with

Ht"(l_ox (t,w) — t?1Oy (t7w>H < chg (tw), tel,we. (1.31)

Theorem 1.3.3 [18] :
Let X be a nonempty, closed convex bounded subset of the separable Banach space E and let
G:Qx X — X be a compact and continuous random operator. Then the random equation

G (w)u = u has a random solution.

1.4 Topics of functional analysis

[13]
Let E, F be two Banach spaces, and let C'(E, F') be the space of all continuous functions
f:E—F.

Definition 1.4.1 Let M be a subset of C(E, F).

1. M s said to be equicontinuous in u € E if for any € > 0, there exists n > 0 such that :
| f(u) = f(v) [[r<e,
and this for all f € Mand for all v € E verifying :
[u—vle<n.

2. We say that M is equicontinuous on E, if M is equicontinuous in any u € E. In particular,

18



19 Chapter 1. Preliminaries

if E=la,b] and F =R. M € C(E,F) is said to be equicontinuous on E if and only if :

Ve >0,dn > 0,Vf € M,Vx,y € [a,b] : |z —y| <n=| f(z) — fly) |<e.

Definition 1.4.2 Let M be a subset of C(E, F). We say that M is uniformly bounded, if there

exists a constant C' > 0 such that :

|fll<C VYfeM.

Theorem 1 Let M be a part of C([a,b]) equipped with the uniforme convergence norm. M is

relatively compact in C([a,b]) if and only if M is equicontinuous and uniformely bounded.

Definition 1.4.3 Let A: E — F be an operator. We say that :
- A is compact if the image by A of any bounded of E s relatively compact in F.

- A is said to be completely continuous if it is continuous and compact.

Theorem 2 (Arzela-Ascoli theorem)

Let E be a compact Banach space and F any Banach space. A part M of C(E, F) is rela-
tively compact if and only if:
1. M 1is equicontinuous on E.

2. For any x € E, the space M (x) defined by :

M(z) = {f(x)/f € M}

18 relatively compact in F.

19



CHAPTER 2

DYNAMICS AND STABILITY FOR KATUGAMPOLA

RANDOM FRACTIONAL DIFFERENTTIAL EQUATIONS

In the article of Dynamics and stability for Katugampola random fractional differential equa-
tions we investigate the following class of Katugampola random fractional differential equation
see[10]

(ﬂDgu (t,w)) — h(t,u (t,w),w), t eI =[0,T], (2.1)

with the terminal condition

u(T,w) = ur (w), (2.2)

where ng is Katugampola operator of order ( with 0 < (<land p>0,T >0, 27:Q+— FE
is a measurable function , A : I x C x Q +— F is a measurable function , and €2 is the sample

space in a probability space, and (E, ||.||) is a Banach space.

2.1 Preliminaries of article

Lemma 2.1.1 [10] The problem

p ¢ _ o
(Do(t)> h(t),tel:=1[0,T], 0

u(T) = urp,

20
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has the following solution

B plfC t gP—1 B r(C=1) plfC T gp—1 s — u
U(t)_r(c>/0 (tp—Sp)l_Ch(S>d8 Tp(c—l) <F(C)/0 (TP—SP)I_Ch( )d T)

(2.4)
Proof.Solving the equation we use lemma (1.28),(1.29)
5 (#D§ () = u(®) + OPED = Sh ()
u(t) = I$h (t) — Ot
we get
w(t) =P ISh(t) — CtPeY
From the condition, we get
w(T) =" ISh (T) — CTPC™D = uyp
o PISh (T) — urp
Tr(¢-1)
hence, we obtain (2.3) m
Definition 2.1.1 [10]:
By a random solution of problem (2.1) and (2.2) we mean a measurable function
z(w,.) € C¢p (I) which satisfies (2.1) and (2.2)
Lemma 2.1.2 u is a random solution (2.1) and (2.2) , if and only if it satisfies
1-¢ t p—1
p s -
x(t,w) = h(s)ds — C (w) "¢V, 2.5
bo=fg | e @ - Cw 25)

where

_ 1 Pt s z,w)ds — zr (w
C(w)_Tp(C—l) (F(Q/o (TP—sP)l_CMT’ w)d v )>'

Lemma 2.1.3 [3, 25] :
Let T Q) x E'— E be a mapping such that T (.,v) is measurable for allv C E, and T(w,. ) is

continuous for all w € Q0 Then the map (w,v) — T(w,v) is jointly measurable.

Definition 2.1.2 [/]:
The problem (2.1) and (2.2) is generalized Ulam-Hyers-Rassias stable with respect to ¢ if there

21
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exists cp.y > 0 such that for each solution x (.,w) € Cr of the inequality (1.30) there exists
y (., w) € Cr satisfies and (2.1) and (2.2) with

Htp(l’ox (t,w) — Py (t,w)|| < cnod (t,w), tel,weQ. (2.6)

2.2 Existence and Ulam stability results
We shall make use of the following hypothese
e (H) the function h : I x C — E is a random Caratheodory function .

e (H;) There exist measurable and essentially bounded functions.

l; : Q— C(I);i=1,2 such that
“h (t,l’, w) || < ll (tv w) + l2 (t’ w) tp(l_r)“xHCa’
for all z € C and t € I with

[ (w) =supl; (t,w);i=1,2, we.

tel

Theorem 2.2.1 [If (Hy) and (Hs) hold , and

pchp

TerD 1)15 (w) < 1, (2.7)

then there ezists a random solution for (2.1) and (2.2) .

Proof.Let N : C x {2 — C be the operator defined by

1-¢ Sp—l
(Nz) (t,w) = 16(0 /0 o Sp)l—ch (s, 24 (5,w0) ,w) — C (w) t"C~Y), (2.8)

and

IC ()| + £ (w)
I -

£ 1 (w) R (w)

R (w) > : w € Q. (2.9)

and define the ball
Br=B(0,R(w)) :={z €C|z|c < R(w)}.

22
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differential equations

For any w € Q) , € By and each t € [ and we have

1—=¢p(1=¢)  pt gP—1
"INz (¢, w < ||C(w)|| + P /
I ( ) (tw) || < (C ()] + || QO Jo e

IN

I'(¢) — sP)
pl—CTp(l—C) t gp—1p(1-C)
* r'(¢) /0 (tr — sp)' ¢
plfCTp(lfC) T |
< ¢ (w)ll + NARRT, 7 (w)

B s, (5 0) ) ds|
1=¢p(1=¢)  rt p—1
p s
IC (w)] + | et () las

15091, (3, w) x (5, w) ||ds

1x 1=Cp(1=¢)  rt p—1
+ 2 (w)p / i sP1=g (s, w) ||ds
o (tr

__SP)I_CH

(<)

—C¢p —C¢Tp

<€ () + Pyt )+ gt ) e (5. 0) e
—¢¢p —¢¢p

<€ ()l + gyt )+ s () R(w

< R(w).

Thus

[N (w) 2| < R (w).

Hence

N (w) (Br) C Bgr We shall prove that N : Q x Br +— By satisfies the assumptions of

Theorem

e stepl. N (w) is a random operator

From (H;) the map w +— h(t, z;, w) is measurable and further the integral is a limit of a

finite sum of measurable functions therefore the map

pl—C t Sp—l
w—> h(s,x,w)ds,
F(C)/O (tp_sp)lfc ( )

is measurable.

e step2. N (w) is continuous.

Consider the sequence (), such that z, - u e C.
Set
v, (t,w) = (Nzy,) (t,w) and v (t,w) = (Nz) (t,w).
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Then
[t/ Dy, (8, w) — 70D (w) |

plfCTp(lfC) t gp—1
< | [ G 0 @ (o) ) = o () ) s

I'(¢) — )¢
pl=<Tr=¢)  rt sP—1
= ') /(; (tp_sp)kg’l (h(s,(z), (s,w),w)—h(s,z(s,w),w))|ds.

By (H;) we obtain
Htp(l_C)Un (taw) - tp(l—C)v (ta w) HC — 0 asn — oo.

Consequently , N (w) : Br C Bg is continuous .

e Step 3. N (w) By is is equicontinuous .

e Case2. For 0 <t; <t, <T

#5079 (Na) (1, w) — 149 (Na) (1, w)|
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differential equations

IA

IN

IN

IN

e / R h(s,a(s,w),w)d
S, x(s,w),w s
I (C) 0 (ts _ Sp>1*C
1-¢ p(l_C) t1 p—1
p ot S
F(C) /0v (tl{_sp)lfch<3;x(8,w),"lU) ds
17( p(l_g) t1 pfl
Pty / S
h(s,z(s,w),w)ds
L) Jo (th—s0) ¢ (s, 2 (s,w) ,w)
1_C p(l_C) to p—l
Pty S
F(C) /t; (tg_8p>1,<h(8,:c(8,w),w) ds
1-¢ p(1-¢) t1 p—1
p tl S
I'(¢) /0 (tp_sp)l_gh(&x(s,w),w) ds
17(Tp(1,() t2 P*l
P s
) / @< (s (50wl ds
t1 9 —
1-¢ p(17C) t1 p—1
p t2 / S
h S, r\s,w),w ds
r (C) 0 (ts _ Sp)lfC ( ( ) )
1-¢ p(17<) t1 p—1
p ot S
F(z) /0 (tp_Sp)lfch(Sax<3,/LU),'LU) ds
17{Tp(1,<) tg pfl
P S
r'(¢) / (18 — sp)' ¢ 1A (s, 2 (s,w),w)| ds
t1 9 —
1-¢  rt p(1=C) p—1 p(1=C) p—1
14 128 s ¢ s
_ h S, r(S,w),w ds
I'(¢) /0 ((tg - Sp)lfC (t? — SP)IC> 1A ( ( ), w)|
(t — 1)° p(1—C) (7% .
Tl W)+ () R w)
A (— (th — 1) + tg’C) _ pp1-0ypc
T(C+1)ps (I* (w) + I (w) R (w))

1- -
th— 15070 (1 = 1) — 4+ TP (2f — 19)°
F(C+1)p

(1 (w) + 15 (w) R (w))

—0 ;as i1 — to.

Arzela-Ascoli theorem implies that N : 2 x Br — Bp is continuous and compact. Hence; from

Theorem (1.3.3) we deduce the existence of random solution to problem m

2.2.1 Ulam stability results

- Now, we prove a result concerning the generalized Ulam-Hyers-Rassias stability of (2.1) and

(2.2) .

We introduce the following additional hypotheses:

e (Hj) For any w € Q ,®(t,.) C L' (0,00) and there exists a measurable and essentially
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bounded function q : Q +— C (I, [0, o0)) such that

(L4 Nl =yl 1k ¢,z (8, w) ,w) = h(ty (tw),w) | < q(tw) 6 (tw) 0 |z —y].

e (H,) There exists Ay, > 0 such that
PISo (t,w) < N (t,w) .

Remark 2.2.1 : Hypothesis (Hs) implies (Hs) with

I (t,w) = h(t,0,w) , Iy (t,w) =q(t,w) o (t,w) .
Set

¢* (w) = S;lelgcb(t,w) ;" (w) Zilel?Q(t,w) ,wEN .

Theorem 2.2.2 If (Hy) , (H3) (Hy)

and
p,c TP

hold. Then the problem (2.1) and (2.2) has random solutions defined on I and and it is gener-

alized Ulam- Hyers-Rassias stable.

Proof.:

From (H;) , (H3) and Remark (2.2.1) ; the problem (2.1) and (2.2) has at least one random

solution y. Then, we have

,OI_C t Sp—l
y(t,w) = / h(s,ys(s,w),w)ds.
o (tr—

Assume x be a random solution (1.30)

(=0 p1=C 1 g
0= (¢, w) — / h(s,z,(s,w),w)ds — C (w) ¢V
070 1) = e b [ ) ) s € ) #60)

< Tr1=0) <PIg¢> (t,w).
From hypotheses (H3) and (Hy) , we have

[t (8, w) — t#14y (¢, w) |
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(1) LA S h ds + C
< ||tV (t,w) — s, Y (s,w),w)ds + w
< W)~ [T e s w) w)ds + 0 w))
e [ s (s.) w)ds — O )
+ s,x(s,w),w)ds — w
r'(¢) o (tr—sp)' ¢
[ ks, ) s+ C )|
— S, y(s,w),w)ds + w
(<) o (tr—sp)'7¢ Y
< 1079 (7159 (t,w)
1=¢p(1=¢) pt p—1
p s
+ h(s,z(s,w),w)—h(s,y(s,w),w)|ds
FO ), Gl e ) )~ (5w )]
< 7r1=9 (p]g¢> (t, w)
1=Cp(1=¢)  pt p—1 _
P / S * p(1-C) ||£L’ y”
+ —q" (w) ¢ (s,w) s —————ds
FQ o ot WO
< TN (tw) + TN (1 w) " (w)
Thus, we get

[0 (t,w) — /Py (Lw) | < (1+ TP (w) TPU9N6 (8, w)

= cpd (t,w).

Hence, problem (2.1) and (2.2) is generalized Ulam-Hyers-Rassias stable.
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CHAPTER 3

DYNAMICS AND STABILITY FOR KATUGAMPOLA
RANDOM FRACTIONAL DIFFERENTIAL EQUATIONS WITH
DELAY

In this chapter we change Equation (2.1) and (2.2) in the article( Dynamics and stability for

Katugampola random fractional differential equations ) with the delay and we use [1, 12, 15, 23]

3.1 Position of the problem

we consider the following initial value problem :

PDSu (t, w) = Up, W) , =V, 1],
Dgu (t,w) = h(t, ) tel=[0,T] (3.1)
u(t,w) =g (t,w), te|[—a,0],

where in this section ng is Katugampola operator of order ¢ with 0 < ( <1 and p > 0g is a
measurable continuous function in [—a, 0] « is the delay o > 0 h is a measurable function in

) , LT = -, ) -, :
0,7, Cr = C¢, ([—a, T, E) the Banach space defined on [—«, T

u (w) =u(t+ 7,w).

Proposition 3.1.1 Let ¢ € [0,1] and g : Q X [—a,0] — E is is a continuous function with
g (0) = 0.Then the problem

has a solution defined by
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w(t) =" I$h(tw), tel=][0,T],

(3.3)
u(t)=g(t), t € [—a,0],
Proof.Solving the equation
("Dfu) () = nitow)
We get
w(t) = PISh(t,u) — ct?C
1-¢ t p—1
P S _
u(t) = h(s,ug)ds — ct?¢™Y
) F(C)/o (tr — sp)' ¢ (5,10
From the condition, we get ¢=0
hence, we obtain (3.3) .
|
3.2 Main results
3.2.1 Existence of solution
Lemma 3.2.1 u is a random solution of (3.1) if and only if it satisfies
1-¢ ot sP—1
u(t,w) = &5 fy wrimrch (s, (s,w) s w)ds,  te I =1(0,T], 5

u(t,w) =g (t,w), te[-a,0],
We shall make use of the following hypothese

e (H;) the function h : I x C, — &£ is a random Caratheodory function.

e (H,) There exist measurable and essentially bounded functions [; : Q — C (E), i = 1,2
such that
“h (tv T, w) H <h (ta U)) + o (ta U)) tp(liT)”IHCou

for all x € C, and ¢t € I with

[7 (w) =supl; (t,w);i=1,2, we.
tel
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Theorem 3.2.1 [f (Hy) and (Hs) hold , and

p_CTp

mlé (w) <1,

then there ezists a random solution for (3.1) .

Proof.Let N : Cr x 2 — Cr be the operator defined by

1-¢ rt gP—1
%(C) fO (tp_zp)l’gh (5,25 (5,w) , w), tel=10,1],

(Nz) (t,w) :=

g(t,w), tedJ=[-a,0,

and

2T 1 ()
R(w) > sy - (w) w € €,

T £l (w) R(w)

Where
Br = B(0,R(w)) :={z € Cr||zllc, < R(w)}.

e casel:

For any w € Q , x € Bg and each t € [—«, 0], we have

[ (Nz) (&, w) || < llg (& w) | < llg (w) [le < llg (w) lle; < R (w).

e case2: For any w € ), x € Bg and each t € I |, we have

(3.7)

1=¢p(1=¢)  rt gP—1
"INz (¢, w < |12 / h(s,zs(s,w),w)ds
1-0N) ()| < 1 [ e (o o))
1=¢p(1=¢) pt p—1
P S
< Iy (s,w) ||ds
1=Cpp(1=¢)  rt gp—1p(1=()
P 5 (1)
+ sP o (s,w) s (s,w) ||ds
FO ), Gl s we G w]
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1-¢p(1-C) T¢p
S
L) <p
15 (w) pr=eTr=<) /t sP—1 .
+ #0=0 (5. w) ||ds
I'(¢) 0 (tr — Sp)l—c I ( )|
—<Tp ¢
P P
L S— R L
< reani O re @ kGl
—STee YL
14 . p .
< £ - ] L2
- I'(C+1) 1 (w) + T(C+1) 5 (w) R (w)
< R(w).

Thus
N (w)z]| < R(w)

Hence N (w) (Bgr) C Bg. We shall prove that N : Qx By — Bpg. satisfies the assumptions
of Theorem (1.3.3)

e stepl. N (w) is a random operator

— casel For each t € [—a, 0], we have the map w — ¢(¢,w) is measurable.

— case2 For each t € I, we have from H; the map w — h(t,z;, w) is measurable and
further the integral is a limit of a finite sum of measurable functions therefore the

map

is measurable.
e step2. N (w) is continuous.

— Casel: each t € [—a,0], g (t) continuous then N (w) is continuous

— Case2 : each t € I, Consider the sequence (), such that z, - u e Cr.
Set v, (t,w) = (Nzy,) (t,w) and v (t,w) = (Nz) (t,w).
Then
Ht”(l’ovn (t,w) — P(1=0)y (t,w) ||

plfCTp(lfC) t gP—1
< | A(ﬂ ( (s, (), (5, w), w) — B (5,2, (5,0) ,w)) ds]

I (C) — SP)I_C
pl—CTp(l—C) t s
< Erg | el (o ) ) = o () ) s,

By (H1), we obtain
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[P0, (¢, w) — P10 (t,w) [le, — 0 as n — oo,
Consequently , N (w) : Br C Bpg is continuous .
e Step 3. N (w) Bg is is equicontinuous .

— Casel. For —a <t; <ty <0, we have
| (Nz) (t1,w) — (Nz) (t2,w) || =[lg (t1,w) — g (t2,w) | =0 ast; — Lo
— Case2. For 0 <t <ty <T, we have

6079 (Va) (12, w) = #1079 (N2) (11, 0)|

p g / v h (s, s (s,w) ,w) ds
T TO ke
- ﬁ?g;olh@f:;CM&%@”mwws
< ﬁ?ﬁjolh@jz;<ﬂa%®”mwws
+ ﬁig;olb@jz;Ch@wA&m”wﬁ
- #;ijoéhmj;;*M&%“”mwws
< Trg ), g e vl
N pl‘;tg;O /0# ; j::)l_ch(s’xs (s,w) ,w)ds
- ﬁﬁi;oéhwiz;*M&%“mmwms
< %fg_@/t;rz#Hh(s,xs(s,w%wmdzs

¢ gt [0 0 o
P / ty s t s
h(s,zs(s,w),w)| ds

I'(¢) Jo ((tg — 5/))1—( (tf _ Sp)l—c) [12( ( ), w)]|

(th —t9)°
F(¢+1)p
1— 1—
L(C+1)p
1— _
ty— 150 (th — 1) — 1 + T700 (1 — 19)¢
L(¢C+1)ps

IA

PO (15 (w) + I (w) R (w))

(7 (w) + 15 (w) R (w))

IN

(i (w) + 15 (w) R (w)) .
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—0ast; — 1y

Arzela-Ascoli theorem implies that N : Q x Br — Bp is continuous and compact. Hence; from

Theorem (1.3.3) we deduce the existence of random solution to problem m

3.2.2 Ulam stability results

- Now, we prove a result concerning the generalized Ulam-Hyers-Rassias stability of (3.1) . We

introduce the following additional hypotheses:

e (H3) For any w € Q ,®(t,.) C L' (0,00) and there exists a measurable and essentially
bounded function q : Q +— C (I, [0, o0)). such that

L+l =y lIp (2 (tw)  w) = bty (tw),w) || < gt w) et w) |z —y]|

e (H,) There exists Ay > 0 such that

PISH (t,w) < Ao (t,w) .

Remark 3.2.1 : Hypothesis (Hs) implies (Hs) with

I (t,w) = h(t,0,w) , Iy (t,w) = q(t,w) o (t,w) .
Set

¢* (w) = §2§¢(t,w) ;¢ (w) Zilel?q(t,w) ,we .

Theorem 3.2.2 [f (Hy) , (H3) (Hy)

and
p_CTp

NI 1, (3.8)

hold. Then the problem (3.1) has random solutions defined on I and J, and it is generalized

Ulam- Hyers-Rassias stable.
Proof.:
e Casel t € [—a,0], g is unique (obvious)

e Case2 From (H;) , (H3) and Remark (3.2.1) ; the problem (3.1) has at least one random

solution y. Then, we have

—’Ol_c t s s s,w),w)ds
vt = £ sy )
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Assume x be a random solution of (1.30)

100 (¢, ) ”“CMIC/‘ (s, (5, w), w) ds]
M (tw) — s, Ts(S,w),w)ds
IN(9! 0 (tp—sp)l_C

< 7P1=9 <p[g¢> (t,w).
From hypotheses (H3) and (Hy) , we have

[t707 O (¢, w) — t*E Oy (t,w) |

00 ) — s ) ) ]
< [tV (t,w) — S, Ys (S, w),w)ds
- CQ) Jo sy ¢ 7
1-Cp(1=¢)  pt p—1
p St / 5
+ h(s,xs(s,w),w)ds
I )y o )
1-C4p(1-¢) p—1
p St / S
— h(s,ys(s,w),w)ds
& (ﬂ_ reh (o (sw) )
< Tr(1=C) <9[4¢)
1 CTp
" / (5,4 (5,10) ) — b (5,5, (5,) ,w) [|ds
tP—sP
< Tr(1=C) (p]C )
n ICTHC(/ " (w) 6 (s, w) 10 1T el
w) ¢ (s,w)s — 7 _ds
L —|lzs — ysll
< TNt > sz(1 <>A¢¢<t w) ¢ (w).
Thus, we get

14709 (8, w) — 20Oy (tw) | < (14T () TN (1, w)

= Cpet (t,w).

Hence, problem (3.1) is generalized Ulam-Hyers-Rassias stable.
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3.3 An example

Consider the Katugampola random fractional differential equation with delay of the form

¢ _ P09 exp(—t)|u —
<pDOu(t)>_(9+eprt)%’ te[—[(),l], 0<<<1,

(3.9)
u(t) =g (t) = 2201 te|—a,0].

Let us take, ( = 3,p = 1, o a non negative constant . u; () = (6 +¢), for —a < ¢ <0 and
0<t<1. Set
P(1=C) exp(—t)u
f (8 1) = Gramad= for (t,2) € [0,1] x [0, 400).
We have

And f is a measurable,continous function.

Now, we can see that

B _ trexp(—t)|w|  trexp(—t) |yl
Fta) =T 6wl = G oo O+ o)~ @+ oxp () (L + )
Bexp(-) |-yl
(9+exp () (1 + |z¢]) (1 + |ye])
exp(—t) 7 |z — ui
(9+exp (1)) |z —ye| +1°

Hence, hypotheses (H3) and (H,) are satisfied ((H3) implies (Hs)) with

q(t) =exp(=1), ¢ (t) = gromm-

Hence by theorems (3.2.1) and (3.2.2) problem (3.9) admits a random solution, and is general-

ized Ulam-Hyers-Rassias stable.
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CONCLUSION

In this thesis, we provided some suffcient conditions ensuring the existence of random solutions
and the Ulam stability for a class of fractional differential equations involving the Katugampola
fractional derivative with delay in Banach spaces. The techniques used are the random fixed

point theory and the notion of Ulam-Hyers-Rassias stability.
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