fontl Al ) ) &l e
République Algérienne Démocratique et Populaire | l 4 sa,
Q\U\ C,oJ\) S}U\ r;,L:J\ 3157 a0 el 5 sl 2
Ministére de ’Enseignement Supérieur et de la Recherche Scientifique
:\3\3 g :\an\q- N° d’enregistrement
B Vevirdcvoidciid oo ...
Université de Ghardaia

Lo ol5iSy ool 27

Faculté des Sciences et de la Technologie

ol

Département de Mathématiques

THESE

Pour I’obtention du diplome de Doctorat 3°™ cycle LMD

Domaine: .......ccoeuveeee
Filiere: Mathématiques
Spécialité: EDO & EDP

[ Sur Des Problémes Aux Limites Dans Des Espaces De Banach ]

Soutenue publiquement le: 27 / 02/2020

Par
Baitiche Zidane
Devant le jury composé de:

Mme Hammouche Hadda Pr. Univ. Ghardaia Président
Mr Guerbati Kaddour Pr. Univ. Ghardaia Directeur de thése
Mr Benbachir Maamar Pr. Univ. Blida Co-directeur de thése

Mr Lazreg Jamal Eddine Pr. Univ. Sidi bel Examinateur
Abbas
Mme Abada Nadjat ENS Constantine Examinateur

Mr Benchohra Mouffak . Univ. Sidi bel Membre Invité
Abbas

Année universitaire:2019 /2020




Remerciements

Je remercie avant tout ALLAH le tout puissant qui m’a offert la volonté, le patience et la
santé, me permettant de mener a terminer ce présent travail.

Je souhaiterais dans un premier temps exprimer mes remerciements les plus profonds
envers mon Directeur et de these, le professeur Guerbati Kaddour, pour ses conseils avises
tant sur le traitement de mon sujet de these que sur les cotés scientifiques et humains.

Je désire aussi remercier mon Co-directeur de thése, monsieur Benbachir Maamar pro-
fesseur a I’'université de Blida, pour m’avoir encadré, orienté, aidé et conseillé.

Je remercie vivement Mme Hammouche Hadda professeur a 1’université de Ghardaia
d’avoir accepté de présider le jury de ma soutenance de these. Merci a monsieur Lazreg
Jamal Eddine maitre de conférence classe A a I’université de Sidi Bel Abbes et Mme Abada
Nadjat maitre de conférence classe A a I’ecole normale supérieure de Constantine d’avoir
accepté d’examiner ce travail.

Un grand merci également a le Professeur Benchohra Mouffak, pour avoir eu la patience
de répondre a mes innombrables questions. Je le remercie également pour son accueil cha-
leureux a chaque fois que j’ai sollicité son aide, ainsi que pour les longs moments passent a
corriger et discuter les projets de publications.

Je voudrais exprimer ma reconnaissance monsieur Lamine Guedda maitre de conférence
classe A a I’université d’El-oued, qui m’a beaucoup aidé.

Je tiens a exprimer ma profonde reconnaissance a mon fréere Mohamed et mes amis les
plus proches d’avoir m’aider chacun a sa maniere : Salim Amri, Faycal Rahem, Raouf Zyadi
et Choukri Derbazi.

Ma derniere pensée va a ma femme, Hadjer, qui a su me supporter et me soutenir, 2 mes
enfants, Yahia, le jumeau Abd Etaouab et Abd Eldjalil.



Dédicaces

A I’ame de ma mere.

Baitiche Zidane



Publications

1. Z. Baitiche, K. Guerbati and M. Benchohra, Weak Solutions for Nonlinear Fractional
Differential Equations with Integral and Multi-point Boundary Conditions, PanAmeri-
can Mathematical Journal Volume 29 (2019), Number 1, 86 - 100.

2. Z. Baitiche, K. Guerbati, M. Benchohra and Yong Zhou, Boundary Value Problems for
Hybrid Caputo Fractional Differential Equations, Mathematics 2019, 7(3), 282.

3. Z. Baitiche, K. Guerbati and M. Benchohra, Existence of Solutions for Hybrid Fractio-

nal Differential Equations with Fractional Separated Integral Boundary Conditions, J.
Nonlinear Studies.

4. Z. Baitiche, K. Guerbati, M. Benchohra and Yong Zhou, Solvability of Fractional
Multi-Point BVP with Nonlinear Growth at Resonance, Journal of Contemporary Ma-
thematical Analysis.

5. Z. Baitiche, M. Benbachir and K. Guerbati, Solvability for multi-point BVP of nonli-
near fractional differential equations at resonance with three dimensional kernels, Kra-
gujevac Journal of Mathematics.



Abstract

In this thesis, we discussed the existence of solutions for a class of boundary value pro-
blem for nonlinear fractional differential equations. Our results have been obtained by the
technique of measures of noncompactness and the coincidence degree theory which was first
introduced by Mawhin.

Keywords

Fractional differential equations, boundary value problem, Caputo fractional derivative,
Riemann-Liouville fractional derivative, measure of noncompactness, measures of weak non-
compactness, Pettis integrable, Monch’s fixed point theorem, Darbo fixed point theorem,
multi-point, resonance, coincidence degree theory.



Table des matieres

Introduction 2
1 Preliminaries 7
1.1 Weak Topologies . . . . . . . . . . i i i it e e e e 7
1.1.1  General Statements . . . . . . . . ... ... L. 7

1.1.2 The Weak Topology of a Topological Vector Space . . . ... .. .. 8

1.1.3  The Weak-* Topology . . .. ... .. .. ... . ... .. ..... 10

1.2 Elements From Fractional Calculus Theory . . ... ... ... ....... 11
1.2.1 Absolutely Continuous Functions . . . . . ... ... ........ 11

1.2.2 The Gamma Function . . .. .. ... ... ... .......... 12

1.2.3 Riemann-Liouville Integrals . . . . . .. ... ... ... ...... 13

1.2.4 The Riemann-Liouville Fractional Derivative . . . .. ... .. ... 14

1.2.5 Caputo Fractional Derivative . . . . . . ... ... ... ....... 16

1.3 BochnerIntegral . . ... ... ... .. .. .. .. .. .. .. . ..., 16
1.3.1 Measurability . . . . . ... ... e 17

1.32 Imtegral . . . . . . . . .. 17

1.4 Measure of Noncompactness in Banach Spaces . . . . ... ... ... ... 21
1.4.1 Kuratowski and Hausdorff MNCs in Banach Spaces . . . ... ... 22

1.4.2  Axiomatic Definition of MNC in Banach Spaces . . ... ... ... 24

1.4.3 The Axiomatic Measure of Weak Noncompactness . . . . .. .. .. 26

1.4.4  Some Fixed Point Theorems Involvinga MNC . . . . ... ... .. 26

1.5 Coincidence Degree Theory . . . . . ... ... ... ... .. ....... 28
1.5.1 Fredholm and L-Compact Mappings . . . . . ... ... ...... 28

1.5.2 Degree Theory for L-Compact Mappings . . . . .. ... .. .... 31

1.5.3 Coincidence Degree for L-Compact Mappings . . . . .. ... ... 33

1.5.4 Existence Theorems for Operator Equations . . . . ... ... ... 34

2  Weak Solutions for Nonlinear Fractional Differential Equations with Integral

and Multi-Point Boundary Conditions 37
2.1 Introduction . . . . . . . . . . e e e 37
2.2 ExistenceResults . . . . . ... .. e 38

221 Example . . .. .. e 42



TABLE DES MATIERES

3 Boundary Value Problems for Hybrid Fractional Differential Equations 44
3.1 Solution for BVP for Hybrid CaputoFDE . . . . ... ... ... ... ... 46
3.1.1 Existence of Solutions . . . . . ... ... ... ... ... ..., 46
3.1.2 Example . ... ... 51
3.2 Existence of Solutions for HFDE with Fractional Separated Integral Boun-
dary Conditions . . . . . . . . . .. e 52
3.2.1 Existence of Solutions . . . . .. ... ... L. 52
322 Example . .. ... e e e 58
4 Solvability of Fractional Multi-Point BVP with Nonlinear Growth at Resonance 60
4.1 Introduction . . . . . . . . . . e e e e 60
42 MainResults . . . .. . ... e 61
421 Example . ... .. . e 70
5 Solvability for Multi-Point BVP of Nonlinear Fractional Differential Equations
at Resonance with Three Dimensional Kernels 73
5.1 Introduction . . . . . . . . . ... 73
5.2 ExistenceResults . . . . . ... ... ... .. e 75
52,1 Example . . ... .. 83
Conclusion and perspectives 85
Bibliographie 86



Introduction

Fractional calculus (FC) is an extension of ordinary calculus with more than 300 years
of history. Fractional calculus appeared when 1’Hopital, one of the founders of Calculus,
wrote to Leibnitz the father of Calculus about the meaning of dTHn f(x) when n = 1/2. Leib-
nitz replied in 1695 saying that it could be v/dx : x an apparent paradox from which useful
consequences would be drawn one day. The name “fractional calculus” may have originated
from the question "what if n = 1/2 ?”. Therefore, FC generalizes integrals and derivatives to
noninteger orders.

During the last decades, fractional differential equations (FDEs) have become an area of
interest to researchers due to its high accuracy and applicability in various fileds of science
and technology. As many physical, dynamical, biological and chemical phenomenons are re-
presented in more realistic way by using fractional differential equations instead of integer
order differential equation. More realistic approach is the main reason for attracting the at-
tention of researchers. Fractional differential equations are equally suitable not only to the
mathematicians but also to engineers and physicists. The fractional order differential equa-
tions have a large numbers of applications in many fields of science and technology, we refer
the readers to the more recent results, e.g., works of Kilbas et al. [76], Podlubny [99] and Ca-
ponetto et al. [46] (control theory), Metzler et al. [93] (relaxation in filled polymer networks),
Podlubny et al. [100] (heat propagation), Chern [45] (modeling of the behavior of viscoelas-
tic and viscoplastic materials under external influences), Bai and Feng [21] and Cuesta and
Finat Codes [53] (image processing) and Gaul et al. [59] (description of mechanical systems
subject to damping).

Many techniques have been developed for studying the existence and uniqueness of so-
lutions of initial (IVPs) and boundary value problem (BVPs) for fractional differential equa-
tions. Several authors tried to develop a technique that depends on the Darbo or the Monch
fixed point theorems with the measure of noncompactness (MNCs). The concept of mea-
sure of noncompactness was first introduced by Kuratowski [81] in 1930. In 1955, the Italian
mathematician Darbo [48] used the Kuratowski measure in order to investigate a class of
operators(condensing operators) whose properties can be characterized as being intermediate
between those of contraction and compact mappings. Darbo’s fixed point theorem is useful
in establishing existence results for different classes of operator equations. Other measures
of noncompactness have been defined since then. The most important ones are the Hausdorff
measure of noncompactness introduced by Goldenstein et al. [60] in 1957 (and later studied
by Goldenstein and Markus [61]). The notion of the measure of weak noncompactness was
introduced by De Blasi in 1977 [26]. This measure can be regarded as a counterpart of the
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Hausdorff measure of noncompactness. This theory plays a significant role in topological
fixed point problems (cf. [55]) and many existence results for weak solutions of differential
and integral equations in Banach spaces. This technique of measure of weak noncompact-
ness and the fixed point theorem of Monch type were mainly initiated in the monograph of
Banas Goebel [27] and subsequently developed and used in many papers ; see for example,
Akhmerov et al.[16], Alvarez [17], Benchohra et al. [32], Guo et al. [62], and the references
therein. Recently, a lot of papers have been devoted to weak solutions of nonlinear fractional
differential equations [3, 6, 32, 34, 37, 127].

Moreover, topological degree theory may be one of the most effective tools in solving
nonlinear equations. As a measure of the number of solutions of equation fx =y for a fixed
y, the degree has fundamental properties such as existence, normalization, additivity, and
homotopy invariance. The most powerful one in which the value of the degree is invariant
under appropriate perturbations plays a crucial role in the study of nonlinear differential and
integral equations. After a pioneering work of Kronecker [80] of 1869, the first definition of
degree for maps between Euclidean spaces is due to Brouwer [41] in 1912. In 1951, Nagumo
[89] redefines the concept, today commonly known as Brouwer degree. The Brouwer degree
degg(f,€Q,y), defined for any continuous mapping f: Q C R" — R” such that y € f(9Q),
where Q is open and bounded,

degp(f,Q,y)= > signf'(x)
xef~1(y)

where degg(f,Q,y) =0if f~!(y) =0, sign f'(x) is the sign of the determinant of the Jacobian
matrix.

In 1934, Leray and Schauder [86] generalized Brouwer degree theory to an infinite Ba-
nach space and established the so-called Leray Schauder degree. The latter has been re-
cognized as a very important tool for the study of many problems in ordinary and partial
differential equations. Afterwards, many authors defined and developed the topological de-
gree theory for various classes of non-compact nonlinear mappings between Banach spaces ;
see,e.g., [51, 108, 109, 118]. Browder [42, 43] introduced a topological degree for nonlinear
operators of monotone type in reflexive Banach spaces, where the Galerkin method is used to
apply the Brouwer degree. Berkovits [38, 39] gave a new construction of the Browder degree,
based on the Leray-Schauder degree. An interesting and accurated description of important
applications of the Leray-Schauder degree is due to Mawhin in [91]. Mawhin continuation
theorem introduced in [90] and developed in [91] in the frame of a degree theory for map-
pings of the type L 4+ N between normed vector spaces, with L Fredholm of index zero and
N satisfying a suitable compactness property. A fundamental result in proving this continua-
tion theorem is the reduction of the Leray-Schauder degree of some compact perturbation
of identity in a normed vector space to the Brouwer degree of the associated mapping in a
finite-dimensional vector space (reduction property). Such fractional differential equations
can be written as Lx = Nx, where L and N are operators from a Banach space X to another
Banach space Y (L is a linear and N is a nonlinear). If the kernel of the linear part of the
above equation contains only zero, the corresponding BVP is called non-resonant, in this
case L is invertible. This means that there exists an integral operator ; then, topological me-
thods can be applied to prove existence theorems. Otherwise, if L is a non-invertible, i.e.
dimKerL > 1, then the problem is said to be at resonance, an important class of resonant pro-
blems when L is a Fredholm operator with zero-index, the problem can be solved by using the

4



TABLE DES MATIERES

continuation theorem of coincidence degree theory. More recently, many authors investigated
the existence of solutions for fractional differential equations at resonance. For instance see
[22, 23, 24, 25, 47, 66, 67, 68, 71, 72, 77, 78, 119] and the references therein.

Let us now briefly describe the organization of this thesis :

Chapter one is devoted to some notations, definitions, and preliminary facts that will be
used throughtout this thesis.

Chapter two investigates the existence of weak solutions, for the fractional differential
equations that contain both the integral boundary condition and the multi-point boundary
condition :

Dgix(1) + f(t,x(1)) =0, t€J=[0:1],
x(’)(O) — 0, i=0,1,2,. = 2,
x(1) =30 Glfol ()dS+Zl 2 vix(mi),
where D¥ represents the standard Riemann-Liouville fractional derivative of order « satis-
fyingn—1 < a <nwithn >3 andn € N*. In addition, 0 <1 <M < +-- < Np_2 < 1 and
0;, Vi > 0 with 1 <i < m—2, where m is an integer satisfying m > 3. f: [0;1] xE — E isa
given function satisfying some assumptions that will be specified later, E is a Banach space
with norm || - ||.

The third Chapter considers more precisely, in section 3.1, the following boundary

value problem of nonlinear hybrid fractional differential equations :

{“D“ [y ] = ex(v(e)), 1€ 7 =[031],

(
e m ) oo T e E )y = ©

where 0 < a < 1,a,b,c are real constants such that a + b # 0,°D{; is the Caputo fractional
derivative, f € C(J x R,R\ {0}),g € C(J x R,R), 1 and v are functions from J into itself.

In section 3.2, we looked for the following boundary value problem for hybrid fractional
differential equations with fractional separated integral boundary conditions

C€)g+(%)=g(zx((tt))), teJ=[0:1],
al(@) +b1DG, (%) —fo( x(r)) dr
o () D (0 = ket ar

Where 0 <o <1< a <2, CD(‘;& is the Caputo fractional derivative, f,g,h,k are a given
continuous function and a;, b;,i = 1,2 are real constants such that a; # 0.

Our approch will be based on the technique of measures of noncompactness in the Banach
algebras and a fixed point theorem for the product of two operators verifying a Darbo type
condition.

In Chapter four, we discussed the existence of solutions for the following multi-point
boundary value problems by using Mawhin’s continuation theorem

{ ($()Dgu() = F(t,u(t),u (1), (1), D u(z)),  t€J=10;1],
u(0) = 0, D, u(0) =0, u"(0) = 1y au" (&), u' (1) = S bju' (1),

where ‘D, is the Caputo fractional derivative, 2 < @ <3, 0< & <--- <&, <1,0<n <
< <l,an,b; €R, (i=1,....m, j=1,....1),9(t) € C'[0;1] andu =min;e; ¢(t) >0
while f: [0; 1] x R* — R is a Carathéodory function with a nonlinear growth.

5
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Finally, in Chapter five, we established the solvability of multi-point BVP of nonlinear
fractional differential equations at resonance with three dimensional kernels

/
(9 ()DGult)) = f(t,u(r),u' (t),u" (1),u" (1), Du(r)), 1€J=[0:1]
M(O) =0, D()+u( ) =0, u///(o) = 21:1 au ///(51.)7
u"(0) = Z b’ (), w'(1) =37 e (),
where “D{. is the Caputo fractional derivative, 3 < <4,0< & <---<§, <1,0<
m<--<m<1,0<p <--<py<1,a,bj,c, €R, (i=1,

m =1, k=
1,...,n), ¢(t) €C'[0;1], u = min;c; ¢(t) >0and f: [0;1] x R — R is a Carathéodory func-
tion.



Chapitre

Preliminaries

The aim of this chapter is to introduce some basic concepts, notation and elementary
results that are used throughout this thesis.

1.1 Weak Topologies

1.1.1 General Statements

Definition 1.1. Let E be a set and let 7; and 7, be topologies on E. 7 is said to be weaker
than 7, if
T C T.

This means that every Tj-open set is a To-open set.

Remark 1.2. A topology 7j is weaker than a topology 7, if for every 7j-open set A, every
point a € A has a Tp-neighborhood U, contained in A, as

A — U Ua,
acA

1.e., A is also 7-open.
Remark 1.3. If 7y is weaker than 7, then

Id: (E,71) — (E,m)
is an open mapping and

Ild: (E,5) — (E,11)
1S continuous.

Proposition 1.4. Let 71, T be topologies on a set E with 1) C T,. If (E, 71) is Hausdor{f then
sois (E, ).

Proposition 1.5. Let 7, T be topologies on a set E with Ty C . If (E,71) is Hausdorff and
(E, 1) is compact then T = Tp.

This means that one cannot weak en a compact Hausdorff topology without losing the
Hausdorff property. This also means that one cannot strengthen a compact Hausdorff space
without losing compactness.



1.1. WEAK TOPOLOGIES

Let E be a set and let § be a family of mappings from E into topological spaces :
SZ{f,ﬁE%G,”iEI}.
Let 7 be the topology generated by the subbase

(' V) liel,Verg}.

Then 7 is the weakest topology on E for which all the fa are continuous maps (it is the
intersection of all topologies having this property). It is called the weak topology induced
by §, orthe §-topology of E.

Proposition 1.6. Let § be a family of mappings E — G; where E is a set and each G; is a
Hausdorff topological space. If § separates points on E then the §-topology on E is Haus-
dorff.

Here separates between point means that x # y implies that f(x—y) # f(0). In the linear
case it reduces to f(x) # f(y).

Proposition 1.7. Let (E, T) be a compact topological space. If there is a sequence { f,, | n € N}
of continuous real-valued functions that separates points in E then E is metrizable.

Theorem 1.8. Let E be a vector space (no topology) and let E* be a separating vector space
of linear functionals on E. Denote by t* the E*-topology on E. Then (E,t") is a locally
convex topological vector space whose dual space is E*.

Local convexity is important because of the Hahn-Banach theorem. An extension of the
separation theorem states that if E is a locally convex topological vector space, A is compact,
and B closed, then there exists a continuous linear map f: E — R and s,t € R such that

fla) <t <s< f(b)
forallac Aandb € B.

1.1.2 The Weak Topology of a Topological Vector Space

Given a topology, we can determine whether a function is continuous. This argument can
be reversed : given a space and functions on that space, we can define a topology with respect
these functions are continuous. For example, we can take the discrete topology, which is not
interesting (only sequence that are eventually constant converge). In the previous subsection,
we have laid the foundations to en dow the space with the weakest topology that makes those
function continuous. This is the context of weak topologies over topological vector spaces.

Weak and Original Topologies

Definition 1.9. Let (E, 7) be a topological vector space whose dual E* (the vector space of
continuous linear functionals) separates points. The E*-topology on E is called the weak
topology (it is the weakest topology with respect every 7-continuous linear functional is
continuous).

We denote the weak topology by 7, (the space it self is often denoted by E,,).



1.1. WEAK TOPOLOGIES

Corollaire 1.1.1. E,, is locally convex and E;, = E*.
An other corollary is :
Corollaire 1.1.2. (E,),, = E,,.

Note that since every f € E* is T continuous and since 7, is the weakest topology with
this property, it follows that
T, C T,

justifying the name of weak topology.
The next propositions shows that weak convergence is consistent with what we know :

Proposition 1.10. A sequence x, in a topological vector space (E,T) weakly converges to
zero, x, — 0, if and only if
VfeE" f(x,) — 0.

Corollaire 1.1.3. Every 7-convergent sequence is T, convergent.

Weak and Original Boundedness

Proposition 1.11. Ler (E,T) be a topological vector space. A set B C E is T,,-bounded
(weakly bounded) if and only if

VfeE" f is a bounded functional on B.

Proposition 1.12. If (E, 1) is an infinite-dimensional topological vector space then every T,,-
neighborhood of zero contains an infinite-dimensional subspace ; in particular (E, 1) is not
locally bounded.

Recall that at opological vector space is metrizable if and only if it has a countable local
base. Local boundedness implies the existence of acountable local base. Not being locally
bounded does not imply a lack of metrizability.

Weak and Original Closedness

We next come to the concept of closure. If a set is 7,,-closed then it is clearly 7-closed.
Let B be a set in a topological vector space (E, 7). Its T-closure B is the intersection of all
T-closed sets that contain it, whereas its T, -closure B,, is the intersection of all 7, -closed sets
that contain it. Since there are more 7-closed sets than 7,,-closed sets,

BCB,.
Theorem 1.13. Let B be a convex subset of alocally convex topological vector space (E, 7).

Then,
B=B,.

This theorem states that if B is a convex set in a locally convex topological vector space
and there is a sequence x,, € B that weakly converges to x (which is not necessarily in B), then
there is also a sequence y, € B that originally-converges to x.

Corollaire 1.1.4. For convex subsets of locally convex topological vector spaces :

1. 7-closed equals 7,,-closed.

2. t-dense equals 7,,-dense.



1.1. WEAK TOPOLOGIES

1.1.3 The Weak-* Topology

Let (E, 7) be a topological vector space. The dual space E* does not come with a priori
topology. In Banach spaces, the dual space has a natural operator norm, and we proved that
the dual space end owed with that norm is also a Banach space (in fact, we proved that the
dual of a normed space is a Banach space). But for general topological vector spaces, we
don’t have as for now a topology.

Recall the natural in clusion from E to linear functionals on E*,

1:x — F,

where for f € E* :

E(f) = f(x),

The family of functionals {1(x) | x € E} (which we can’t call continuous because there is no
topology on E™) separates points on E* as if

for all x € E then

ire., f=g.

If follows from Theorem 1.8 that the 1(E)-topology of E* turns it in toalocally convex topo-
logical vector space whose dual space is 1(E). The 1(E)-topology of E* is called the weak-*
topology. Every linear functional on E* that is weak-* continuous is of the form 1(¢) for
some 7 € E. The open sets in the weak star topology (E, ") are generated by the subbase :

Vier) ={f€E"||f(x)]<r}.
Weak-*convergence of a sequence (f,) C E* to f € E* denoted f, 2 f means that
VeE  lim fu(x) = f(x).

The following central theorem states a compactness property of the weak-*topology. It was
proved in 1932 by Banach for separable spaces and in 1940 by Alaoglu in the general case.
(Leonidas Alaoglu (1914-1981) was a Greek mathematician.)

Theorem 1.14. Banach-Alaoglu. Let (E,T) be a topological vector space. Let V C E and
let
K={f€eE"||f(x)|<1 forallxeV},

Then K is weak*-compact. (The set of functionals K is call the polar of the set of vectors V).

Reflexive Spaces

For any Banach E space, we note its bidual by E**, equipped with the norm

IS =sup [E(f)]

[fllg=<1

10



1.2. ELEMENTS FROM FRACTIONAL CALCULUS THEORY

Definition 1.15. The mapping j: E — E** defined by
JO)O) =x"(x), x"€E7,

defines an isometric embedding of E into the bidual £** ; this is an immediate consequence
of the Hahn-Banach theorem. We shall always identify E with its image in E**.

Proposition 1.16. E is weak*-dense in E**.

A Banach space E is called reflexive if this embedding is surjective. As a consequence of
the Banach-Alaoglu theorem we have the following characterisation of reflexivity :

Proposition 1.17. A Banach space E is reflexive if and only if Bg is weakly compact.

Proposition 1.18. A Banach space E is reflexive if and only if its dual E* is reflexive.

1.2 Elements From Fractional Calculus Theory

In this section, we have given the definitions of the fractional integrals, Riemann-Liouville
and Caputo fractional derivatives on a finite interval J = [0;T] of the real line and present
some of their properties in spaces of summable and continuous functions. More detailed see
for example [76, 95, 97, 99, 105].

1.2.1 Absolutely Continuous Functions

We consider finite collections of closed intervals J; = [ay ; bi], included in a fixed interval
0;T],withk=1,2,...,n,0 < by <aji1 <bgy) <T for 1 < j<n—1. We use the notation

J0:T) ={{/1,....Ju} [neN}

to represent the set of all such collections. A partition is an element P € _# ([0;T]) such that
[0;T] = U{_, Jx- We denote by Z2([0;T]) the set of all partitions. We’ll write ¢, % when
the interval [0; 7] is clear from the context.

Definition 1.19. A function f: [0; 7] — R is said to be of bounded variation, f € BV|[0;T] if

n

Vo = sup [ f(be) — flaw)l
PeJ([0:T]) k=1
is finite. Vi§'(f) is called the total variation of f on [0;T].
Clearly, the total variation remains the same if we replace ¢ by .

Definition 1.20. We say that the function f: [0;7] — R is absolutely continuous, f € AC[0;T]
is for every € > 0 there exists 6 > 0 such that, forevery P € ¢ ([0;T]) with 37, (br —ax) <
0 we have 7 | f(bx) — flar)| < €.

Clearly, an absolutely continuous function on [0;7] is uniformly continuous. Moreover,
a Lipschitz continuous function on [0; 7] is absolutely continuous. Let f and g be two abso-
lutely continuous functions on [0;7]. Then f + g, f — g, and fg are absolutely continuous on
[0;T]. If, in addition, there exists a constant C > 0 such that |g(z)| > C for all 7 € [0; T}, then
f/g is absolutely continuous on [0; T].
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1.2. ELEMENTS FROM FRACTIONAL CALCULUS THEORY

Proposition 1.21 ([79]). AC[0;T] C C[0;T|NBV[0;T]
Proposition 1.22 ([79]). If f € AC|0;T] then f' exists almost everywhere, and is integrable.

Theorem 1.23 ([79]). Let f € AC|0;T| and assume f'(t) = 0 almost everywhere. Then f is
constant.

Theorem 1.24 ([79]). Let h € L'[0;T]. Consider

t
f(0) = £0)+ | h(x)dx
with some constant f(0). Then f € AC[0;T| and f = h almost everywhere.

Theorem 1.25 ([79]). Let f: [0;T]| — R the following are equivalent :
(i) f€AC[0;T]
(ii) The function f is differentiable almost everywhere, ' € L'[0;T] and

16 = £O)+ [ f)ax

holds for all t € [0;T].

Definition 1.26. For n € N* we denote by AC"[0; T the space of real-valued functions f(x)
which have continuous derivatives up to order n — 1 on [0; 7] such that f (=1 ¢ AC [0;T]:

AC"0;T) = {f: [0:T) = R, ¥ € C0:T),k=0...n— 1, f"=V) € AC[0:T]}
In particular, AC'[0;T] = AC[0; T].

A characterization of the functions of this space is given by the following lemma :

Lemma 1.27. [105, Lemma 2.4] f € AC"[0;T|,n € N*, if and only if, it is represented in the
form
1

t n—1 r(k)
/()(t_x)nlf(n)(x)dx+zf k'(O)tk

k=0

1.2.2 The Gamma Function

The definition and certain properties of the Gamma function are reviewed in this subsec-
tion.

Definition 1.28. The Gamma function is defined as a definite integral over the positive part
of the real axis,

+c0
(o) = / 1% dr. (1.1)
JO
For our purposes, we assume that the independent parametric variable, &, is real. Note that

singularities occur when « is zero or a negative integer.
Known exact values of the Gamma function are

r(;) :2/O+°°e—f2dz = V7.
rd)=va,  r@=1

Other exact values can be deduced using the properties of the Gamma function.

12



1.2. ELEMENTS FROM FRACTIONAL CALCULUS THEORY

Proposition 1.29. Integrating by parts on the right-hand side of (1.1), we obtain the impor-

tant property
INa+1)=al'(a).

Working recursively, we obtain
INa+n—1)=a(a+1)---(a+n—2)' ().
for any integer, n. Consequently,
I'n+1)=1-2---n=nl.
for any integer, n, where the exclamation mark denotes the factorial.

A refection property states that

1 T

INl—a)=—-al'(—a) = () sin (7a)"

for0 < a < 1. Replacing o with 2. and using the trigonometric identity sin(20) = 2sin o cos @,

we obtain
1 b

2I'(20) sin (o) cos (rar)”

I'l-20)=—-20l'(—2a) =

1
pour 0 < a < 5.

1.2.3 Riemann-Liouville Integrals

Definition 1.30. The Riemann-Liouville (RL) fractional integral Ig‘+ of order o € R, is given
as

B0 = a7 o =9 s, >0,

where the operator [, is defined on L [0;T]. Moreover, for a = 1, we set I(;+ := Id, the
identity operator.

Remark 1.31. The notation I, f(¢) |;=o0 means that the limit is taken at almost all points of
the right-sided neighborhood (0, €)(& > 0) of 0 as follows :

I-1(0) li=o= lim 16 £(0)

Generally, If. f(t) |:=o is not necessarily to be zero. For instance, let a € (0;1), f(¢) = ¢~ %.
Then
1
o = lim —— [(r—5)* 15 *ds = lim (1 - @) =T(1 - @),
o 0= B pgy Jp 7T s A= i T —e) =T —a)

Lemma 1.32 ([76]). If « > 0, > 0. Then

o p_ LB+ g
1&gt = Farpi) B

13



1.2. ELEMENTS FROM FRACTIONAL CALCULUS THEORY

The semigroup property of the fractional integration operators I, is given by the follo-
wing result

Lemma 1.33 ([76]).
@l r=1%"Fr  a>o0,p>0. (1.2)

Equations (1.2) is satisfied in any point for f(t) € C|0;T] and in almost every point for
f(t) € LY[0;T). They are true in any point even for f(t) € LP[0;T] (1 < p <o) ifa+ > 1.

Lemma 1.34. Let a > 0, f € L'[0;T]. Then for allt € [0;T] we have
IOC+1 1)< I(X
o SO) < |t £l

Proof. Let f € L'[0;T], from Lemma 1.33, we have

t T
@O = 11§10 = [ 16 (s)ds < [ U f(5)lds = G £l

]

Lemma 1.35 ([76]). Let o > 0, the fractional integration operators I, are bounded in
LPI0:T] (1 < p<eo);

o

T
155 fllr < m”f“u-

1.2.4 The Riemann-Liouville Fractional Derivative

The Riemann-Liouville fractional derivative of order & of a suitable function, f(¢), is
defined as

D5 1)0) = - | e/ @) d (13)

T(n—a)d Jo (t—x)1—+a
where I" is the Gamma function, 0 <t is a specified lower integration limit,
n=[al+1>a. (1.4)

is the integral ceiling of the fractional order, o, and the square brackets indicate the integral
part. For example, if 0 < @ < 1,thenn=1;if 1 < o <2, thenn =2.
Defining w =t — x, we obtain

g N0 = et [ w)dw
[(n—a)dm Jo wi—nte
or
g0 =
[(n—a)dm /¢ |v|i-nte
where v = —w = x — ¢, and we recall that 0 <1.
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1.2. ELEMENTS FROM FRACTIONAL CALCULUS THEORY

Lemma 1.36 ([76]). If @ > 0,8 > 0. Then
F(ﬁ) t/}fafl.
I(o—pB)

In particular, if B = 1 the Riemann-Liouville fractional derivatives of a constant are, in ge-
neral, not equal to zero.

Dg&tﬁil —

The next result characterizes the conditions for the existence of the fractional derivatives
D{, in the space AC"[0;T].

Lemma 1.37 ([76]). Let o > 0, and n = [a] + 1. If f(t) € AC"[0;T], then the fractional
derivatives D, exist almost everywhere on [0;T| and can be represented in the forms

o _ 1 ! 1 ) -
D0+f(t)_l“(n—a)/o (t_x)I*VH‘(X dx+z 1+k a)tk

The following assertion shows that the fractional differentiation is an operation inverse to
the fractional integration from the left.

Lemma 1.38 ([76]). If & > 0and f(t) € LP[0;T] (1 < p < o), then the following equalities
Dy (Ig- f (1)) = f(1)
hold almost everywhere on [0;T)|.

From Lemmas 1.37-1.38 we derive the following composition relations between fractio-
nal differentiation and fractional integration operators.

Lemma 1.39 ([76]). If a < B >0and f € LP[0;T] (1 < p < o) then

DY (U F(0) =157P £(1)
hold almost everywhere on [0;T].

Lemma 1.40 ([76]). If @ > 0 and n = [a] + 1, then
D, f1(t) =0 < f(1) th“ J

where cj (j =1,...,n) are arbitrary constants.

The composition of the fractional integration operator I, with the fractional differentia-
tion operator D, is given by the following result.

Lemma 1.41 ([76]). Let ot >0, n =[] + 1, and f € C(0;T)NL(0;T) ; then
I§DS f(1) = f(r)+ Z cjt®

where cj (j=1,...,n) are arbitrary constants.
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1.3. BOCHNER INTEGRAL

1.2.5 Caputo Fractional Derivative

The Caputo fractional derivative is a variation of the Riemann-Liouville fractional deri-
vative, defined as

(DEF)(0) = = (nl_ o /0 t ; _x>1a+1_n £ (x) d

where
n=la]+1lsiagN;n=asiacN". (1.5)

Defining v = ¢t — x, we obtain

1 r 1
(DO = =g Jy s "= r)

Lemma 1.42 ([76]). Let & > 0 and let n be given by (1.5). Also let 1 > 0. Then the following
relations hold :

CDg+tn_1 — Mﬂ—a—l (n > I’L),

I(n-a) ’
and
‘D tF =0, (k=0,...,n—1).

In particular, if N = 1 the Caputo fractional derivatives of a constant are equal to zero.

The following assertion shows that the fractional differentiation is an operation inverse to
the fractional integration from the left.

Lemma 1.43 ([76]). Let & > 3 >0, and f € L'[0;T)]. Then CDS‘J(I)BJFf(t) = I(()xfﬁf(t),for all

t€0;T]
Lemma 1.44 ([76]). Let oo > 0 and let n be given by (1.5). If f(t) € AC"[0;T] or f(¢) €
C"0;T), then
n—1 p(k) 0
18D £0) = £ - - L O
k=0 "
1.3 Bochner Integral

In this section, we summarize some results about the integration of Banach space valued
functions of a single variable. In a rough sense, vector-valued integrals of integrable functions
have similar properties, often with similar proofs, to scalar-valued L!-integrals. Nevertheless,
the existence of different topologies (such as the weak and strong topologies) in the range
space of integrals that take values in an infinite-dimensional Banach space introduces signi-
ficant new issues that do not arise in the scalar-valued case.

Let J = [0; 7] such that (T > 0) be a finite interval on the real axis R. E will be a Banach
space with the norm || - ||g and dual space E*.
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1.3. BOCHNER INTEGRAL

1.3.1 Measurability
Definition 1.45. A simple function f: J — E is a function of the form
f=> cixa (1.6)
i=1
where Ay, ...,A, are Lebesgue mesurable subsets of J and cy,...,c, € E.

Here x4 denotes the indicator function of the set A.

Definition 1.46. A function f: J — E is strongly measurable, or measurable for short, if
there exists a sequence of simple functions f,,: J — E such that lim,_. f,,(t) = f(¢) strongly
in E (i.e. in norm) for ¢ a.e. in J.

Clearly, if f is simple function then f is measurable.

Measurability is preserved under natural operations on functions.
(1) If f: J — E is measurable then the real function || f||: / — R is measurable.
(2) If f: J — E is measurable and ¢: J — R is measurable, then ¢ f: J — E is measurable.
(3) If {f: J — E} is a sequence of measurable functions and f, () — f() strongly in E for

t pointwise a.e. in J, then f: J — E is measurable.

Definition 1.47. A function f: J — E is called weakly measurable if for each x* € E* the
real function x*(f): J — R is measurable.

For finite dimensional, or separable, Banach spaces these definitions of measurability and
weak measurability are coincide, but for non-separable spaces a weakly measurable function
need not be strongly measurable. The relationship between weak and strong measurability is
given by the following Pettis theorem (1938).

Theorem 1.48. [106, Pettis] A function f: J — E is measurable if and only if f is weakly
measurable and almost everywhere separable valued, i.e. there is a set N C J of measure zero
such that the set

{ft);teJ\N} CE

is separable.

Proposition 1.49 ([106]). If E is a separable Banach space then f: J — E is measurable if
and only if f is weakly measurable.

Remark 1.50. Since a continuous function is measurable, every almost separably valued,
weakly continuous function is strongly measurable.

1.3.2 Integral

In this subsection, we discuss the vector-valued extension of the Lebesgue integral, the
so-called Bochner integral. we will also need its "weak” companion, the Pettis integral.
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1.3. BOCHNER INTEGRAL

The Bochner integral
Definition 1.51. Let .
f=> cixa
i=1

be the simple function in (1.6). The integral of f is defined by

n

/det=Z|Ai!cz-€E (1.7)

i=1

where |A;| denotes the Lebesgue measure of A;.
It is routine to check that this definition does not depend on the particular representation

of f and that
|[rar) < [usiar

If f and g are simple functions then

/Jf—%gdtz/det—F/Jgdt.

Moreover, if A C J is measurable, it is easy to see that the function fy,4 is again simple and

we set .
/fdt:/fodt.
JA J

Definition 1.52. A strongly measurable function f: J — E is Bochner integrable, or inte-
grable for short, if there is a sequence of simple functions such that f,(¢) — f(¢) pointwise
a.e.inJ and

tim [ I1£,~ fllde =0.

n—oo

The integral of f is defined by
/]fdt:r}i_r&/]f,,dt.

where the limit exists strongly in E.
The value of the Bochner integral of f is independent of the sequence {f,} of approxi-

mating simple functions, and
|[rad < [irna
J J

If f is Bochner integrable and f = g almost everywhere, then g is Bochner integrable and
the Bochner integrals of f and g agree.

Moreover, if L: E — F is a bounded linear operator between Banach spaces E,F and
f:J — E is integrable, then Lf: J — F is integrable and

L(/det) g/JLfdt (1.8)

More generally, this equality holds whenever L: D(L) C E — F is a closed linear operator
and f: J — D(L), in which case [; fdt € D(L).
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1.3. BOCHNER INTEGRAL

Remark 1.53. For the case E = R, i.e. for f: J — R, the definition of Bochner integral gives
an alternative approach to Lebesgue integral. This means that f: J — R is Bochner integrable
in the sense of if and only if f is Lebesgue integrable and the two integrals of f have the same
value.

The following result, due to Bochner (1933), characterizes integrable functions as ones
with integrable norm.

Theorem 1.54 ([69]). A function f: J — E is Bochner integrable if and only if it is strongly
measurable and

[17ldr < oo,
J

Thus, in order to verify that a measurable function f is Bochner integrable one only
has to check that the real valued function ||f||: J — R, which is necessarily measurable, is
integrable.

The dominated convergence theorem holds for Bochner integrals. The proof is the same
as for the scalar-valued case, and we omit it.

Theorem 1.55 ([69]). Suppose that f,,: J — E is Bochner integrable for each n € N,
fu(t) = f(t) asn — oo strongly inEforta.e. inJ
and there is an integrable function g: J — R such that
lfn()]| < g(t) forta.e. inJandeveryn e N.

Then f: J — E is Bochner integrable and

/andt—>/det, /Jan—fHdt—>0 asn — oo.

The definition and properties of L'-spaces of E-valued functions are analogous to the case of
real-valued functions.

Definition 1.56. For 1 < p < o the space L”(J;E) consists of all strongly measurable func-
tions f: J — E such that

A dr < oo
equipped with the norm
1
) = Par| "
I Floey = | [ 1717 ]

The space L (J; E) consists of all strongly measurable functions f: J — E such that
£l 2.y = sup [lF @),
teJ

where sup denotes the essential supremum.
Note that the elements of L!(J;E) are precisely the (equivalence classes of) Bochner
integrable functions. For 1 < p < oo we write

LP(J) =LP(J;E)
Theorem 1.57 ([69]). If E is a Banach space and 1 < p < oo, then LP(J) is a Banach space.
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1.3. BOCHNER INTEGRAL

The Pettis integral

Although the theory of Bochner integration is very satisfactory, the conditions for Boch-
ner integrability are sometimes quite restrictive. In this subsection, we briefly sketch a more
general integral, the Pettis integral, which can be thought of as the weak analogue of the
Bochner integral.

Suppose that f: J — E is a function with the property that x*(f) belongs to L' (J) for all
x* € E*. Such a function induces a linear mapping Ly: E* — L'(J) by putting

Li(x*)=x"(f), x"€E".

We claim that Ly is a closed operator. Suppose that lim,, .. X, = x™ in E* and lim,, e, Lyx,, = g

in L'(J). By passing to a subsequence, we may assume that lim,, o, L X, = g almost everyw-

here on J. On the other hand, lim,, e L X, = lim,, e x;;(f) = x*(f) pointwise on J. Therefore

g =x"*(f) in L' (J) and the claim is proved. By the closed graph theorem, Ly is bounded.
Let L}: (L'(1))* = L=(J) — E** be the adjoint of the operator Ly defined by

Lie)o) = [ g-Lia)dr = [g-x' (e R, geLl ()

L}(g) is a linear functional on E* for any g € L™(J) because

J & (@xito)(fdi=a [ g-xi(pa+o [ g-xs()a

and it is also bounded because the boundedness of the operator Ly gives

L) = | [ g+ Lo (") ] < gl L] "

Hence L}(g) € E** for every g € L™(J).
Assuming g = y4 where A C J is measurable, we have

L)) = [ 22 (dr= [ #(r)ar

Then L}(xa) € E™ for every mesurable A C J.
For each measurable set A C J we now define

“(EET)— [ fdr = L)

We call T(E,E*) — [, fdt the T(E,E*)-integral of f over A. It is the unique element in E**
which satisfies

L;(XA)(x*):/Ax*(f)dt, X € E*.

Definition 1.58 ([69]). A weakly integrable function f: J — E is called Pettis integrable if
the adjoint of the operator Ly: x* — x*(f) maps L*(J) into E.
We denote by P(J, E) the set of all Pettis integrable functions f: J — E.

20



1.4. MEASURE OF NONCOMPACTNESS IN BANACH SPACES

Note that if f is Pettis integrable, then for every mesurable set A C J, there exists an
element x4 € E such that for all x* € E* we have

X ) = [ ¥ () (19)

The requirement (1.9) defines the element x4 € X uniquely ; in fact, x4 = L}i( x4 )- We call x4
the Pettis integral of f over A, notation

x4 = (P)—/Afdt.

Clearly, every Bochner integrable function is Pettis integrable and the integrals agree on every
measurable set A € J.

The following result gives a sufficient condition for the Pettis integrability of a strongly
measurable function.

Theorem 1.59. [69, Pettis| Let 1 < p <ooand 1 < g < oo satisfy I%—}—é =1.Letf:J—Ebea
strongly measurable function satisfying x*(f) € LP(J) for all x* € E*. Then for all ¢ € L1(J)
the function

s @(s)f(s)

is Pettis integrable.

Corollaire 1.3.1 ([69]). Let f: J — E be a strongly measurable function satisfying x*(f) €
LP(J),p > 1 for all x* € E* then f is Pettis integrable.

For p =1 and g = oo, Theorem 1.59 and Corollary 1.3.1 break down :

Proposition 1.60 ([98]). If f(-) is Pettis integrable and h(-) is a measurable and essentially
bounded real-valued function, then f(-)h(-) is Pettis integrable.

Let us now recall the definitions of the fractional Pettis integral.

Definition 1.61 ([76]). Let h: J — E be a function. The fractional Pettis integral of the func-
tion & of order & > 0 is defined by

A = Fgs =9 his)as

where the sign | denotes the Pettis integral.

1.4 Measure of Noncompactness in Banach Spaces

Measures of noncompactness are very useful tools in the theory of operator equations
in Banach spaces. They are very often used in the theory of functional equations, inclu-
ding ordinary differential equations, equations with partial derivatives, integral and integro-
differential equations, optimal control theory, etc. In particular, the fixed point theorems de-
rived from them have many applications. Most facts provided here come from the books
[16, 19, 26, 27, 29].
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1.4. MEASURE OF NONCOMPACTNESS IN BANACH SPACES

1.4.1 Kuratowski and Hausdorff MNCs in Banach Spaces

In this subsection, we review the concept of Kuratowski and Hausdorff measure of non-
compactness in Banach spaces, also we consider specific properties and examples in some
special spaces.

Assume that (E, || - ||) is a real Banach space with zero element 0. By B(x,r), we denote
the closed ball in E centred at x with the radius r. By B, we denote the ball B(0, r). Moreover,
in place of By, we will write Bg (the unit ball in the space E). If Q is nonempty subset of E,
then Q and CoQ denote the closure and the convex hull of Q, respectively.

Definition 1.62 ([16]). The Kuratowski measure of noncompactness a(Q) of the set Q, is
the infimum of the numbers d > 0, such that  admits a finite covering by sets of diameter
smaller than d.

Definition 1.63 ([16]). The Hausdorff measure of noncompactness () of the set Q, is the
infimum of the numbers € > 0, such that Q has a finite €-net in E.
Recall that a set S C E is called an e-net of Qif Q C S+eBg ={s+¢eb:s€S,b € Bg}.

The next properties are common to ¢ and ), and so we are going to use ¢ to denote either
of them.

Proposition 1.64 ([16]). Let ¢ denote o or ). Then the following properties are satisfied in
any Banach space E :

(a) Regularity : ¢(Q) = 0 if and only if Q is compact.

(b) Semi-additivity : ¢(Q1UQ,) = max{¢d(Q;),d(Q2)}.

(¢) Monotonicity : Q) C Q, implies ¢(Q1) < ¢(Q5).

(d) Non-singularity : If Q is a finite set, then ¢(Q) = 0.

(e) Semi-homogeneity : ¢ (AQ) = |A|9(Q) for any number A.

(f) Algebraic semi-additivity : §(Q+Qz) < ¢(Q1) + ¢(Q2).

(g) Invariance under translations : ¢(x+ Q) = ¢(Q), for any x € E.

(h)

h) Lipschitzianity : |¢(1) — ¢(Q2)| < Lyp(21,Q0), where Ly = 1,Lo =2 and p denotes
the Hausdorff metric. (p(Q1,Q;) =inf{e >0:Q, C Q|+ €Bg,Q; C Qy+€Bg}).

(i) Continuity : for any Q C E and for all € > 0, there is 6 > 0 such that |¢(Q) — ¢ (Q)| < €
for all Q satisfying p(Q,Q;) < 6.

Some less trivial properties of these measures of noncompactness are obtained in the next
theorems.

Theorem 1.65 ([16]). The Kuratowski and Hausdorff MNCs are invariant under passage to

the closure and to the the convex hull : ¢(Q) = ¢(Q) = ¢(CoQ).

Theorem 1.66 ([16]). Let Bg be the unit ball in a Banach space E. Then, o.(Bg) = x(Bg) =0
if E is finite dimensional, and o(Bg) =2, x(Bg) = 1 otherwise.

Since o and ) are invariant under passage to the convex hull, we obtain the following
corollary :
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1.4. MEASURE OF NONCOMPACTNESS IN BANACH SPACES

Corollaire 1.4.1. Let Sg be the unit sphere in a Banach space E. Then, o/(Sg) = x(Sg) =0
if E is finite dimensional, and & (Sg) = 2, x(Sg) = 1 otherwise.

Theorem 1.67 ([16]). The Kuratowski and Hausdorff MNCs are related by the inequalities
x(Q) < a(Q) <2x(Q).
In the class of all infinite dimensional Banach spaces, these inequalities are the best possible.

Remark 1.68. Though, in general, o and ) are different MNCs, in some Banach spaces, we
can find a direct relation between them.

Now, we mention the Hausdorff MNC in special spaces ¢7, ¢y, C[0;T], LP[0; T]. For more
details see [16].

The Hausdorff MNC in the Spaces (7 (1 < p < ) and ¢

In the spaces ¢7(1 < p < =) and ¢( of sequences summable in the p-th power and respec-
tively sequences converging to zero, the MNC yx can be computed by means of the formula,

2(Q) = lim sup |(1d — P, )x]|. (1.10)
x€Q
where P, is the projection onto the linear span of the first n vectors in the standard basis.

The Hausdorff MNC in the Spaces C[0; 7|

In the space C[0;T] of continuous real-valued functions on the segment [0; T], the value
of the set-function ) on a bounded set € can be computed by means of the formula,

1
Q)= —1i — 1.11
1) = i {up | o s =1 . a1
where x, denotes the r-translate of the function x,
_ x(t+r) 0<t<T-r,
x’@—{x(r) , _r<t<T

The Hausdorff MNC in the Spaces L”[0;7|

In the space L”[0; T] of equivalence classes x of measurable functions x: [0;7] — R with

1
integrable p-th power, endowed with the norm ||x|| = ( & x(s)|P ds)”. Then

1
FH(Q) = x(Q) < p(Q). (1.12)
The function u appearing above is defined by the formula,

Q) = lim sup max ||x—x
(9 = lim sup max x|

where x, denotes the r-translate of the function x, or, alternatively, the Steklov function

xr(1) ! /er(s) ds.

2r t—r
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1.4.2 Axiomatic Definition of MNC in Banach Spaces

We will mention here the axiomatic approach for measure of noncompactness, developed
by Banas and Goebel [27] in 1980.

Let Mg denotes the family of all nonempty bounded subsets of E and 1 indicates the
family of all relatively compact sets.

Definition 1.69. A mapping t: Mg — Ry is said to be a measure of noncompactness if it
satisfies the following conditions :

(1) The family Kerp = {X € 9Mg; u(X) =0} is non-empty and Keru C Ng.

(2) X CY = pu(X) < pu(y).

(3) K(CoX) = u(X).

(4) n(X) = pu(x).

(5) UAX+(1—-2)Y) <AuX)+(1—=A)u(Y) for A € [0;1].
(6)

6) If (X,) is a sequence of closed subsets of 9ig such that X, | C X, (n > 1) and lim;, 0 i (X)) =
0 then N,_; X,, # 0.

Let us pay attention to the fact that, one of the most important properties of the measure
of noncompactness is a consequence of axiom (6). Indeed, since t(Xe) < u(X,) for any
n=1,2,..., we get that u(X.) = 0. This means that the set X.., belongs to the kernel Ker 1t
of the measure U.

Further on, we indicate a few important classes of measures of noncompactness [27].

Definition 1.70. Let u be a measure of noncompactness in the Banach space E. We will call
the measure 1 homogeneous if

(7) w(AX) = [A|u(X)

for A € R. If the measure u satisfies the condition

(8) (X +Y)<pu(X)+u(y)
it is called subadditive. The measure ¢ being both homogeneous and subadditive is said to be
sublinear.

Definition 1.71. We say that a measure of noncompactness y has the maximum property if
(9) H(XUY) = max{p(X), u(¥)}.

The most important class of measures of noncompactness is described in the below given
definition.

Definition 1.72. A sublinear measure of noncompactness (t which has the maximum property
and is such that Ker u = g is called the regular measure.
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Measure of Noncompactness in C[0; 7|
Given Q € Mcyo,7] and & > 0, let
0(Q,0) = sup{w(x,0) : x € 0}

where
o(x,0) = sup{|x(t) —x(s)| : z,s € [0;T],|t —s| < 5}.

The quantity ®(Q, d) denotes the so-called modulus of continuity of the set Q.
We have the following result, which is due to Banas and Goebel [27].

Theorem 1.73. Let ax: Mcyo,r) — Ry be the mapping defined by
wp(Q) = lim o(Q, 9). (1.13)
6—0

Then @y is a measure of noncompactness in C|0;T] in the sense of Definition 1.69. Moreover,
we have

wo(Q) = 2x(Q).

Definition 1.74. Let E be a Banach algebra. A measure of noncompactness i in E said to
satisfy condition (m) if it satisfies the following condition :

pXY) < [[X[lp(¥) + Y[ 1(X),

forany X,Y € Mg.
This definition appears in [28].

As is known the family of all real valued and continuous functions defined on interval
[0;T] is a Banach space with the standard norm

X[l = sup{|x(z)], 2 € [0;TT}.
Notice that (C[0;T], || - ||) is a Banach algebra, where the multiplication is defined as the usual
product of real functions.

Lemma 1.75. The measure of noncompactness @ on C|0;T] satisfies condition (m).

Proof. Let X,Y be a fixed subset of M7, € > 0 and t,s € [0;7T] with [ —s| < €. Then,
forxe X and y € Y, we have

e(0)y(@) =x(s)y(s)] < [x(0)y(e) =x(2)y(s)] + [x()y(s) —x(s)y(s)]
< (@Ily () =y ()[4 |y(s)|1x(2) —x(s)|
< rllo(y,e) + liyllo(x,).

Thus,
o(xy,€) < |Ix[|[o(y, &) +[[y||lo(x,€),

S0,
(XY, e) < [[X|lo(Y.€) +[Y[|o(X,€).

Therefore, we get

oy (XY) = lim (XY, 2) < [|[X[|an(Y) + V]| an (X).

This completes the proof.
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1.4.3 The Axiomatic Measure of Weak Noncompactness

The notion of a measure of weak noncompactness was introduced by De Blasi [26] in
1977 and it is the map B : Mg — R, defined by

B(Q) =inf{e > 0: Q has a weakly compact € —net in E'},

Now, we are going to recall some basic properties of B(+).

Properties 1.76 ([26]). Let XY be to elements of 1. The following properties hold :
(1) X CY,then B(X) < B(Y).

(2) B(X)=0if and only if X" is weakly compact.

(3) B(X") = B(X), where X" denotes the weak closure of X.

(4) B(XUY) = max{B(X),B(¥)}.

(5) BX+Y) <B(X)+B(Y).

(6) B(AX)=|A|B(X), for A € R.

(7) B(CoX) = B(X).

Theorem 1.77 ([26]). The measure B is regular.

Theorem 1.78 ([26]). Let Bg be the unit ball in a Banach space E. Then 3(Bg) =0 if E is
reflexive and B(Bg) = 1 otherwise.

Next, we present a theorem of Ambrosetti type.
Theorem 1.79 ([62]). Let J = [0;T] and H C C(J,E) be a bounded and equicontinuous
subset. Then the functiont — B(H(t)) is continuous on J, and

Be(H) = maxB(H (). B([uls)ds) < [ Blei(s))ds.

teJ

where H(s) = {u(s) :u € H},s € J and B¢ is the De Blasi measure of weak noncompactness
defined on the bounded sets of C(J,E).

1.4.4 Some Fixed Point Theorems Involving a MNC

The main application of measures of noncompactness in the fixed point theory is contai-
ned in the following theorem, which is called the fixed-point theorem of Darbo type, as ex-
tension of Schauder’s theorem. In this subsection, first we recall Schauder’s and Darbo’s
fixed-point theorem, and we review some important generalizations of Darbo’s theorem.

Theorem 1.80. (Schauder [5]) Let Q be a nonempty, bounded, closed and convex subset of
a Banach space E. Then each continuous and compact map T : Q — Q has at least one fixed
point in the set Q.

The mapping 7: Q — Q is said to be a p-contraction if there exists a positive constant
k < 1 such that
H(TW) < k(W) (1.14)

for any bounded closed subset W C Q.
Darbo’s fixed point theorem is a very important generalization of Schauder’s fixed point
theorem and Banach’s fixed point theorem.
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Theorem 1.81 ([27, 48]). Let Q be a nonempty, bounded, closed and convex subset of a
Banach space X and let T : Q — Q be a continuous operator. If T is a [L-contraction, then T
has at least one fixed point.

A generalization of Theorem 1.81 for the case that i is a regular measure of noncompact-
ness was proved by Sadovskii in [117] and we present it in the following theorem.

Theorem 1.82 ([117]). Suppose that  is a nonempty, bounded, closed, and convex subset of
E and T: Q — Q a continuous mapping. If for any nonempty subset W of Q with u(W) >0
we have

W(TW) < (W)

where UL is a regular measure of noncompactness in E, then T has at least one fixed point in
Q.

Recently, Aghajani et al. [9] extended the Darbo’s fixed point theorem using control func-
tions and presented the following result.

Theorem 1.83 ([9]). Let Q be a nonempty, bounded, closed and convex subset of a Banach
space E and let T : Q — Q be a continuous operator satisfying

W(TW) < o(u(Ww)), (1.15)

for any non-empty subset W of Q, where W is a measure of noncompactness in E and
¢: Ry — R, is a nondecreasing function such that lim,_,. @"(t) =0 for each t € R, where
0" (t) denotes the n-iteration of ¢. Then T has at least one fixed point.

In [9] the authors proved the following Lemma which will be useful in our considerations.

Lemma 1.84 ([9]). Let ¢ : R — R be a nondecreasing and upper semicontinuous function.
Then the following conditions are equivalent :

(i) lim,_0@"(¢t) =0, foranyt >0,
(ii) @(t) <t,foranyt > 0.

By commodity, we will denote by o7 the class of functions given by
o/ ={¢:R; — R, : ¢ is nondecreasing and Jlim ¢"(t) =0forany r € Ry},

where @" (1) denotes the n-iteration of ¢.

Remark 1.85. It is easy to see that if @ € <7 then ¢(¢) < ¢, for any ¢ > 0. Indeed, in contrary
case, we can find 7o > 0 and 7y < ¢(1y). By using the nondecreasing character of ¢, we have

0<to<(to) < @*(to) <--- < @*10) <...,

and, consequently, 0 < #p < lim, . ¢"(#y) and this contradicts the fact that ¢ € .#'. Moreover,
this proves that if ¢ € o7 then ¢ is continuous at fy = 0.

Remark 1.86. Taking into account Remark 1.85, the contractive condition appearing in
Theorem 1.83, i.e.,u(TW) < @(u(W)) can be rewritten as u(TW) < u(W) for any W €
Mg \ Ker u and, therefore, Theorem 1.83 is a immediate consequence of Sadovskii theorem
1.82.
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Examples of functions belonging to .7 are ¢(¢) = In(1+1¢),¢(¢) = arctant and ¢(r) =

_r

tThe following generalization of Darbo’s fixed point theorem appears in [74] and it is the
version in the context of measures of noncompactness of a recent result about fixed point
theorem which appears in [73].
Let @ be the class of functions 0 : (0;00) — (1;0) satisfying the following condition : For
every sequence (f,) C (0;00), lim, . 0(t,) = 1 if and only if lim, e, = 0.
Examples of functions belonging to the class of ® are 0(r) = eV’ 0(r) =2 — % arctan (t%)
with0 < a < 1,0(¢t) = (1+¢2)P with f >0and 0(r) =1+ 1.

Theorem 1.87 ([74]). Let Q be a nonempty, bounded, closed and convex subset of a Banach
space E and let T: Q — Q be a continuous mapping. Suppose that there exist 0 € © and
k € [0; 1) such that, for any nonempty subset W of Q with u(TW) > 0,

0(1(TW)) < [8(u(W))I%,
where UL is a measure of noncompactness in E. Then T has a fixed point in Q.

The following fixed point theorem is a variant of the Darbo-Monch fixed point theorem
given by O’Regan [101] in 1998, which was motived by some ideas used in [18].

Theorem 1.88 ([101]). Let D be a closed convex and equicontinuous subset of a Banach
space E such that 0 € D. Assume that N: D — D is weakly sequentially continuous. If the
implication

V =Co({0}UN(V)) =V is relatively weakly compact, (1.16)

holds for every subset V. C D, then N has a fixed point.

1.5 Coincidence Degree Theory

In the 1970s, Mawhin systematically studied a class of mappings of the form L+ N, where
L is a Fredholm mapping of index zero and N is a nonlinear mapping, which he called a L-
compact mapping.

In this section, we introduce Mawhin’s degree theory for L-compact mappings and various
properties of this degree.

1.5.1 Fredholm and L-Compact Mappings
Definition 1.89. Let £ and F be normed spaces. A linear mapping L: domL C E — F is
called a Fredholm mapping if
(1) KerL has finite dimension ;
(2) ImL is closed and has finite codimension.

Proposition 1.90 ([102]). Let E be a Banach space, T : E — E be a linear bounded Fredholm
operator and K : E — E be a linear continuous compact mapping. Then T 4+ K is a Fredholm

mapping.
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Recall that the codimension of ImL is the dimension of CokerL = F/ImL. If L is a
Fredholm mapping, then its index is defined by

IndL = dimKerL — codimImL.

Now, assume that L is a Fredholm mapping. Then, there exist two linear continuous pro-
jections P: E — E and Q: F — F such that such that

ImP = KerlL, KerQ =ImL.

Also, we have
E=KerL&KerP, F=ImL®ImQ

as the topological direct sums.

Obviously, the restriction of L, of L to dom LN KerP is one to one and onto Im L and so
its inverse Kp: ImL — dom L NKerP is defined. We denote by Kpp: F — dom LN Ker P the
generalized inverse of L defined by

Kpo = Kp(ld— Q).

Let L: E — F be a Fredholm operator of index zero. Then, there exists a bijection
J: KerL — ImQ (the existence of J is ensured by the fact that dimKerL = dimIm Q = n). It
is easy to prove that L4 JP: domL — F is a bijection and

(L+JP) ' =70+ Kpp.

Notice that JP: E — F is linear continuous operator of finite rank (dimIm JP = dimImQ <
0. Denote by §(L) the set of all continuous mapping A: E — F such that ImA has finite
dimension and L+A: domL — F is an bijection. Since JP € §(L), then §(L) # 0. Assume
that A C E and N: A — F a mapping (generally nonlinear operators). Then, for each A €
(L), we have

Lx = Nx, xedomLNA

is equivalent to the equation
(L+A)x=(N+A)x,

leading to the fixed point problem
x=(L+A)" Y (N+A)x, X €A,

because (L+A)~' (N +A)x € domL for all x € A.
In particular, for A = JP, the equation Lx = Nx, x € dom LN A is equivalent to the fixed

point problem
x=(P+J 'ON+KpoN)x, x€A.

Let A be a metrique space and N: A — N be a mapping.

Lemma 1.91 ([91]). If there exists A € F(L) such that (L+A)~'N is compact on A, then for
all B€ F(L), (L+B)~'N is also compact on A.
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Proof. Let B € §(L), then

L+B) Y (L+A)(L+A)"'N

L+B) " (L+B+A—B)(L+A)"'N

Id+ (L+B)""(A—B))(L+A)"'N

L+A) 'N+(L+B)'(A-B)(L+A)"!N.

(L+B)"'N

= (
= (
= (
= (

As A — B is continuous with finite rank and (L+ B)~! is bijective, therefore (L+B)~'(A — B)
is a linear continuous mapping of finite rank, hence compact. On the other hand, we have by
hypothesis (L+A)~!N is compact then so is (L+B) ' (A —B)(L+A)~!N.

O

Definition 1.92. We say that N: A — F is L-compact on A if there exists A € F(L) such that
(L+A)"'N: A — E is compact on A.

This definition is justied by Lemma 1.91.

Definition 1.93. For the operator N: A — F to be L-compact on A, it is necessary and suffi-
cient that the operator
M =P+J'ON+KppN,

is compact on A, in this case L+ N is called L-compact perturbation of the Fredholm operator
L.

For E = F and L = Id, this concept reduces to the classical one of compact mapping.

It is easy to verify that N: A — F is L -compact on A if and only if ON: A — F is
continuous, QN (A) is bounded and Kpg N = K,,(Id — Q)N : A — E is compact.

If L is invertible, it is sufficient to take 0 = A € F(L) and consequently the L-compactness
of N on is reduced to the compactness of L~ !N on A.

Proposition 1.94 ([91]). (1) If the operator N: A — F is L-compact on A, then N is L-
compact on every subset Q of A.

(2) The sum of two L-compact operators on the same set is as well L-compact on A.

Definition 1.95. If N: A — F is L-compact on each bounded subset B of E, we shall say that
N is L-completely continuous on E.

Proposition 1.96 ([91]). If the linear operator A: E — F is L-completely continuous on E
with Ker(L+A) = {0}, then the operator L+A is bijective, and for any operator N: A — F L-
compact on A, the operator (L+A)~ IN: A = E is compact on A.

Proof. For B € §(L) we have
L+A=(L+B)(ld+(L+B) '(A-B)),
as L+ B is bijective, then

Ker(Id + (L+B)'(A—B)) =Ker(L+A) = {0},
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Moreover, (L +B)~!(A — B) is completely continuous on E ; because A — B is L-completely
continuous on E. Therefore, Id + (L +B)~' (A — B) is a completely continuous linear pertur-
bation of identity and one-to-one, then Id + (L -+ B)~!(A — B) is a linear homeomorphism of
E onto E. As a consequence, (L+A): domL — F is a bijection. Suppose now that N: A — F
is L-compact on A ; then
(L+B)"'N=(L+B) " '(L+A)(L+A)"'N

=(L+B) "(L+B+A—-B)(L+A)"'N

=Id+(L+B)"'(A—B)(L+A)"'N.
Since (L+ B)~'(A — B) is bijective and (L + B)~'N is compact on A , then (L+A)"!N =
Id+(L+B)~'(A—B)~!(L+B)~'N is compact on A.

O

1.5.2 Degree Theory for L-Compact Mappings

Let E,F be two real normed vector space and L: domL C E — F a Fredholm operator
of index 0; denoted by Cy. the set of pairs (L+ N,Q), where Q is an open bounded subset
in E with N: Q — F is L-compact on which satisfies the condition (L+ N)(x) # 0, for all
x € domLNJQ.

A mapping Dy : C; — 7Z will be called a degree with respect to L if it is not identically
zero and satisfies the following axioms.

(a) Additivity-excision property : If (L+ N,Q) € Cr ; and Q,€ are two disjoint open sub-
sets in  such that

(L+N)x#0, forallxedomLN(Q\Q;UQ,),
then (L+N;Ql) e(Cy, (L—I—N,Qz) € Cr, and
DL<L+N?Q) :DL(L+N791)+DL(L+N7QZ)

(b) Homotopy invariance axiom : Let H: (domL x [0;1]) NT — F be the operator defined
by
H(x,A)=Lx+N(x,1),

where I is an opan bunded in E x [0;1], and N : I' — F is L-Compact on I'. Assume that
H(x,A)#0, forall (x,A) € domLN(JT), x[0;1],

where (dT);, ={x € E: (x,A) € dT'}, then foreach A € [0; 1] we have (H(-,1),['}) € C
and Dy (H(-,A),T,) is constant on [0; 1], where I, denotes the set

Iy ={x€E:(x,A)eT}.

From these axioms, we can immediately deduce the following properties :

(1) Excision property : Suppose that (L+ N,Q) € Cr and Q; C Q an open subset such that
(L+N)(x) #0; for all x € dom LN (Q\Q1), then

(L+N,Q;) €Cy and DL (L+N,Q) = (L+N,Q,).
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(2) Existence property : If Dy (L+ N, Q) # 0 ; then the equation Lx + Nx = 0 has at least one
solution in Q.

(3) Invariance on the boundary : If (L + Nj,Q) and (L+ N,Q) belong to Cr ; such that
Nix = Nyx for all x € D(L)N IR, then Dr.(L+N;,Q) = Dr(L+N»; Q).

(4) Normalization property : If (L+N,Q) € Cr, where L+ N = Alg with A is a linear one-
to-one mapping from domA into F' ; then

[l ifbe(L+N)(domLNQ),
DL(L+N=b,Q)| = {0 if b (L+N)(domLNQ).
For further details, we refer to [92] and [91].

Brouwer degree

Assume that dimE = dimF < o, L = 0 and N is continuous on Q such that Nx # 0 for
all x € Q. As N is a continuous mapping of finite rank, then N = 0+ N € Cy. In this case Dy
is reduced to the Brouwer degree and is usually denoted by

Do(N,Q) = degB(N,Q,O).

Proposition 1.97. Let E, F,G be three real normed vector space such that dimE = dimF =
dimG < oo, N: QCE —F, (N,Q) € Coand A: F — G is a bijection, then

Dy(AN,Q) = sign(detA)Dy(N,Q).

Leray-Schauder degree

If E = F is a real Banach space, L = Id and N is compact (hence /d-compact) such that
forall x € dQ, x+Nx # 0. Then Id + N € Cy; and Dy, is the same so-called Leray-Schauder
degree denoted by

Dyy(Id +N,Q) = deg; ¢(Id+N,Q,0).

Let § = inf,cyq ||(Id + N)x|| > 0, N is continuous compact mapping. Then, for any € > 0,
there exist a finite dimensional space F¢ and a continuous mapping N¢: Q — F¢ such that
IN®x — Nx|| < e forall x € Q. If 0 < € < £ then

(Id+ N®)x|| = (Id +N®)x— (Id +N)x— (Id + N)x||

inf ||

x€dQ

> inf [|[(1d+N)x| [ (1d+N¥)x— (1d+ N
xXe

inf ||
x€dQ

0
>§>0

which proves that 0 & (Id + N?)(dQ) and in particular 0 & (Id + N®)(F¢ N dQ). Conse-
quently, the degree degg(Id + N¢|pe, QN F¥,0) is well defined, and so we define

deg; ¢(Id+N,Q,0) = degg(Id + N¥|pe, QN F¥,0)

this definition is independent of the chosen subspace F¢ and approximation N¢ (see [113]).

32



1.5. COINCIDENCE DEGREE THEORY

Proposition 1.98. For (Id +N,Q) € Cy4, Let Ey be a closed subspace of E and N(Q) C Ej,
then
degLS<Id+N7Q>0) = degLS(Id—i_N‘EO?QﬂEO,O)

Proof. Since N(Q) C Ep, we may choose a finite dimensional space E§ C Ep and a conti-
nuous mapping N¢: Q — E§ such that ||N¥x — Nx|| < € for small € > 0. Then we have

deg;s(Id +N,Q,0) = degg(Id + N°|ge, QN Ej, 0) = deg s(Id + N|g,, QN Eo, 0).

Remark 1.99. (1) If dimE < oo, then deg; s(Id + N, Q,0) = degy(Id + N, Q,0).

(2) Brouwer degree and Leray-Schauder degree satisfy all the axioms above and properties
which will be used subsequently.

1.5.3 Coincidence Degree for L-Compact Mappings

In this subsection, we define coincidence degree for L-compact mappings and give some
properties of coincidence degree

Denote by C(L) the set of all linear mappings A: E — F L-completely continuous on E
such that Ker(L+A) = {0}. Notice that F(L) C C(L).
Lemma 1.100 ([91]). For all A,B € C(L), the following assertions are true
(1) Aap= (L+A)"Y(B—A) is completely continuous on E,
(2) Id+ (L+B)"'(N—B) = (Id+ Asp)(Id + (L+A) "' (N — A)),
(3) forallr >0, |Dig(Id+Ap g,Br)| = 1.

Proof. It is clear that A4 p is completely continuous on E because if B € C(L), then in view
of proposition 1.96 (A — B) is L-completely continuous on E. On the other hand, we have

Id+ (L+B)""(N—B)=1d+(L+B) ' (L+B+A—B)(L+A) " '(N-A+A—B)
=1Id+ (Id+(L+B) '(A—B))(L+A) '(N—A)+(L+B)"'(A-B)
= (Id+ A p) + (Id +Aag)(L+A) " (N —A)
= (Id+Aap) (Id+ (L+A) "' (N —A))

Id+ Ay g: E — E is a completely continuous perturbation of identity with Id +A4 p = (L +
B)"!'(L+A); then Id + A4 p is an isomorphism, which completes the proof.

]

Lemma 1.101 ([91]). For (L+N,Q) € Cr, where N is fixed,
does not depend on the choice of the operator A in C(L).

Dyy(Id+(L+A) " (N—A),Q)

>

Proof. From Lemma 1.100 and the product formula of Leray-Schauder degree (see [?, 102],
we find

Dyy(Id + (L+A)"" (N —A),Q) = Dig(Id + Ay ,B,)Dyg(Id + (L+B) " (N — B),Q),
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then
IDyg(Id + (L+A)"Y(N—A),Q)| = |D1y(Id + (L+B)"'(N - B),Q)|.

[

LetP: E—E,Q: F—F Kpp: F— EandJ: KerL — ImQ be the operators introduced

in subsection 1.5.1, where the isomorphism J is chosen such that D;;(Id +Ag jp,B,) = 1, then
we may note

Id+(L+JP)"'(N—JP) =1d+ (J'Q+Kpg)(N—JP) =1d — (P—J 'ON — KpoN).

As (L+N,Q) € Cr, then P—J QN — KpoN is compact and satisfies x # Px —J ' ONx —
KpoNx, for all x € domLN dQ, which justifies the following definition.

Definition 1.102. If (L+N,Q) € Cy, the degree of L+ N in Q with respect to L is defined by
DL(L+N,Q) =deg;s(Id —P+J 'ON +KpoN,Q,0).

The degree defined is called the coincidence degree of L and —N on domZL N Q. This
degree was introduced by J. Mawhin in 1972 (see [91]).

Using the properties of Leray-Schauder degree, one can show that Dy, satisfies the pro-
perties of excision-additivity, invariance by homotopy, and the non-nullity of the degree.

The computation of Dy (L+ N,Q) is reduced to that of Brouwer degree in the following
interesting particular case.

Proposition 1.103 ([91]). If (L+N,Q) € Cp with N(Q) CImQ, then (N|gerr, QNKerL) € Cy
and Dy (L+N,Q) = sign(detJ ) degg(N|kerz, QN KerL,0).

Proof. Using the definition of Dy, with the same notations, we get ON =N, (Id — P) |kerr =

0,KpoN =0and (P—J~'N)(Q) C KerL, thus by the definition of the Leray-Schauder degree
and propositions 1.97-1.98 we have

Dr(L+N,Q) =deg;s(Id —P+J"'N,Q,0)
= degz(Id — P+ J 'Nl|kerr, QN KerL,0)
= degy(J 'Nl|kerz, QN KerL,0)
— sign(detJ ) degz(N|kerz, QN KerL,0)

1.5.4 Existence Theorems for Operator Equations

Let E,F be real normed spaces, L: domL C E — F be a linear Fredholm mapping of
index zero and Q C E be an open bounded subset with dom LN Q # 0.

Theorem 1.104 ([91, 102]). Let N,T: Q — F be two L-compact. If the following conditions
are satisfied :

(1) Lx+ANx+ (1 —A)Tx #0 for all (x,A) € domLNIQ x [0;1);

(2) DL(L+T,Q) #0;
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then, Lx+ Nx = 0 has a solution in dom LN Q.

Proof. If the equation Lx + Nx = 0 has a solution in domL N dQ, the theorem is proved.
Otherwise, let H: Q x [0;1] — F be defined by

H(x,A)=ANx+(1—A)Tx forall (x,A) € Qx[0;1],

H is L-compact on Q X [0; 1], by assumption we have Lx + H(x,A) # 0 for all x € domLN
dQ x [0;1]. By the invariance homotopy property, we obtain

DL(L+N79) :DL(L+T7Q) 7& Oa

then it is sufficient to use the existence property to complete the proof.

O]
The following result is a special case of theorem 1.104 where KerL # {0}.

Theorem 1.105 ([91, 102]). Let N,T: Q — F be L-compact. Let Fyy C F be a subspace with

F =ImL® Fy algebraically and T () C Fy. Suppose that the following conditions hold :
(1) Lx+ANx+ (1—A)Tx # 0 for all (x,A) € domLNIQ x (0;1)

(2) Tx#0forall x € KerLNIQ

(3) degp(T |kerr, 2N KerL,0) # 0.

Then, the equation Lx + Nx = 0 has a solution in dom LN Q.

Proof. LetQ: F — F be the projection such that InQ = Fy and KerQ =ImL. Then QT =T
and (L+ T)x = 0 if and only if

Q(L+T)x=0, (Id—Q)(L+T)x=0,

i.e., Tx = 0 and Lx = 0. Therefore, by the assumption (2) we deduce (L+7,Q) € Cr, and in
view of Propositionl.103, we have

|DL(L—|— T,.Q.,())| = ]degB(T\KerL,QﬂKerL,O)\ #0.

Thus, it follows from Theorem 1.104 that Lx = Nx has a solution in dom LN Q. This completes
the proof.

]
A useful consequence of Theorem 1.105 is the following one

Theorem 1.106. [91, 102, Mawhin’s continuation theorem | Let N: E — F L-compact. Sup-
pose that the following conditions hold :

(1) Lx+ ANx # 0 for every (x,A) € (domL\KerL)NdQ x (0;1).

(2) Nx ¢ ImL for every x € KerLNdQ.

(3) degg (ON |kerr, 2N KerL,0) # 0, where Q: F — F is a projection such that ImL =
Ker Q.

Then, the abstract equation Lx = Nx has at least one solution in dom LN Q.
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1.5. COINCIDENCE DEGREE THEORY

Proof. Let us apply Theorem 1.105 with Fy = ImQ and T = QN it is clear that T is L-
compact. By the assumption (2), we know that

ONx #0 forallx € KerLNJQ.
Now, if Lx+ ANx+ (1 — A)QONx = 0 for some (x,A) € domLNJQ x (0;1), then we have
ONx =0, Lx+ANx=0.

But ONx = 0 implies that Nx € ImL hence, x € (domL\KerL) N dQ and Lx+ ANx = 0,
which contradicts the assumption (1), this means that

Lx+ANx+(1—A)ONx#0 forall (x,A) € domLNIQx (0;1)

Thus, the conditions of Theorem 1.105 are satisfied, and consequently, Lx = Nx has a solution
in dom LN Q.

]

Remark 1.107. As degg (J~'ON |kerr, @NKerL,0) = degg (ON [kerz, QN KerL,0) we
can replace the condition (3) in Theorem 1.106 by the more general condition

degp (J*IQN |KerL,QﬂKerL,()) #0.
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Chapitre 2

Weak Solutions for Nonlinear Fractional
Differential Equations with Integral and
Multi-Point Boundary Conditions

2.1 Introduction

In this chapter we investigate the existence of weak solutions, for the fractional differen-
tial equations that contain both the integral boundary condition and the multi-point boundary
condition :

D x(t)+ f(t,x(t)) =0, teJ=[0;1],
xXD(0)=0, i=0,1,2,...,n—2, 2.1)

x(1) = 3757 03 fo" x(s) ds + S vix(n:),
where D¥ represents the standard Riemann-Liouville fractional derivative of order « satis-
fyingn—1 < a <nwithn >3 andn € N*. In addition, 0 <1 <M < +-- < Np_2 < 1 and
0i, Vi > 0 with 1 <i<m—2, where m is an integer satisfying m > 3. f: [0;1] xE — E isa
given function satisfying some assumptions that will be specified later, E is a Banach space

with norm || - ||.

This problem was studied recently in [114] in the scalar case using Krasnoselkii’s fixed
point theorem, Schauder type fixed point theorem, Banach’s contraction mapping principle
and nonlinear alternative for single-valued maps.

Here we extend the results of [114] to cover the abstract case. We establish the existence of
weak solutions of the problem (2.1) using method associated with the technique of measures
of weak noncompactness and a fixed point theorem of Mdnch’s type, which is an important
method for seeking solutions of differential and integral equations.

1. Z. Baitiche, K. Guerbati and M. Benchohra, Weak solutions for some nonlinear fractional differential
equations with fractional integral boundary conditions in Banach spaces, PanAmerican Mathematical Journal
Volume 29 (2019), Number 1, 86 - 100.
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2.2. EXISTENCE RESULTS

2.2 Existence Results

In this section we discuss the existence theorem of weak solutions for the problem (2.1).
E denotes the real Banach space with norm || - || and dual E* also E,, = (E,w) = (E,6(E,E™))
denotes the space E with its weak topology. C(J, E) is the Banach space of continuous func-
tions x: J — E, with the usual supremum norm.

1%l = sup [lx(1)]| e,
teJ

Definition 2.1. A function #: E — E is said to be weakly sequentially continuous if / takes
each weakly convergent sequence in E to weakly convergent sequence in E (i.e. for any (x,),
in E with x, — x in (E,w) then h(x,) — h(x) in (E,w) for eachz € J).

Lemma 2.2. Letn—1 < a <nwithn >3 and let h € C(J,E) be a given function, the unique
solution of the fractional differential equation

D x(t)+h(t)=0, telJ
with multi-point and integral boundary conditions

)=0, i=0,1,2,. =2,
m

( =
{x(l) S ool ()ds+Z 2 vix(ny),

is given by

1 10— 1 m—2
:/0 G(t,s)h(s) ds+ Zq/ (Ni,s)
o

—1m

_2 1
+og v, Glms)hls) s

where £ =1 — ézl’.’;z om®— " 2vin® > 0 and

I [t T 1—s)* T —(t—5)*1 | 0<s<t <,
Glr,s) = I(a) 11 —s) ! 0<r<s<l

1 t%(1—5)%"1—(t—5)% | 0<s<t<l,
H(tvs>:l—‘(7 ( oc)_ a(—l )

o+1) t“(1—s) ,  0<r<s<1

The proof is similar to the one given in [114].

Remark 2.3. From the expression of G(¢,s) and H(t,s), it is obvious that G(¢,s) and H(z,s)

are continuous and nonnegative on J x J. It is easy to figure out that 0 < G(z,s) < % and

0<H(t,s) < m hold for all ¢, s € J.

38



2.2. EXISTENCE RESULTS

To prove the main results, we need the following assumptions :
(Hy) For eacht € J, the function f(z,-) is weakly sequentially continuous ;
(H,) For each x € C(J,E), the function f(-,x(+)) is Pettis integrable on J ;
(H3) There exist p € L*(J,R.) and a continuous nondecreasing function y: Ry — R such

that
17 (x| < pO)w([lx]l);
(Hy) There exists a constant R > 0 such that

R

LS 22
PI=v®EK (22

where

B 1 1 m—2 ((X—i— 1)1,’ anla—l—l 1 m—2 nla 1 nioc
K‘rm)+2§:q al(o+2) '+E§)“rm+n

i=1

(Hs) For each bounded and measurable set D C E, and for each 7 € J, we have
B(f(1,D)) < p(t)B(D).

Theorem 2.4. Assume that the hypotheses (Hy) — (Hs) hold. If

1
Pl < % 23)

then the boundary value problem (2.1) has at least one solution,

Proof. Transform the integral equation (2.1) into a fixed point equation. Consider the ope-
rator 4" : C(J,E) — C(J,E) defined by :

(xlm2

,/Vx(t):/olG(t,s)f( ) ds+ Zo,/ (Miy ) f (s,x(s)) ds

oclm2

zvl/ (10,5) (s.x(s)) ds.

Since, s — G(t,s),s — H(t,s) are € L*(J) then G(¢,-) f(-,x(+)),H(¢t,-) f(-,x(-)) forall t € J
are Pettis integrable (Proposition 1.60) and thus, the operator .4 is well defined.
Let R > 0 and consider the set

D_{ XECWULE): ||xw <R, |Ix(r2) —x(t1)||E < }

Ll [(1 4 Do+ DK~ =10+ (o 1], el <n

It is clear that the convex closed and equicontinuous subset D C C(J, E).

We will show that the operator .4 satisfies all the assumptions of Theorem 1.88; the
proof will be given in three steps.

Step 1 : We shall show that the operator .#” maps into itself. First of all, we begin to show
that .4#": D — D. To see this, let x € D,t € J. Without loss of generality, assume that .4 x(z) #
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0. By the Hahn-Banach theorem, there exists ¢ € E* with ||@|| = 1 and |4 x(2) ||z = @ (A x(1)).
Thus

(xlmz

Z Gz/ (i, ) f(s,x(s))ds

4 x0)lle =0 [ Glt)fsxts)ds +

1
! G<ni,s>f<s,x<s>>ds)
| oa—1 m—2 1

< | Gt.5)@(£(5.x(5)) 5 Zcr, | H(1i,5)0(f(s,x(5))) ds

Using hypotheses (Hz) we get
A x(0)|E

<|pll=w(R )(/01 G(t,s) ds+
(R)

(r@

a1m2 almz

ZG,/ (M, s) ds+ Zv,/ (M, s) ds

_ a+1n _anlaJrl 1= 2 (X l_nl
; aC(a+2) & ZV’ oc+1))

2

<|pllz-y

e \

I(a)
< lpll=-w(R)K <R.

then |4 x||eo = sup,; || A4 x(t)||g < R.
Next, lett,t; € J,1; < tr,x € D, without loss of generality, assume that A x(ty) — A x(t;) #
0. By the Hahn-Banach theorem, there exists ¢ € E* with ||¢|| = 1 and

1AV (x)(22) = A () (1) [[£ = (A (¥)(12) — A () (1))
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So,

1 1
¥ () 12) = A @) = 9 || Gltz.5)(s.(5)) ds - /0 Glt1,9)f (s.x(s)) ds
o— 1_tix 1 m—2

v Zh }:q/ (01,9)f (5, x(s)) ds

+ i —tl Z Vl/ (Ni,s) (s))ds)

+t2 —ll Z Gz/ nh

3 ||P||L°° ®)

< Ha+n[u+Kﬂa+Ux Pt (18 — 1)

This estimation shows that .#” maps D into itself.

Step 2 : We will show that the operator .4” has a weakly sequentially continuous. To see
this, by Lemma 9 of [96], a sequence x;,(-) weakly convergent to x(-) € D if and only if x,(-)
tends weakly to x(-) for eachz € J. Let (x,) be a sequence in D and let x, (1) — x(¢) in (E,w)
for each ¢ € J. Fix t € J. Since f satisfies assumption (H), we have f(z,x,(t)) converges
weakly uniformly to f(z,x(r)). Hence the Lebesgue Dominated Convergence theorem for
Pettis integral implies .4 x,(¢) converges weakly uniformly to .4 x(¢) in (E,w). We do it for
eachr € J so 4 'x, — A4 x. Then .4 : D — D is weakly sequentially continuous.

Step 3 : The implication (1.16) holds. Now let V be a subset of D such that V = Co(4(V)U
{0}). Clearly, V(t) C Co(A4 (V(t)) U{0}),r € J. Further, as V is bounded and equiconti-
nuous, by theorem 1.79 the function # — v(z) = B(V(z)) is continuous on J. By assumption
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(Hs), and the properties of the measure f3, for any ¢ € J, we have

v(t) < B (Co(A (V) (1)U{0})) < B(A (V)(1))
a—1m=2

<B( [ G sV () as+ 3 o [ Hns) 5.V (6)) s

i=1

t(xfl m—2 1
+ 5 ;vl G(Th’,S)f(S,V(S))dS)
1 po—1m=2 |
</, G(t,5)B(f(s,V(s)))ds+ ppy G,'/O H(n;,5)B(f(s,V(s)))ds

> vi | Glms)B(F(5.V(5))) ds

1 ta—l m—2

< [} 60OV )+ Y

1
o [ H(ms)p(s)(V (s))ds

which gives

[v]|eo < 1PNl ]|v]|ooK -
This means that

(I —=llpll=K)|v][- < 0.

By (2.3) it follows that ||v||. = 0, that is v(t) = B(V(¢)) = O for each ¢ € J, and then by
Theorem 2 of [96], V is weakly relatively compact in E. Applying Theorem 1.88 we conclude
that .4 has a fixed point which is a solution of the problem (2.1).

O

2.2.1 Example
Let

E=1/"= {x:(xl,xz,...,xm...),2|xn| <00},

n=1
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be the Banach space with the norm

Ixllz =3 [l

n=1
We consider the following fractional boundary value problem

9

D, xn(t) +e " sinx,(t) =0, Viel

:[0;1]7
<> 50)=x/(0)=0, o4
xn(1) n(s)ds+2f0 xp(s)ds+4 [§ x,(s)ds
0 (§) + 350(3) + 3 (3).
Set
x:(xl,xz,...,xn,...), f:(fl,fz,...,fn,...),

f(t,x(2)) ={e " sinx,(t) }n>1, tEJ.

From the equation above, it is clear that o = 2
5

z,m:nzs,cl:3,62:2,63:4,V1:1,V2:
5V3=15,M = %7772 = %,1’]3 = % Using the Matlab program, we can find & = 0.4689,K =
0.0949.

For each x € ¢!, t € J we have

[f(t,2)] < €' fxal.
Hence conditions (H} ), (H;) and (H3) hold with

pt)y=e',teJ and wy(x)= x|, x€[0,).

For any bounded set D C E, we have

B(f(t,D)) < e 'B(D), foreacht € J.

Hence (Hs) is satisfied. On the other hand we have

R

> .
IPll=w(R)K

is equivalent to
10K
1-K’

Hence the condition (Hy) holds for R > 1.0485. Consequently, Theorem 1.88 implies that
problem (2.4) has a solution defined on J.

R >
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Chapitre 3

Boundary Value Problems for Hybrid
Fractional Differential Equations

Perturbation techniques are useful in the nonlinear analysis for studying the dynamical
systems represented by nonlinear differential and integral equations. Evidently, some dif-
ferential equations representing a certain dynamical system have no analytical solution, so
the perturbation of such problems can be helpful. The perturbed differential equations are
categorized in to various types. An important type of these such perturbations is called a
hybrid differential equation (i.e.quadratic perturbation of a nonlinear differential equation).
This class of equations involves the fractional derivative of an unknown function hybrid with
the nonlinearity depending on it. The study of hybrid differential equations is implicit in
the works of Krasnose’lskii, Dhage and Lakshmikantham and extensively studied by many
researchers, we refer [13, 49, 52, 64, 65, 75, 88, 107, 110, 112, 121, 122].

Dhage and Lakshmikantham [52] discussed the existence and uniqueness theorems of the
solution to the ordinary first-order hybrid differential equation with perturbation of first type

d (%) =g(t,x(1)), ae.t € J,
x(;o) =x0 € R.

where f € C(J x R,R\ {0}) and g € C(J x R,R), where J = [to ;o + a] is a bounded interval
in R for some 79 and a € R with a > 0.

Zhao et al.[121] studied existence and uniqueness results for the following hybrid diffe-
rential equations involving Riemann-Liouville differential operators :

DY, (77455) = 8(t.x(1)), ae.r €7 =[0;7],
x(0) =0,

where 0 <g < 1, fe C(JxR,R\{0}) and g € C(J x R,R). A fixed point theorem in Banach
algebras was the main tool used in this work.

Hilal and Kajouni [65] extended the results to the following boundary value problem for
fractional hybrid differential equations involving Caputo’s derivative

{CDg+ [%} :g(t,x(t)), ae.teJ= [O;T], (3.1)

x(0

XT)
azox0y T o7y =
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where 0 < a < 1, f € C(J xR,R\ {0}), g € C(J x R,R) and a, b, c are real constants with
a+ b # 0. They proved the existence result for boundary fractional hybrid differential equa-
tions under mixed Lipschitz and Caratheodory conditions. Some fundamental fractional dif-
ferential inequalities are also established which are utilized to prove the existence of extremal
solutions.

Darwish and Sadarngani [49], where using a measure of noncompactness argument com-
bined with the generalized version of Darbo’s theorem, authors provide sufficient conditions
for the following fractional hybrid initial value problem with supremum

¢ x(t) _
DO |:f( ( ) maXo<r<,x(T))} - g(t7x(t))7 O < t < 1,
x(0) =0,

where a € (0;1),f € C(Jx RxR,R\ {0}), g € C(J xR, R).
Benchohra et al. [35] studied the existence and uniqueness of solutions of the following
nonlinear fractional differential equations :

{Dmy( )= f(t,y(t)), foreachr € J =[0;T], 0 < ax < 1,
ay(0)+by(T) =

where where "D8‘+ is the Caputo fractional derivative, f: [0;7] x R — R is continuous and
a,b,c are real constants with a + b # 0.

Ahmad and Ntouyas [13] discussed the following fractional boundary value problem with
fractional separated boundary conditions

{ ‘DEx(r) = f(t,x(r)), t€[0;1], 1<g<2
0ox(0 )+B16DO+X( )=n, ox(1)+BDgx(l)=r, 0<p<l,

where CDg+ is the Caputo fractional derivative, f is a given continuous function, and ¢, B;, % (i =
1,2) are real constants such that a; # 0. The results is obtained by using appropriate standard
fixed point theorems.

Motivated by some recent studies on hybrid fractional differential equations (HFDEs),
in this chapter, we shall establish sufficient conditions for the existence of solutions for two
boundary value problems for hybrid Caputo fractional differential equations.

In section 3.1, we give our main result for the following boundary value problem of
nonlinear fractional hybrid differential equations :

{cug+[m§;3(,)))]—g<rx< (1), teJ=[0;1],

“{Wﬁ(rm] +b{4<m<(u)(r>>>’},1 ¢

where 0 < a < 1,a,b,c are real constants such that a +b # 0,°D{}; is the Caputo fractional
derivative, f € C(J x R,R\ {0}),g € C(J x R,R), u and v are functions from J into itself.
Note that if u(r) = v(z) = ¢, then the first problem of (3.4) is reduces to the problem (3.1).
Alsoif u(t) =v(t) =t, f(t,x(¢)) = 1, then the problem (3.4) is reduces to the problem (3.2).

In section 3.2, we consider the following boundary value problem for hybrid fractional
differential equations with fractional separated integral boundary conditions

D¢+ (%) =g(t,x(t)), teJ=[0;T],
ar (775055) o+ 01D (7o), = Jo hlt,x(0)) i (35)
@ (%);:1-’_[9261) ( ((()t ) _fO k(z,x(2))de
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3.1. SOLUTION FOR BVP FOR HYBRID CAPUTO FDE

Where 0 < 0 <1 < a <2, “D§; is the Caputo fractional derivative, f,g,h,k are a given
continuous functions and a;,b;,i = 1,2 are real constants such that a; # 0. Note that if
f(t,x(t)) = 1,h(t,x(t)) = c; and k(t,x(t)) = c2, c1,c; are real constants, then the first pro-
blem of (3.5) is reduces to the problem (3.3).

The main tools in our analysis are Darbo fixed point theorem and the measure of non-
compactness related to monotonicity which was introduced by Banas and Olszowy [30].

3.1 Boundary Value Problems for Hybrid Fractional Differential
Equations '

3.1.1 Existence of Solutions

In this subsection, we discuss the existence of solutions of the the problem (3.4).

Lemma 3.1. For anyy € C(J), the unique solution of the hybrid fractional differential equa-
tion,
x(1)

Dh | )

} =y(), 0<r<l, (3.6)

with boundary conditions

() W |
| @ o P = G

is given by 1
+(0) = fexuo) { [ Gleonto)as+ b, 38)

where
b
1 (t—s)% 1 - (1—-9)%1 | 0<s<r<l,
G )= —— a+b 3.9
)= ) b1 gt L 0<r<s<l. G2
a+b

Here G(t,s) is called the Green function of the boundary value problem (3.6) and (3.7).

Proof. We may apply Lemma 1.44 to reduce (3.6) to an equivalent integral equation

x(t)
f(t,x(u(2)))

Consequently, the general solution of (3.6) is

x(2) = f(t,x(u(r))) (Ig-y(2) +co). 3.11)

Applying the boundary conditions (3.7) in (3.2.1) we find that

= Igiy(t) +co, co€R. (3.10)

aco+b(I§y(1)+co) =c.

1. Z. Baitiche, K. Guerbati, M. Benchohra and Yong Zhou, Boundary Value Problems for Hybrid Fractio-
nal Differential Equations, Mathematics. 2019 7(3), 282.
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3.1. SOLUTION FOR BVP FOR HYBRID CAPUTO FDE

Therefore, we have

1
co = a+b(c—blg‘+y(l)).
Substituting the value of cg in (3.2.1) we get (3.17).
(0) = £ {Berte) - )+ . (3.12)
’ 0 a+b? a+b

that can be written as

) = Flealu) { [ Gsnis)as 50

where G is defined by (3.9). The proof is complete.
]

Remark 3.2. From the expression of G(z,s), it is obvious that G(t,s) is continuous on J x J.

Thanks to Lemma 3.1, the proposed problem is equivalent to the following integral equa-
tion

) = Fl3()) { [ Gs)glsxtviN)as+ L.

Firstly, we list some assumptions :

(A1) The functions u,v: J — J are continuous.
(Ay) feC( xR, R\{0})and g € C(J xR,R).

(A3) There exists a constant k € (0; 1) such that
1f(t,x1) — f(t,x0)] < (Jx1 —xa| + DX =1, € J, x1,x €R.
(A4) There exists a continuous nondecreasing function y: R, — (0, +o0) such that
g0 <w(lx]), teJ, xeRy.

(As) There exists r > 0 such that

+2|b| |
01— <
1=t ]{|a+byr(a+1) D ) <7
and |a| +2|b| <]

al+ c

+ )
\a—l—b\l“(oc—i—l)u/(r) la+b| —

where

M = sup{|f(¢,0)| :t € J}.
Now, we are in a position to state and prove our main result in this paper.

Theorem 3.3. Assume that assumptions (A1) — (As) hold. Then the Problem (3.4) has at least
one solution in the Banach algebra C(J).
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3.1. SOLUTION FOR BVP FOR HYBRID CAPUTO FDE

Proof. To prove this result using Theorem 1.87, we consider the operator .7 on the Banach
algebra C(J) as follows

73(0) = flextwo) | [ Geoglsatvis)as+ )

a+b

for r € J. By virtue of Lemma 3.1, a fixed point of .7 gives us the desired result.
We define operators .# and ¢ on the Banach algebra C(J) in the following way :

Fx(t) = f(t,x(u(1))),

and
c

a+b

1
Gx(t) = /O G(t,5)g(s,x(v(s)))ds +

fort € J. Then Tx = (Zx)-(¥x) for any x € C(J).
We divide the proof into five steps.

Step 1 : .7 transforms C(J) into itself.
In fact, since the product of continuous functions is a continuous function, it is sufficient to
prove that .Zx,%x € C(J) for any x € C(J). Now, from the assumptions (A;) and (Ay), it
follows that if x € C(J) then . x € C(J). Next, we will prove that if x € C(J) then ¥x € C(J).
To do this, let € > 0 be fixed, take x € C(J) and 1,1, € J with 1, —t; < € and we can assume
that r; < ;. Then, in view of assumption (A4), we get

Gx(12) = Sx(n)| < /O“|G<n,> Gl12,9)||g(5,x(v(s)) | ds
+/2|G 11,8) = Glt2,5) [g(s. (v (s))) | ds

+ [1601.9) - Glo9ls.x(v(s)) s
< WD 160.9) = Gl )]s
+/ |G(t1,s) — G(t2, 5 )IdS+ IG(t1 s) — G(ta,s )|ds)
ED,

IN

Fo +1)(2<r )"+ (1f —r2>)
29 () e

N CES A
2y

S Ta+n©

From the above inequality, we conclude that |4x(t;) —“x(t;)| — 0 when € — 0. Therefore,
¢x € C(J). This proves that if x € C(J) then Tx € C(J).
Step 2 : An estimate of |7 x|| for x € C(J).
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Now, let us fix x € C(J), then using our assumptions for ¢ € J, we obtain

wa@\=:pme<m{ugaa<w»—abIﬁanmwn»+ =)

+b a+b
< Ul oL el
8g\s g(s,x(v(s c

{ / g(t ds+|a+byr(a>/o (1—s)i-@ ds+\a+b|}

< [(Jxe(ua(z) |+1 —1+M
L rry(lx(vis)) || Py(lx(v(s)]) <]

X{F(oc) 0 (1—s)-@ ds+|%b|r( Vo (1—s)i ds+|a+b|}

< [0l 0t = ] { SR P+

Therefore,

al 28]y ""'}
la+b|T(a+1) la+b|) "

|72l < [(lll + D — 1+ M] {

By assumption (As), we deduce that the operator .7 maps the ball B, C C(J) into itself.
Moreover, let us observe that from the last estimates, we obtain

(3.13)

|ZBl < (r+1)f—1+M,
|a|+21b| le|
198, < o YD) + ooy
Step 3 : The operators .# and ¢ are continuous on the ball B,.
In fact, firstly we prove that the operator .% is continuous on the ball B,. To do this, fix € > 0
and take arbitrary x,y € B, such that ||x — y|| < €. Then for ¢ € J, we have

|[(Fx) (1) = (Fy) ()] (5, x(u(2)) = S ( (()))I

1,y
(belp(e)) =y o)l + 1=
(llx = yH+1) -1
(e+ 1)k —1,

IAIAIA

and, since (¢4 1)¥ — 1 — 0 when & — 0. Thus, from the above inequality the operator .7 is
continuous on the ball B,.

Next, we prove that the operator ¢ is continuous on the ball B,. To do this, we take a
sequence {x,} C B, and x € B, such that ||x,, —x|| — 0 as n — oo, and we have to prove that
|G x, — 9 x|| — 0 as n — 0. Since G(t,s) and g(z,x) are uniformly continuous on the compact
J x J and J x [—r;r], respectively, we may denote

{K = sup{|G(t,s)| : t,s € J},
H =sup{|g(t,x)|:t €J,x€[—r;r]}.

Since w: J — J is continuous, then for any n and ¢ € J, we have |x,(v(¢))| < r. Thus, for any
nandt € J, we get
1G1,5) lg(t,3n(V(O))| < KH, s €.
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By applying Lebesgue dominated convergence theorem, we get

ln @)@ = Jim [ Gselnvi) s+

= /OIG(t,s)g(s,x(v(s)))ds—l—
= (9x)).

Thus, the above inequality shows that the operator ¢ is continuous in B,. Hence we conclude
that .7 is continuous operator on B,.

Step 4 : Estimates of wy(#X) and wy(4X) for @ # X C B,.
Firstly, we estimate @y(.Z#X). Let € > 0 be fixed, since p: J — J is uniformly continuous,
we can find 6 > 0 (which can be taken with 0 < € ) such that, for |r; —#;| < § we have
ln(t) — ()| < e.Letx € X and 11,1, € J with |t} — 12| < § < €. Then, in view of assumption
(A3), we have

(Fx)(t1) — (Fx) ()] = [f(tr,x(u(t))) — f(t2,x(u(t2)))]
< |f@x(u(t))) = fleasx(u()| + 1 f (t,x(1(n))) — f,x(1(t2)))]
< [(Ix(u(n)) —x(u(@@)|+ D= 1] + (f,e)
< [(oX, &)+ 1) —1]+o(f,e),
where
o(f,€) =sup{|f(r1,x) — f(r2,x)| : t1,12 € J, |ty — 12| < €, x € [—r;7]}.
So,

o(FX,e) < [(0(X,e)+ 1) —1] + o(f,¢).

Observe that the function f(¢,x) is uniformly continuous on the set J x [—r;r|. Hence, we
deduce that o(f,€) — 0 as € — 0. Thus, from the above inequality, we conclude

wo(FX) < (a(X)+ 1)k 1. (3.14)

Next, we estimate @y (¢X). Fix € > 0, since G(t,s) is uniformly continuous on J x J, there
exists & > 0 (which can be taken with & < € ) such that, for any #1,#, € J with [t —1;| < 8 < &,

E
(Glt1,5) = Gln,s)| < o, s€d.
Thus,
[Gx(t2) =Fx(n1)] = / |G(11,5) = G12,5)||8(s,x(v (s)))| ds
< H/ G(t1,5) — G(ta,5)|ds < .

So,

0(Yx,€)
Taking € — 0, we get

wy(¥9X) =0. (3.15)
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3.1. SOLUTION FOR BVP FOR HYBRID CAPUTO FDE

Step 5 : An estimate of wy(7X) for @ # X C B,.
From Lemma 1.75 and the estimates (3.13), (3.14) and (3.15), we have

o(7X) = o(FXGX) <[ FX|o(9X) + |4 X ] an(FX)

< [ FBrllao(9X) + |4 By, oo (FX)

+2[b| ]
< X)+1)k—1 i — .
< M@+ ) =1 a1 Y0 g
Under the assumption (As), we know that
jal +2|b| ]
—— <.
]a+b|1“(a+1)w<r0)+ la+b| =

Hence,

o (TX)+1 < (ap(X)+1)*.
Thus, the contractive condition appearing in Theorem 1.81 is satisfied with 8(z) =1+ 1,
where 6 € ©. By applying Theorem 1.87 we get that the operator .7 has at least one fixed
point in the ball B,. Consequently, the problem (3.4) has at least one solution in B,. This
completes the proof.

O

3.1.2 Example

Consider the following fractional hybrid problem

l x(0) } = Lsinx(v1), t€J=10;1]

0 f—
1+|x(et=1)] (3.16)
x(1) } _
=1

cn2
Gl

(1) }
1+|x(et=1)] =0
Corresponding to the problem (3.4), we have that £(t,x) = /1 + |x], |g(¢,x)| =  sinx, u(r) =
e~Lv(t)=vt,a=3,a=b=1,c=0,M=sup,,|f(t,0)] = 1. Itis clear that the assump-
tion (A1) — (A2) hold. On the other hand, since the function f(x) = /1 + |x| — 1 is concave

(because B”(x) < 0) and B(0) = 0, we infer that 8 is subadditive and, therefore, for any r € J
and x1,x; € R, we have

[f(6x) = f(t,x)] = [B(x) = Blx)| < Blxn —x2)
= 14+|x—x]— 1.

So, the assumption (A3) holds, with k = 1/2. Moreover, for any 7 € J and x € R, we have
1 1
lg(t,x)| = §|Sinx| < §]x|.

Hence the assumption (A4) holds, where y(x) = %x.
Observe that the assumption (As) is equivalent to

vrtl 1 LS
VT VT

Thus, assumption (As) is satisfied for all 0 < r < /7.
So, all the assumption of Theorem 3.3 are satisfied, and consequently problem
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3.2 Existence of Solutions for Hybrid Fractional Differential Equa-
tions with Fractional Separated Integral Boundary Condi-
tions °

3.2.1 Existence of Solutions
In this subsection, we are concerned with the existence of solutions of the problem (3.5).

Lemma 3.4. Lety,p, 0 € C(J). The unique solution of the hybrid fractional differential equa-
tion,

o x(t) _ —.10-
D+ (f(t,x(t))> =y(t), teJ=:[0;1], (3.17)

with separated integral boundary conditions

aj (%)toqtblcp& (}%)to = /Olp(t)dt,
) )
=1 (

a (M) +by°Dg- <f(tX(;

=

(3.18)

=

is given by :

art

(0) = x0) {18:3(0) = 251+ 2105 (1)

v—ast [l t [l
+ /Op(l‘)dl—i—;/o O(t)dt},

ayv

(3.19)

where
- azr(z— G) + by

I'2—o)

Proof. By Lemma 1.44, we reduce Eq.(3.17) to an equivalent integral equation

x(t)
f(t,x(1))

Consequently, the general solution of (3.17) is

=15 y(t)+co+cit, co,c1 ER.

x(t) = f(t,x(t)) (I y(t) + co+c1z). (3.20)
By Lemma 1.42 and 1.43 we get

O x(t) _ j0—0 110
% (o) = "0 iy

From the boundary condition (3.18), we have

1
aico :/0 p(l‘)dt,

2. Z. Baitiche, K. Guerbati, M. Benchohra, Solutions for HFDE with Fractional Separated Integral Boun-
dary Conditions, J. Nonlinear Studies.
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az(l(‘)’iy(l)-l-co-l—cl) —I-bz(lg‘;ffy(l)-l—r(zdid)) = /01 0(t)dr.

Therfore, we get
1 /1

= — t)dt
0= OP() :

and

_ D b20-o az/l 1/1
er ="y + 2Oy L [Tp(r)dr [0 dr

Substituting the value of cg,c in (3.20) we get (3.19).
By Lemma 3.4, the BVP (3.5) is equivalent to the equation
art byt
(6) = 0x0)) {6 0(0.3(0)) — “2 1 g(1.3(1)) 4 2248 g(1,2(1)

+v—a2t /()lh(t’x(t))dt+\t//()1 k(t,x(t))dt} .

aly
In [9] the authors proved the following Lemma which will be useful in our considerations.

Lemma 3.5 ([50]). Let f: Ry — R be the function defined by f(t) = t%.
(i) If o> 1 andty,tp € J withty > 1y, thenty —t¥ < a(t, —t1),
(ii) If0< < landty,ty € Jwithty > t1, then ts —t¥ < (tp —11)%.

For the next theorem we use the assumptions :
(C1) feCUxR,R\{0}) and g,h,k € C(J xR,R).

(C2) There exists an upper semi-continuous function ¢: Ry — R such that ¢(r) < ¢, for
any t > 0, ¢ is nondecreasing, and

|f(t,x1) = f(t.x2)| S @(|x1 —x2f), 1 €, x1,%2 €R.

(C3) There exist functions @1, ¢, ¢3 € L' (J,R.) and w1, y», y3: R, — R, continuous, non-
decreasing such that

8t x)| < pr(O)wi(lx]), At x)] < g2()wa(lx]), |k, x)] < d3(r)ws(lx]).
(C4) There exists r > 0 such that

[@(r) +M](Agyn (r) +Anya(r) + Acys(r)) <,

and
Ay (r) +Aya(r) + A (r) < 1,
where @l by
V+|az 2
M =su t,0)], A,= )
w10 A= () ey I
A, — 193l _ I+ lazl[[¢2]| 1
k— ’ - .
vl jarv|
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3.2. EXISTENCE OF SOLUTIONS FOR HFDE WITH FRACTIONAL SEPARATED INTEGRAL BOUNDARY CONDITIONS

Theorem 3.6. Assume that assumptions (Cy) — (C4) hold. Then the Problem (3.5) has at least
one solution in the Banach algebra C(J).

Proof. To prove this result using Theorem 1.83, we consider the operator .7 on the Banach
algebra C(J) as follows

T3(0) = Fle.3(0) {1§sl0,5(0)) — 2 I (1,(1) + 22 g(1,(1)
oot /01 h(t,x(t)) dt + i /01 k(t,x(t))dt}

ay

for ¢t € J. By virtue of Lemma 3.4, a fixed point of .7 gives us the desired result. We define
operators .# and & on the Banach algebra C(J) in the following way :

Fx(t) = f(t,x(t)),

and

av

fort € J. Then Ix = (Fx)-(Px) for any x € C(J).
We divide the proof into several steps.

Step 1 : .7 transforms C(J) into itself.
In fact, since the product of continuous functions is a continuous function, it is sufficient to
prove that .Zx, Zx € C(J) for any x € C(J). Now, from the assumptions (C}), it follows that
if x € C(J) then Zx € C(J). Next, we will prove that if x € C(J) then Zx € C(J). To do this,
let t € J be fixed, take x € C(J) and let (#,) be a sequence in J such that #, —  as n — oo.
Without restriction of the generality, we may assume that #, > ¢ for n large enough. For every
n, we have

| Px(t,) — Px(t)|
! —S o—1_ — S o—1 In n—S -1
< [[ln=) r(a)“ gt xo)lds+ | u|g<s,x<s>>|ds

a—oc—1

_ —s a—1
tn t{]a2|/1(1))| (s,x(s ))\ds+]b2|/ 06)6)|g(s,x(s))|ds
—|—|a2|/ |h 5,x s)yds+/ |k(s,x(s))|ds}
< [ o= |ds—|—/ 1g(s,x(s))| ds

0 a)

a—oc—1
ol [ gl [ a’o)|g<s,x<s>>|ds
il 1)+ ks vl
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Since g € C(J x R,R), g will be bounded on the compact J x [—||x|; ||x||] and we put L =
sup{|g(s,x)| : s € J,x € [—||x||; ||x||]]}. From the last estimate and Lemma 3.5, we get

| Px(tn) — Px(1)]

L(t¥—t%) ty—t [ |aalL |by|L
< TET T R+ e o el el vl + 4all v ()
Lt,—t) th—t | |aa|L |by|L
< e S + ey el v+ 45 s

From the above inequality, we conclude that (%x)(t,) — (%x)(t) when n — oo. Therefore,
Px € C(J). This proves that if x € C(J) then Tx € C(J).

Step 2 : An estimate of ||.7x|| for x € C(J).
Now, let us fix x € C(J), then using the assumptions (C;) and (C3), for ¢ € J we obtain

(TR0 = | £(0500)) {1 e, 300)) — 2 1 1x(1)) + P2 g (1,2(1)

v —ant

+ a /Olh(s,x(s))ds+i/0] k(s,x(s))ds}
< (1£(1.x0))  £1,0) +1£(1.0)) {15*+rg<r,x<z>>|+ ’, |‘Io+rg<1 X(1)

ba] s N
+’2’I 2(1,x(1) » v‘z / |h(s, |ds—|— /|ksx ))|ds}
< [o(x(0))) + M] {%(Hxl!)l(?im <r>+'“2"’|’1vf”x”>13+¢1<1>
+A2D) o, 1) 4 (LDl g 1 4 D000y

It follows from, Lemma 1.34 and 1.35 that

(7001 < [oal)-+ 4] { vl + 2R v ()

all ol o (W laaDlgal 93l 0.
e () + 2 U )+ LRy
< [0l + M) (Agya () + Ay ) +Anya ().

Therefore,

17 x|l < [@(llxll) + M1 (Agwi (llxl]) + Anya(llx]]) + A (llx]]) -

By assumption (Cy), we deduce that the operator .7 maps the ball B, C C(J) into itself.
Moreover, let us observe that from the last estimates, we obtain

|-FB|| < @(r)+M
| ZB,|| < Agyi(r) +Apya(r) +Arys(r).

Step 3 : The operators .% and & are continuous on the ball B,.
In fact, firstly we prove that the operator .% is continuous on the ball B,. To do this, we take

(3.21)
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a sequence {x,} C B, and x € B, such that ||x, —x|| — 0 as n — o, and we have to prove that
|7 xn — Fx|| — 0 as n — oo. In fact, for all r € J, using the assumption (C3), we have

|[(Fx) (1) = (Fx) (1) = | (1,20 (2)) = f(2,2(2)) | < @(|xa(r) —x(2)])
< @([lxn —xl[) < floen — ]|

So we get
[ F %0 = Fx|| < |lxn — x|

Thus, from the above inequality we obtaind
lim || Zx, — Zx|| =
n—soo

Therefore, the operator .% is continuous on the ball B,.
Next, we prove that the operator & is continuous on the ball B,. To do this, fix € > 0 and
take arbitrary x,y € B, such that ||x —y|| < €. Then for ¢ € J, we get

(2x)(1) - (%)( )
g s, x _a ¢ g S, x ( y( ))
/ t—S) —« 2/ 1_S)1 o &
Lot ! g(s,x(s)) 8(s.y(s) 4o (v “2’> /0 (h(s,x(s)) = h(s.y(s))) ds

v Jo T(a—o)(l —s)lto-a apv

+ i /01 (k(s,x(s)) —k(s,y(s5))) ds.

So,
[(Zx)(t) = (Zy)(1)]
f(r—s)*! jas| 1 (1—5)*"! |bo| 1 (1—5)* 0!
< -~ ds+ — d d
< g(r,€) (/0 M) ST b Mo St b o) ®
v] + |az] 1
——— (1, €) + (1 E
v| + |az| b2 ) v| + |az| 1
<F(oc+1) Wa—o 1)) e+ T anlne) + podne),
where
wg(r,€) =sup{|g(t,u) —g(t,v)|:t € J,u,v € [—r;r],Jlu—v| < €},
wp(r,€) = sup{|h(t,u) —h(t,v)| 1t € Ju,v € [—r;r],ju—v| < €},
wi(r,€) =sup{|k(t,u) —k(t,v)| :t € Jyu,v € [—r;r],lu—v| < €}.
Therefore,
v] + |az] b2 ) v] + |az] 1
Px— Py < P ie2] -
|| X y“— (F((X+1) |V‘F(OC—C7—|—1) (Dg(l",8>+ ‘Cl1V| wh(r78>+|v|wk(r7£)

Since, we know that the function g(¢,x),h(t,x) and k(¢,x) are uniformly continuous on the
compact J x [—r;r], we conclude that (7, €), w,(r,€) and ay(r,€) — 0 as € — 0. Thus, the
above inequality gives us

lim || Zx— Py| =
e—0
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So, the operator & is continuous in B,. Hence we conclude that .7 is continuous operator on
B,.

Step 4 : Estimates of ay(.#X) and wy(ZX) for 0 # X C B,.
Firstly, we estimate @y(-# X). Let € > 0 be fixed, x € X and 11,1, € J with |t; —1;| < €. Then,
in view of assumption (C;), we have

[(Fx)(01) = (Fx)(11)] = [f(01,x(01)) = f 2, x(22) )]
< |f (e, x(0n)) = f (0, x(02)) [+ 1S (10, x(22)) = f (12,%(22)) |

< @(|x(t1) —x(r2)]) + @(f,€)
< p(a(x,e) +o(f,e),
where
o(f,€) = sup {|f(t1,x) = f(t2,%)| : 11,12 € J, |1 — 12 < &, x € [=r31]}.
So,

o(FX,e) < p(a(X,€)) +o(f,e).
Observe that the function f(z,x) is uniformly continuous on the set J x [—r;r]. Hence, we
deduce that o(f,€) — 0 as € — 0. Thus, from the above inequality, we conclude

0o (FX) < ¢(mp(X)). (3.22)

Next, we estimate my(Z?X). Fix € > 0, and we take x € X and 11,1, € J with t, —#; < € and
we can assume that #; < t,. Then, in view of assumptions (C3), we get

| Px(ty) — Px(11)|

11 _socl_ —g t) _ge-l
<[ = gsnontas [ s s

oc) I'a)
_g)a—o-1
2 [ O atlas il [ O D eGsatona

—l—|a2\/ h(s,x(s))ds+/ k(s,x(s))ds}

n(tp—s)*—(t)—s 0 (t —s5)%!
<[ = psnttas+ [* B g atoas

I'a)

Soc—cr—l
— "{\ anl [ 2 o))+ o] [ oy s als)lds

+laa|[[ 92| llfz(lIXH) 131w (i)}

Since g € C(J x R,R), g will be bounded on the compact J x [—r;r] and we put N = sup{|g(s,x)|:
s € J, x € [—r;r|}. From the last estimate and Lemma 3.5, we get

| Px(ty) — Px(t1)|

N —tf) -t [ |aN |ba|N
<o) non el el )+ [l a0
N(nn—t1)  t—t1 [ |a]N by |N
-~ I(a) v {r(a+1) F(a_6+1)+VaZ\H‘PzHLl‘I/z(F)JrH¢3HL1‘I/3(V)}
Ne & ( |a|N |br|N
< fat AT+ e o el v+ el
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Therefore,

Ne € { \ale ‘bz’N
r

< = =
O(Zx8) < may Y \Tla D) Na—ot

D) v S+l [0a] o)+ s )

Taking € — 0, we get
wy(2X) =0. (3.23)
Step 5 : An estimate of wy(.7X) for @ # X C B,.
From Lemma 1.75 and the estimates (3.21), (3.22) and (3.23), we have
(T X) = wp(FX.ZX) < || FX][|oo(2X) + || ZX]|op(FX)
< || F By, || o (2X) + || 7By, || o (F X)
< (Agyi (r) +Apya(r) +Arys(r)) @ (oo (X)).

Under the assumption (C3), we know that

Agllfl (r> ‘l’AhI//Z(r) +Akll/3(r) <L

Hence,
wy(TX) < @(an(X)).

Then by Theorem 1.83, we deduce that the operator .7 has at least one fixed point in the ball
B,. Consequently, the problem (3.5) has at least one solution in B,.. This completes the proof.

]

3.2.2 Example

Consider the following fractional hybrid problem

c 3 X 3
x(0 ) x(0 ol
(‘1+1n‘(1(+?x(0)|)) +b1 D15+ <1+1n‘(1(+)\x(*0)|)) = Jo 7 sinx(s)ds (3.24)
x(1 N x(1 _ s
3 (rmtiet) + 8 Do (i) = Jo $x(5) cosx(s) ds

Corresponding to the problem (3.5), we have that @ =3/2, 6 =1/2, a1 =1#0, ay =

1/2, by = /T4, byis arbitrary, f(1,x) = 1+In(1+|x|), g(t,x) =5 sinx, h(t,x) = & sinx, k(,x) =
fxcosx. Furtherv=M = 1.

It is clear that the functions f, g,/ and k satisfy (C) of Theorem 3.6.

On the other hand, for any 7 € J and x,x; € R we can assume that |x;| < |x|. Then

| (8x2) = f(2;x1)] = [In(1 + [x2|) = In(T + 1 ])|

<ln<1+|x2|> :ln<1+|x2‘_|x1‘>
- 1+|X1| 1+|X1|

<In(1+ (| = i ])) < Inl+ ey —x1]).

Therefore, assumption (C;) of the Theorem 3.6 is satisfied, with ¢(7) = In(1 +7).
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Moreover, for any ¢ € J and x € R, we have
1. 1
8(1,)| = | sinx) < S1xl

3
2 2

t t
|h(t,x)| = §|sinx| < §|x|,
t t
|k(t,x)| = Z!xcosx(s)| < §|x|
We can get that the condition (C3) of the Theorem 3.6 holds ; that is

Vi (x) = v (x) = y3(x) = x,

and
0(0="" 6= e0)="
1 — 3 ’ 2 — D) ) 3 — 2
By simple calculations we get
13746
A, +A,+A, =
s T AT A= o

The inequality appearing in (Cy4) of Theorem 3.6 has the expression

1 —Ag —A,—Ay
Ag ‘Jl‘Ah +Ak

rgexp( )—1:1.3771,

and

r<— =1.6097.
Ag -I-Ah +Ak

So, assumption (Cy) of the Theorem 3.6 is satisfied for all 0 < r < 1.3771.
Thus, all the assumption of Theorem 3.6 are satisfied, and consequently problem (3.24)
has at least one solution in C(J).
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Chapitre I

Solvability of Fractional Multi-Point BVP
with Nonlinear Growth at Resonance '

4.1 Introduction

In this chapter, by using Mawhin’s continuation theorem, we establish some sufficient
conditions for the existence of at least one solution for the following fractional multi-point
boundary value problems (BVPs) at resonance

{ (DR = Fe) 0.0, DEule), 1] =031 w
u(0) =0, “DG.u(0) =0, u’(0) = S a" (&), u/ (1) = Sh_y bjud (n),

where ‘D, is the Caputo fractional derivative, 2 < @ <3, 0< & <--- <&, <1, 0<n <
< nl < 17 alab] ERa ( - 17"'7m7.] = 17"'71)7 ¢( ) ECI[O,l],‘LL —minte[o;l]‘P(t) >0
The nonlinearity is such that

(Ho
(i
(ii

(iii

f:[0;1] x R* — R is a Carathéodory function, that is,

~—

for each x € R?, the function t — f(¢,x) is Lebesgue measurable ;

for almost every ¢ € [0; 1], the function ¢ — f(¢,x) is continuous on R*;

— — —

for each r > 0, there exists ¢,(t) € L'[0; 1] such that, for a.e. € [0; 1] and every |x| < r,
we have |f(7,x)] < @ (1).

The resonant conditions of (4.1) are as follows
(H) Siai=1, Y\ bj=1, YL bm;=1.

This means that the linear operator Lu = (q)"DO+ u) corresponding to (4.1) has a nontrivial
solutions or, in a functional framework, L is not invertible i.e. dimKerL > 1.

In order to make sure that the linear operator Q (to be specified later on) is well defined,
we assume in addition, that

1. Z.Baitiche, K. Guerbati, M. Benchohra and Yong Zhou, Solvability of Fractional Multi-Point BVP with
Nonlinear Growth at Resonance, Journal of Contemporary Mathematical Analysis.
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(Hy) There exist p,q € Z",q > p+ 1 such that A(p,q) = dy1das — di2da # 0, where

gt Sp S)a_3 s a 51 s 6 S) -3 P
Zal/ p¢(S) d ) d21 Z 1‘/0 qiq)( ) d R

B ISP(I_S)OCZ n; sP( _s>oc—2
du—/opw I

B 1S£I(1_S) n]S _S)a—z
= Z”/ FrEm

The existence of solutions for fractional boundary-value problems at resonance case has been
extensively studied by many authors ; see [22, 23, 24, 25, 47, 66, 67, 68, 71,72, 77,78, 119]
and the references therein. It is considerable that there are many papers that have dealt with
the solutions of multi-point boundary value problems of fractional differential equations at
resonance [23, 24, 47, 71].

In this chapter, we study (4.1) at resonance which allow f to have nonlinear growth.

4.2 Main Results

For our purpose, the adequate functional space is :
X ={u: D§,u € C[0;1],usatisfies boundary value conditions of (4.1) }.
Equipped with norm

leellx = llulloo + [’ lloo + 11" [l oo + ‘DG al|oo, Where [Jue]joo = 1611[3>]<]|u( )l

By means of the functional analysis theory, we can prove that (X, || - |[x) is Banach space.

Let Y = L'[0;1] be the Lebesgue space of real measurable functions ¢ — y(t) defined
on [0;1] and such that r — |y(¢)| is Lebesgue integrable. Y is Banach space with the norm
¥l 1 = Jo [v(¢)|dt. Define L to be the linear operator from dom LN\ Xto Y :

Lu=(¢D%.u)’, u€domlL. (4.2)

where
domL = {u € X | “D§, u(t)is absolutely continuous on [0;1]}

and define the operator N: X — Y as:
Nu(t) = f(t,u(t),u (t),u” (1), D§-u(t)), t€[0;1].
Then the boundary value problem (4.1) can be written in abstract form as :
Lu=Nu, uecdomlL.

To study the compactness of operator N, we need the following Lemma.
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Lemma 4.1. U C X is a relatively compact set in X if and only if U is uniformly bounded
and equicontinuous. Here uniformly bounded means there exists M > 0 such that for every
uclU

leellx = Neelloo + 12 lloo + [[1a" [|oo + 1D’ ] oo < M.

and equicontinuous means that Ve > 0, 36 > 0, such that
WD (1) —uD ()| <&, YueU,Vt,nel |t —n|<8,Vie{0,1,2}.

and
|CDg+u(l1) —CDg+u(t2)‘ <&, YuelU,Vt,nel, ‘t1 —l‘z‘ < 0.

Let 71, T>: Y — Y be two linear operators defined as follows

S)oc73

n e (G-5) 0 p
TY):;CH/O gb(s)/()y(r)drds’

T (y) :/01(1;2)062/0 r)drds — Zb / .q:(z))az/osy(r)drds.

Lemma 4.2. Let L be the operator defined by (4.2). Then

KerL = {u | u(t) = c1t +c2t?, ¢1,¢2 € R},

and ImL={yeY |Ti(y) =Ta(y) =0}. 4.3)

Proof. Firstly, u € KerLif and only if (¢ (t)DS, u(t )) = 0 which from condition ‘D, u(0) =
0 has D%, u(t) = 0; this with u(0) = 0 yield u(t) = c1 + c2t%. So we just characterize ImL.
Given y € ImL, there exists u € dom L such that (¢ (t)DS, u(t )>/ = y(t) we have

D u(t) = (])zt)/oly(s) ds

By Lemma 1.44 and u(0) = 0, we find

(1 —s)%!

¢(s)
By u”(0) = Y7, au’ (&) and 25:1 a; = 1. We obtain

1 S
u(t) = cit +cot® + 0 /0 /0 y(r)drds, c1,c; €R, 4.4)

ia,/glm/o y(r)drds =0.

i-1 70

From the conditions /(1) = Z  bju'(n;) and ZI 1b; —Z 1bjnj =1. We get

—g a—2 sa—z s
/01(1 (p(s) /0 r)drds — Zb/ (P(S)) /Oy(r)drds:O.
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On the other hand, we let

)afl

u(t) = ¢yt + cot? +/(: %/Osy(r) drds,

where ¢y, ¢; are arbitrary constants. It is clear that u(0) = 0, in view of Lemma 1.42 and 1.43,
we obtain ‘D, u(0) = 0 and (¢(t)CD8‘+u(t)>/ =y(t) forallr € [0;1]. If T1(y) = Ta(y) =0
holds, we can calculate the following equations

" . " _ Ti(y) _ / l TN I(y) _
u (0)—;%‘“ (51‘)—m—0a ”(1)—j_z:1b]” (le)—m—o-

So, u € domL and y € Im L. Then, we complete the proof.

[
Lemma 4.3. L is a Fredholm operator of index zero, and the inverse linear operator K, =
L;l : ImL — domLNKerP is defined by
1 t(t—s)* 1 s
Kp)(t) = / / drds. 45
( Py)() F(Oc) 0 (])(S) Oy(r) rds ( )
It satisfies,
I1Kpyllx < prllyllpr- (4.6)
where
1 1 1 1
= — 1 4.7
= (s * ) * a1+ ) &
Proof. Consider continuous linear mapping Q: Y — Y defined by
Oy =Q1(y).tP 1+ 0 (y) 177! (4.8)
where p, g are given by (H,) and
1
01(y) = (d22Ti(y) — daiTa(y)),
A(p.q)
1
Q(y) = —diTi(y) +duTa(y)),
() A<p7q)( () ()
We will prove that Ker Q = Im L. Obviously, ImL C KerQ. As well, if y € Ker Q, then
{ dnTi(y) —duTa(y) =0. 4.9)
—diTi(y) +di T>(y) = 0. '

The determinant of coefficiency for (4.9) is A(p,q) # 0. we get T1(y) = T>(y) = 0 and that
implies y € ImL. So, KerQ C ImL. Now, we prove Q’y = Qy, y € Y. For y € ¥, we have

Q1(Qi(y) ") = A(;,q) [doaTi (Q1(y) 47~ 1) — dn T(Q1 (v) -7 1))]
= A(plm(dndll —dr1d12)Q1y
= Qlya
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01(0a(y).17") = [dnT1(02(3) 17 ") — doy To(Q2(y) 197 )]

B

P.q)
1

= drdyy —dr1dy) oy
A(p,q) ( )

:()7

Similarly, we obtain

Q2(Q1()-t7" 1 =0, 02(Q(y)t?") = Qoy.

Therefore, we get

0%y = 01(Qi1(y) 471" + 01 (Qa(y) 147 P!
+02(01(y) "N + 0202 (y) 197 1) 4!
= 01"+ 0a(y) 47!
= Oy.
That implies the operator Q is a projector.
Take y € Y in the form y = (y — Qy) + Qy. Then, (y — Qy) € KerQ = ImL and Qy € Im Q.

Thus ¥ = ImQ+ImL. And for any y € ImQ NImL, from y € ImQ, there exists constants
c1, ¢2 € Rsuch that y(¢) = ¢1.tP~! +¢.1971, from y € Im L, we obtain

{dllcl +dric2 =0,

4.10
diac1 +drcy =0. (4.10)

The determinant of coefficiency for (4.10) is A(p,q) # 0. Therefore (4.10) has an unique
solution ¢; = ¢p = 0, which implies ImQ NImL = 0. Then, we have

Y=ImQ&®KerQ=ImQ&ImL. 4.11)

Thus, dimKer L =2 = dimIm Q = codim Ker Q = codim Im L, this means that L is a Fredholm
operator of index zero.
Let a mapping P: X — X be defined by

u"(0) 5
5 te. (4.12)

Pu(t) = u' (0)t +

We note that P is a linear continuous projector and Im P = KerL. It follows from u = (u —
Pu) + Pu that X = Ker P+ Ker L. By simple calculation, we obtain that Ker LNKerP = {0}.
Hence

X =KerL®KerP. 4.13)

Define Kj,: ImL — dom LN Ker P as follows :

t(t—s a—1 .5
(KpY)(I)ZF(la)/O (r=s) /Oy(r)drds.
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Now, we will prove that K, is the inverse of L |gomzrKerp- In fact, for u € domLNKer P, we
have

t(t—s) b s / .
Kolule) = oy ) (0 D) () ards = i Dt

u"(0) >

=u(t) +u(0)+u (0)t + 51

In view of u € domLNKerP, u(0) = 0 and Pu = 0. Thus
(KpL)u(t) = u(t), (4.14)

and for y € ImL, we find

1 /
(LK) = LK»)(1) = [¢ (1) DE. I, (’O;y) (r)] — (0.

Thus, K, = (L ldomZKerp) |- Again for each y € ImL, and from Lemmas 1.43, 1.34 and
1.35, we have

2
1Kpyllx = Z max x| Kp) ()] + max x DG (Kpy) (1)

e ()0l ()0

Z ax

1€[0:1]
<22:max I8y () + max Iy y(t)
i—ot€l0:1] u t€[0;1] u
2 NI [yl
T ioul(a+1l-i)  p
< pilyl-

]

Lemma 4.4. Suppose that Q is an open bounded subset of X such that dom LN\ Q # 0. Then
N is L-compact on Q.

Proof. Itis clear that ON(Q) and K,,(Id — Q)N(Q) are bounded, due to the fact that f realize
the Carathéodory conditions. Using the Lebesgue dominated convergence theorem 1.55, we
can easily find that ON and Kpg N = K,,(Id — Q)N : Q — X are continuous. By the hypothesis
(iii) on the function f, there exists a constant M > 0, such that |(Id — Q)N (u(t))| < M, for all
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ueQ,te0;1].Fori=0,1,2,0<t; <1, <1,and u € Q, we have

(KpoNu)?(12) — (KpgNu) V(1)

1) _g)o—i=1 g
N F((Xl— i) /0 & q)()s) /0 (Id — Q)Nu(r)drds
1 )il g
_/0 (tl(p()s)/o (Id — Q)Nu(r)drds
< ‘u]"(jg_l) {/Oﬁ (12 _s)oc—i—l —(n _S)a—i_l ds—i-/: 1y )i ds}
= M o—i_ ,0—i
a m(tz —17).

Furthermore, we have
D Kpo Nu(ts) — D Kpo Nu(ty)|

1 15 1 1
= ‘¢(t2)/0 (Id_Q)NM(S)dS_M/() (Id — Q)Nu(s)ds

1 1 n 1 1))
- K‘p(&) - ¢(f1)> /0 (1d = Q)Nu(s)ds + o(n) /n (1d = Q)Nu(s)ds
|¢(t2)—¢(t1)!+A:(12—t1).

<

'S:N‘ <

Since t%,t%~! t%=2 and ¢ (¢) are uniformly continuous on [0; 1], we get that K,(Id — Q)N : Q —
X is compact. The Lemma is then proved.

]

Theorem 4.5. In addition to (Hy) — (H,), suppose that the following conditions hold :

(H3) There exists a Carathéodory function ®: [0;1] x (R )* — R, nondecreasing with res-
pect to the last four arguments such that

’f(t,X(),Xl,xz,X3)’ < CI)(t7 |X()’, ’X]‘, ’XZ‘, ‘X3|),

(Hy) lim,_e sup % fol |P(s,r,r,r,r)|ds < pnlez where py is defined by (4.7) and

pz:;(rfa) +r<ozs—1>>'

(Hs) There exists a constant A > 0 such that for u € dom L\ KerL, if |u' (t)| > A or |u" (1)| > A
forallt € [0;1], then Ty (Nu) # 0 or Ta(Nu) # 0.

(Hg) There exists a constant B > 0 such that for any cy, c; € R, if |c1| > B, |c2| > B, then
either

TlN(Cll‘ +C2t2) + TzN(Clt + Czl‘z) <0,
or
TiN(cit + c2t2) + ToN(cit + C2t2) > 0.
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Then, the problem (4.1) has at least one solution.

Remark 4.6. A sufficient condition for (H3) be satisfied is the existence of functions 6;(¢) €
Y, i=0,...,5 and a constant v € (0;1) such that for all xo,x;,x2,x3 € R and ¢ € [0;1] the
nonlinearity f verifies one of the following growth conditions :

|f(t X(),XI,xz,X3 | < Ze |xl| +94( )|x0|v+95(t)7
i=0

3

(2, x0,x1,%2,23)| <D 6i(1)|xi| 4 04 () |1 |V + 65(2),
i=0

3
| (t,%0,x1,%2,x3)] < 6i(r)|xi| + 64 (1) |x2|¥ + 605(2),
i=0

|f(t X0,X1,X2,X3 | <29 |Xl|—|—94( )|X3|v+95(l‘).
i=0
In this case, (H4) reduces to

(H:) i OHQHLl <505 1+p2

Proof. Consider the set
={uedomL\KerL | Lu=ANu, A €[0;1]}

Then for u € Q), Lu = ANu, thus A # 0, Nu € ImL = KerQ C Y, hence, Q(Nu) = 0 that is,
Ty (Nu) = T>(Nu) = 0. From (Hs) we have that the exists 1,#, € [0;1] such that, |/ (#;)] <
A, " ()| <A.

If 11 =1, = 0, we have that |u/(0)| < A,|u”(0)| < A. Otherwise, by Lu = ANu, we obtain

u t(f—s a—1 ,g
u(t) =u' (0)t + éo)tz%—r?a)/o Und) /ONu(r)drds.

If 1, # 0, then

1 —5 a=3 s
u" () = u"(0) + F(a)t— %) /O (r d)(s)) /0 Nu(r)drds,

together with |u” ()| < A, we have

B (1) — )23 s
|””(0)|§’u//(t2)|+r(al_2>/o (n=s) /O|Nu(r)\drds

9(s)
[ NVul| s
<A+ ————.
=AY T a—1)
Consequently
" (0)| <A+ | Nul| 1 (4.15)

u'(oe—1)
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If 11 # 0, thus

1 —5 =2 g
u' (1) =u'(0)+u"(0)t; + F(al— 1)/0 (1 ¢)(s)) /0 Nu(r)drds,

according to (4.15) and |u'(11)] < A, we get

t (tl _S)OC—Z

¢(s)

1/ (0)] < W 1)+ " O+ =5 [ INutr)ars

1 1 N
T(o) (o= 1)) [Nl

1
§2A—|—<
u

So

, 1/ 1 1
|/ (0)] §2A+u(l“(oc)+l“(a—1)) | Nul| 1. (4.16)

Again for u € Qp, we get

2

[Pl = 3 man (P 0) -+ i (DG (Pu) 0] < 20 (0) + 30 (0]

From (4.15) and (4.16), we obtain
|Pullx < 7A+pa|[Null. (4.17)
Again for all u € Q, we have (Id — P)u € domLNKer P ; thus by (4.14) and (4.6), we find
(1~ Pyullx = IKpL(1d — PYullx < py|IL{Id ~ Pyullyy = pyl|Lulls < py[Nullr. (4.18)
From (4.17) and (4.18), we obtain
lullx < |Pullx + [ (1d — Pyullx < 7A-+ (p1 + pa)|[Nu . (4.19)

On the other hand from (H3), we have
Vil = 7G5 uls), ol (), 5), D) s
< [, (5) (5,00 5), D) s (420
S/01‘CD<57H“HXaH“|’X>H”HX’H“HX)|CIS

Because the function @ is Carathéodory, then the function ¥: R, — R given by Y(r) =

%fol |®(s,r,r,r,r)|ds is well defined. Let ¢ = lim, o supW¥(r). By (Hs) 0 < { < o +p then

1 o .
P ¢, there exists re such that

r>re = Y(r)</l+e.
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If ||u||x > re, then W(||u||x) < pl—lkpz and thus (4.20) implies that

[Null 1 < (€4 €)]|ul|x- (4.21)

Therefore, (4.19) and (4.21), it yield

re < |lullx < A
S Tt p)(Ere)
Consequently
7A 7A
u|lx <max-<re, = . 4.22)
il < mox e+ | = T e o
. . . l
Since (4.22) is valid for a110<£<p1+p2—£, then
Jully < —
u T
X=1—tpy +p2)

So, Q1 is bounded. Let
Qy ={ucKerL|NueclImL}

For u € Q,, then u € KerL = {u | u(t) =cit +cat?, c1,cr € ]R}, and Q(Nu) = 0, that is,

TiN(c1t +cat?) = ToN(c1t +cat?) = 0. From condition (Hg), we get |c1| < B, |c2| < B. Hence,
Q, is bounded. Let

Q={uecKerL| -AJu+(1—21)ONu=0, A € [0;1]}

if the first part of (Hg) holds.
Or we’ll set
Q3 ={uecKerL|AJu+(1—A)ONu=0, A €[0;1]}

if the second part of (Hg) holds.
Where J: KerL — ImQ is the linear isomorphism given by

Jeit+e) =" P vt e R (4.23)

where
1

1
A(p,q) A(p,q)

Without loss of generality, we assume that the first part of (Hg) hold.
In fact u € Q3, means that u = ¢t + ct> and —AJu+ (1 — 2)QNu = 0. Then we obtain

o) =

(dalct| —dailca]), @ = (—di2|c1] +dit|eal)-

—AJ(c1t+cat?) + (1= A)ON(cit +ct?) = 0. (4.24)

If L =0, then |c;| < B,|c2] < B.If A =1, then

{d22|01| —dai|e2| =0, (4.25)

—da|ci| +dir]ez| = 0.
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The determinant of coefficiency for (4.25) is A(p,q) # 0. Thus, (4.25) only have zero solu-
tions, thatis ¢c; = ¢» = 0.
Otherwise, if A #£ 0 and A # 1, again from (4.23), (4.24) becomes

A t? T+ @t = (1= 1) (01N (c1t +e2t®) 771+ QaN(cit + cot?) 1971,

Hence,
{2,(1)1 = (1 —A)Q1<C1I+C2l2),
Aan = (1 —A)Q2(61I+C2l2).
Thus,
M01| = (1 —7L)T1N(Clt—|—C2t2),
l|02| = (1 —l)TzN(Clt—{—Czl‘z).
Then, we get

Aller]+]e2]) =(1—-2) (TlN(clt—i—cztz)—|—T2N(c1t—|—czt2)) <0.

By the first part of (Hg), we have |c| < B, |cz| < B. Here, Q3 is bounded.

Now, we shall prove that all the conditions of Theorem 1.106 are satisfied. Let € to be
a bounded open set of X containing U?:l Q;. By Lemma 4.4, N is L-compact on Q. Because
Q and €, are bounded sets, then

(1) Lu # ANu for each (u,A) € [(domL\KerL)NdQ| x (0;1);

(2) Nu ¢ ImL for each u € KerLN Q.
At least we will prove that (3) of Theorem 1.106 is satisfied. Let

H(u,A)=+AJu+(1—A1)ONu
Because Q3 is bounded, then
H(u,A)#0, VueKerL[)oQ.
Appealing to the homotopy property of the degree, we obtain
deg(ON [kerr, 2(\KerL,0) =deg(H(-,0),Q(\KerL,0)
=deg(H(-,1),Q(\KerL,0)
=deg(+J,Q(|KerL,0) #0.

Then by Theorem 1.106, Lu = Nu has at least one solution in domLﬂﬁ, we conclude that
the boundary value problem (4.1) has at least one solution in X. The proof is finished.

O
4.2.1 Example
To illustrate our main results, we will present an example.
Example 4.7. Let us consider the following fractional boundary value problem
5 5
(0(1)Dgu(t)) = f(t,u(t), (t),u”(t), Dg.u(t)), t €[0:1]
1 1 1 1 (4.26)
u(0) = “D§,u(0) =0, u"(0) = —u"(g) +2u"(8), u'(1) = —2u’(1) + 3u’(§).
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where ¢ (1) = ¢/~ and
f(t,x0,x1,%2,x3) = xp + cosxz(1 —sinxy) ++/|xz].

Corresponding to the problem (4.1), we have that o0 = %, =2, m=2,a1=—1,a=2,& =

ho=¢bi=-2,by=3 M =4 M=3, {=mincp¢()=e> > 0. Then we get
ay+ay=by+by=1,b11M +byny = 1. Thus the condition (H}) holds. Also we find

1 1

1 1 —5 5 1 1 —5 5
Ti(y) = —/03 (3 —s) 2e3_s/0 y(r) drds+2/06 <6 —s) 263_S/0 y(r)drds,

I(y) = /1(1 —S)%esfs/sy(r) drds—2/i (1 —s)ée3s/sy(r)drds
0 0 0 \4 0
% 1 % 3—s s
+3/0 <2—s) e /0 y(r)drds.

By calculations, we get

70,

- — 26
A<1,2)::‘ 761/993 —301/982 ’__ 3

1545/311  463/431 |~ 376

Therefore, the condition (H>) holds. On the other hand, we have

|f(t,X(),X1,)C2,)C3)| < |X2| Ty |X2| +2.
We can get that the condition (H3) holds, where

Bo(t) = 01(1) = 63(1) =0, 62(1) =1, 64(1) = o 05(1) =2,v=.

Also we have

3 1 3 6 833
(P1+P2)§)||91||L1 e <F(3.5) +F(2.5) +r(1-5) +1> 1620 =

Therefore, the condition (H;) holds.

Let A =9 and assume that |u”(r)| > 9 holds for all 7 € [0; 1], by the continuity of u”(z),
we either have u”(t) > 9, for all t € [0;1], or u”(¢) < =9, for all € [0;1]. If u”(¢) > 9, for
all 7 € [0; 1] we obtain

Tz(y):/ol(l—s)le3_s/s (u(r) + cos DG u(r)(1 — sin (r)) +/|u"(r)]) drds
(—s) /0 (r) + cos D u(r)(1 —sinu'(r)) + |u”(r)|>drds
3/ (—s> & /0 (r) + cos DEu(r)(1 — sin'(r)) +/u" ()] ) drds.

L 1 1
'z 1 2 3 1 2
25/ s(l—s)ée3sds—14/4s<—s) e3sds—|—15/2s(—s> e 5ds
0 o \4 0 \2

7280
>
- 257
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If u”(t) < —9, for all r € [0; 1] we obtain

1

7305) = [ (1= )33 [ (41(6) + cos D.u(r)(1 —sina () + /W) s
2 (B) s [ () con D a1 —sina () + VT s
+3/02 (; _S>Ze3_s/os (u//(r) +c0sCD8‘+u(r)(1 —sinu/(r)) + ‘u//(rﬂ) drds.

1 1 1 % 1 1
< —4/ s(l—s)ée3_sds—|—14/4s<—s> e3_sds—12/2s<—s) e 5ds
0 0o \4 0 \2
12329
< —

= 544

D=

So condition (Hs) is satisfied.
Let B=1and cj,c; € R be such that |¢;| > 1, |c2]| > 1, we have

TlN(Cll‘—i-Cztz) —|—T2N(Clt—|—62l2) = (2|C2| -+ \/2‘C2|)(d11 +d12) < 0.

So, (Hg) hold.
Then, all the assumptions of Theorem 4.5 hold. Thus, the problem (4.26) has at last one
solution.
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Chapitre

Solvability for Multi-Point BVP of
Nonlinear Fractional Differential Equations
at Resonance with Three Dimensional
Kernels !

5.1 Introduction

The present work in this chapter is concerned with a kind of fractional differential equa-
tion witch can be written as Lx = Nx, where L is a linear Fredholm operator of index zero
and N is a nonlinear operator. It is well known that if the kernel of the linear part of the
above equation contains only zero, the corresponding boundary value problem is called non-
resonant, in this case L is invertible, the equation can be reduced to a fxed point problem for
the L™IN operator. Otherwise, if L is a non-invertible, i.e. dimKerL > 1, then the problem is
said to be at resonance, and then the problem can be solved by using the coincidence degree
theory. The higher value of dimKerZ, is the more difficult, it will solve the problem. More
recently, many authors investigated the existence of solutions for fractional differential equa-
tions at resonance. For instance see [22, 23, 24, 25, 47, 66, 67, 68, 71, 72, 77, 78, 119] and
the references therein.

The case of dimKerZ = 1 has been discussed by many authors [22, 24, 25, 47, 66, 67,
68,72,77,78, 119]. In [24], Z. Bai and Zhang investigated the boundary value problem for a
fractional differential equation with nonlinear growth with dimKerL =1 :

{Dggu(t) = f(t,u(t),DE u(t)), te[0;51],
u(0) =0, u(l)=ou(n),

where D, is the standard Riemann-Liouville derivative, 1 < a <2, f: [0;1] x R? 5 Ris
continuous and ¢ € (0,%0), ) € (0; 1) are given constants such that cn®~! = 1.
Z. Hu et al. showed in [67] an existence of solutions a two-point boundary value problems

1. Z. Baitiche, M. Benbachir and K. Guerbati, Solvability for Multi-Point BVP of Nonlinear Fractional
Differential Equations at Resonance with Three Dimensional Kernels, Kragujevac Journal of Mathematics.
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5.1. INTRODUCTION

for fractional differential equations at resonance with dimKerL =1 :

{D0+u( ) f(tvu(t)7u/(t))7 S [0;1]7
u(0)=0, u(l)=1d(1),

where Dg‘+ is the Caputo fractional derivative, 1 < a <2, f: [0;1] x R? — R satisfies the
Carathéodory condition.

L. Hu et al. have studied in [68] a two-point boundary value problems for fractional
differential equations at resonance with dimKerL =1 :

Dg.u(t) = f(t,u(t), DE  u(r), DG 2u(t),.... DY N Vu(r)),
u(0) = D% 2u(0) = --- = DI N Vu(0) = 0, D 'u(0) = D% (1),

where 0 <t <1, N—1<a <N, D§, is Riemann-Liouville fractional derivative, and f: [0;1] x
R2 — R, is continuous function.

Y. Chen and Tang studied in [47] the existence of solutions for the following fractional
multi-point boundary value problems at resonance with dimKerL =1 :

{( (1)DGu(t)) = f(t,u(e),u (1), DG u(t )), ted,
u(0) =0, D§u(0)=0, u(l) _21:1 oju(&;),

where CDS‘+ is the Caputo fractional derivative, | < a <2, f: [0;1] X R3 — R satisfies the Ca-
rathéodory conditions, a(t) € C1[0; 1], minesa(t) >0, J =[0;1], 0; € R%, ;€ (0,1), j =
l...om—1,meN,m>1,and 7 0;&=1.

For the case of dimKer L = 2, there are some results in [23, 71]. Bai and Zhang established
in [23] the existence of at least one solution for the m-point boundary value problems for
fractional differential equations at resonance with dimKerZL = 2,

{ Dg,u(t) = f(t, u( ), D§2u(t), DS u(r), € (0;1),

1 'u(0)=0, D§'u(0) =Dy %(m), u(l)=x", aiu(ni)
where2<oc<3,0<n§1,0<n1<n2< N <1l,m>2, " am® =" o
1. DO‘ and “ are the standard Riemann-Liouville fractional derivative and fractional inte-

gral respectlvely and f: [0;1] x R? — R satisfies the Carathéodory conditions. The results
are obtained under the assumption that

1 r I'lc r 2 m
Rzan“(ﬁ()za(_l[l—Zaml ] iln“‘l(FE%[1—;ain?“‘1]¢o

W. Jiang showed in [71] an existence result for the boundary value problems of fractional
differential equations at resonance with dimKerL =2 :

D&.u(t) = f(t,u(t),DS u(t)), VtEJ:[O-l]
u(0)=0, D 'u(0) =y @D (&), D u(0) = - b2 (1),

where 2 < o < 3, D§. is Riemann-Liouville fractional derivative, 0 < §; < & < --- <&, <
Lo<m<m<- <nn<1 Styai=1,5"_1bj=1,""_1bmj=1, f: [0;1] XRZ%R
satisfies the Carathéodory conditions. The results are obtained under the assumption that

1 n " 1 - ¢
3 [1 - Zbﬂﬁ] >_aigi—3 [1 - Zbﬂﬁ] > ail? #0.
j=1 i=1 Jj=1 i=1
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Thus, motivated by the results mentioned, in this paper, we discuss the existence of solu-

tions for the following multi-point boundary value problems by using Mawhin’s continuation
theorem :

((1)DGLu(r)) = f(r,ult),u (1), (),u” (), DE.u(r)), t€I=1[0:1]
(0) 0, D0+u(0) =0, u"(0)=%",au" (&), (5.1
W'(0) =YLy bjd" (my),  u' (1) =7 el (pr),

where CD8‘+ is the Caputo fractional derivative, 3 < ¢ <4, 0< & <+ <&, <1,0<
m<--<m<,0<p<---<py<lyapbjc, R, (i=1,...om j=1,....,k=
1,...,n), ¢(t) €C'[0;1], u = min,c; ¢ (¢) > 0and f: [0;1] x R’ — R is a Carathéodory func-
tion, that is,

(i) for each x € R, the function r — f (t,x) is Lebesgue measurable ;

(ii) for almost every ¢ € [0; 1], the function r — f(z,x) is continuous on R>;

(iii) for each r > 0, there exists @,(t) € L'[0;1] such that, for a.e.t € [0;1] and every |x| < r,
we have |f(z,x)] < @,(1).

In this work, we will always suppose that the following condition hold :

(Hi) Sfjai=Y b= c=1,"1bm; =0, S5 cupr = Sj—y cxpi = 1.
(H>)

diy dip diz
dy dyp dy
d31 dxn d3

A= £ 0,

where for v = 1,2,3, we define

_ m . éisv(éi—s)a_él n/S —S)a_3
dvl—gal/o T(s)ds, dv2 Zb A T()ds,

N A
dv3—/0 vols) ds—ch/ —ds.

5.2 Existence Results

In this section, we shall present and prove our main result.
Let Y = L'[0;1] with the norm ||y||;1 = f; [y(¢)|dt. Define

X ={u: D§.u € C[0;1],usatisfies boundary value conditions of (5.1) }.
Equipped with norm
3
lullx = D l1a oo + Dt o, where [l = max ju(?)]-
i=0

By means of the functional analysis theory, we can prove that (X, || - ||x) is Banach space.
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Define the operator of differentiation L: domLNX — Y :
Lu= (¢D%.u)’, u€domlL.
where
domL = {u € X | D, u(t)is absolutely continuous on[0;1]}
and the Nemytskii operator N: X — Y as:

Nu(t) = f(t,u(t),u (t),u"(t),u” (t),D-u(t)), t€]0;1].
Thus, bvp (5.1) is equivalent to
Lu=Nu, u&cdomL.

Lemma 5.1. U C X is a relatively compact set in X if and only if U is uniformly bounded
and equicontinuous. Here uniformly bounded means there exists M > 0 such that for every

uelU
3

lullx = Z;) |4+ Dl < M.
i=
and equicontinuous means that Ve > 0, 30 > 0, such that
WD (1) —uD (1) <&, YueU, Vel |h—n| <8, Vie{0,1,2,3}
and
D u(t) — DG u(t)| <&, YueU, Vi, el |t —n|<$.
With arguments similar to those of Lemma 4.2, we obtain the following lemma.

Lemma 5.2. Let y € Y, then u € X is the solution of the following fractional differential
equation :
O(1)DG.u(t)) =y(t), teI=]0;1]
u(0)=0, D§u(0)=0, u"(0)=3" au" (&), (5.2)
u'(0) = bju"(n)),  u'(1) = S e (pw),

IR T A TR L
u(t)—;&t +F(a)/0 50 /Oy(r)drds, 51.5,.5 R, (5.3)
and
Ti(y) = Tr(y) = Tz(y) = 0. (5.4)

Where Ty, T>, T3 : Y — Y are three linear operators defined as follow :

N (e
Tl(y)—;az/o (P(S)/O y(r)drds,

S)a73

Ny V(i s
Tz(y)—jz_:lbj/o j(p(s)/oy(r)drds,

(] —5)%2 2

T3(y) :/0 (p(s)/Osy(r)drds—éck/opkw/Osy(r)drds.
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Lemma 5.3. Assume (Hy) and (Hy) hold. Let ¢(t) € C'[0;1], u = min; (o, ¢ (¢) > 0, then
L: domL C X — Y is a Fredholm operator of index zero, and the inverse linear operator
K, = Llj' : ImL — domLNKerP is defined by

0 =)
(Kp)() = /0 50 /0 y(r)drds. (5.5)
It satisfies
44T(a—2
e 56)

Proof. It is clear that KerL = {u | u(t) = 3_, &t*, 81,8, 863 € R}. Furthermore, Lemma
5.2 implies
ImL={yeY|Ti(y) =Ta(y) = Tz(y) = 0}. (5.7)

Consider continuous linear mapping Q: Y — Y defined by

Oy = 01(y) + Q2 (). + Q3(y) 1> (5.8)

where Q1, 07, O3: Y — Y be three linear operators defined as follows

13 13 13
01(y) = KzeliTi()’)a Os(y) = A Y enli(y), 03(y) = Kze&'Ti()’)a
i—1 i—1 i—1

ejj(i,j=1,2,3) are the algebraic complements of d;;.
We will prove that Ker Q = Im L. Obviously, ImL C KerQ. As well, if y € Ker Q, then

ennTi(y) +ennTh(y) +e3lz(y) =0.
enTi(v) +enTh(y)+exnTs(y) =0. (5.9
e31T1(y) +enTa(y) +e33T3(y) = 0.

The determinant of coefficiency for (5.9) is A? # 0. we find T (y) = T>(y) = T3(y) = 0 and
that implies y € Im L. So, Ker Q C Im L. By the definitions of O, 0>, and Q3 we cancalculate
the following equations hold :

01(y) =01y, 01(Q2(»)1) =0, 01(03(y).*) =0.

02(01(») =0, 02(02(y)t) =02y, 0a2(03(y).£*) =0.

03(01(») =0, 03(Q2(»)1) =0, Q3(Q3(y).1*) = Q3.
Thus,

0% = 01(01(») + Q1 (Q2(y) 1)+ 01(Q3(y) 1)
+02(01(y)) -1+ 02(Q2(y) ). + Q2 (Q3(y) 1) 1
+03(01(») 12+ 03(Q2(v).1) 12 + 03(Q3 () .17) .12
=01(0) + Q2 (v) .1+ Q3(y).2
= Qg.
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That implies the operator Q is a projector.

Take y € Y in the form y = (y — Qy) + Qy. Then, (y — Qy) € KerQ = ImL and Qy € Im Q.
Thus ¥ = ImQ+ImL. And for any y € ImQ NImL, from y € ImQ, there exists constants
81, &, 8 € R such that y(t) = Y3 _, §t*~ L, from y € Im L, we obtain

d1161 +d126,+d1383 =0,
d2181 +dnd +dy3d =0, (5.10)
d3161 +d320, +d3363 = 0.

The determinant of coefficiency for (5.10) is A # 0. Therefore (5.10) has an unique solution
01 = & = 8 =0, which implies InQNImL = 0. Then, we have

Y=ImQ®KerQ=ImQ&HImL. (5.11)

Thus, dimKer L = 3 = dimIm Q = codim Ker Q = codim Im L, this means that L is a Fredholm
operator of index zero.
Let a mapping P: X — X be defined by

3 k
Pu(t) =Y u(]i!(())tk. (5.12)
k=1
We note that P is a linear continuous projector and Im P = KerL. It follows from u = (u —
Pu) + Pu that X = Ker P + Ker L. By simple calculation, we obtain that Ker L N Ker P = {0}.
Hence
X =KerL® KerP. (5.13)

Define Kj,: ImL — dom LN Ker P as follows :

t(t—s a—1 s
(KpY)(I)ZF(la)/O U ‘P(Z) /Oy(r)drds.

Note that
(KpL)u(t) =u(t), VuecdomLnKerP (5.14)

and for y € ImL, we find
(LKp)y(r) = L(Kpy)(t) = y(1).

Thus, K, = (L ldomZrKerp) . Again for each y € ImL, and from Lemmas 1.43, 1.34 and

1.35, we have

44T (a—2)
K < — = .
|| PyHX = ur(a_z) ”y”Ll

O
With arguments similar to those of Lemma 4.4, we obtain the following lemma.

Lemma 5.4. Suppose that Q is an open bounded subset of X such that dom LN\ # 0. Then
N is L-compact on Q.

Theorem 5.5. Let f be a Carathéodory function, ¢(1) € C'[0,1], u = min,cpo,y ¢ () > 0.
(Hy) and (H») hold. In addition, assume that the following conditions all hold.
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(H3) There exist functions non-negative 6;(t) € Y, i =0,...,5 such that

| f(t,x0,x1,x2,x3,%4)| < 29 (1) |xi| + O5(1),
i=0

where

22+T (o —2)

A—— 0 1.
a3 znny<

(Hy) There exists a constant M > 0 such that for u € dom L\ KerL, if |u (t)] > M or |u’ (t)| >
M or |u" (t)| > M for all t € [0;1], then Ty (Nu) # 0 or To(Nu) # 0 or Ty(Nu) # 0.

(Hs) There exists a constant M* > O such that for any 61, &, 8 € R, if |81| > M*,|8| >
M*,|83| > M*, then either

ZTN Z 8t®)
i=1
or

ZTN Z t®)

=1

Then, the problem (5.1) has at least one solution.

Proof. Consider the set
Q) ={uecdomL\KerL | Lu=ANu, A € [0;1]}

Then for u € Q), Lu = ANu, thus A # 0, Nu € ImL = KerQ C Y, hence, Q(Nu) = 0 that is,
Ti(Nu) = T>(Nu) = T3(Nu) = 0. From (H4) we have that the exists t1,#,,#3 € [0; 1], such that,
0 (0)] < M, [ (1) < M, " (13)] < M.

If 1y =) =13 = 0, we have that |[i/(0)| < M,|u”(0)] < M,|u""(0)] < M. Otherwise, if
max{z],t,13} # 0, by Lu = ANu, we obtain

B u®)(0) A t(t—s)% s
=y 0 tk—i—r(a)/o o0s) /ONu(r)drds.

k=1

Then,

u"'(t):u”/(O)—i—F(al_ 3 /O (=s) / Nu(r)drds,

If 13 # 0, we get

13 s o—4 g
u"(t3) =u"(0) + F((x;L— 3)/0 (s q)(s)) /0 Nu(r)drds,

together with |t (13)| < M, we have

" " 1 3 —s5) s
WO W)+ g g Wulards e
=g Nl |
- u(a—2)
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If 1, # 0, then

t —5 =3 g
u" (1) = u"(0) +u" (0)1 +F(O¢)L—2)/o (1 (])(s)) /ONu(r)drds,

from (5.15) and |u” (1,)| < M, we find

i e 400 ! o =s)" u(r)|drds
O < )+ 1O+ gy gy WuC)lard 516)
2[|Nuf 1

<M+ ——=—.
=T ur(a—2)

If 11 # 0, thus

u" (0 A —s)
(1) = (0) + " (O)r + 2()t12+r(a_1) [ - / Nu(r)drds,

according to (5.15), (5.16) and |/ ()| < M, we get

n (1) —5)%2

1
F(a—l)/o 0(s)

[ (O)] < o' (11) | + | (0)[ + | (0)] +

4| Nul|
u(a—2)

/S |Nu(r)|drds
0 (5.17)
<4M+

Again for u € Q, we get

|Pulx = z - (7)) |+ ma (DG (Pu) )

SZIM( )| +3[u" ()] +4[u” (0)].
From (5.15), (5.16) and (5.17), we obtain

18||NM||L1

P <I8M+ —— .

(5.18)

Again for all u € Q;, we have (Id — P)u € domLNKerP; thus by (5.6) and (5.14) , we find

4+T(a—2) 4+T(a—2)

Id —P = ||K,L(ld — P < L(ld—P = L
(00~ Pyl = KoLt~ Pyl < Bt~ Py = R
44T (ax—2)
—_— . 1
From (5.18) and (5.19), we obtain
24+T(ax—2
e < NPl + 0~ Pl < 1801+ 20 Dy 520
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On the other hand from (Hy), we have
1 1
IVl = [ 1V)5) s = e e) o (o) 6) " 6) DG () s
3.1 0 1 o 1
< Z/o 16:(5)] - |ut (s)\ds+/0 164(5)] - |CDO+u(s)\ds+/o O5(s)lds (521
i=0
4
< llullx D_116illr + 1165l .1-
i=0
Therefore, (5.20) and (5.21), it yield

18T (a — 2)M + (22 + T(c —2)) 165

el < 1(1—A)T(a—2)

So, €7 is bounded. Let
Q ={uecKerL|NueclImL}

For u € Q), then u € KerL = {u lu(t) =3 &k, 81,8,,85 € R}, and Q(Nu) = 0, that
is, \N (22:1 5ktk> =TN (22:1 6ktk> =T3N (22:1 6ktk) = 0. From condition (Hs), we get
|01] < M*,|6,| < M*,|03] < M*. Hence, € is bounded. Let

Q={ucKerL|-AJu+(1—2A)ONu=0, A €[0;1]}

if the first part of (Hs) hold.
Or we’ll set
Q3 ={uecKerL|+AJu+(1—A)ONu=0, A €[0;1]}

if the second part of (Hs) hold.

Where J: KerL — ImQ is the linear isomorphism given by

3

IO &) =0+t +ant®, §,5,5 €R. (5.22)

k=1

where
13 13 13
W = Kzeli’&’l? ) = ZZ€2i|5i|7 W3 = Kze3i|5i|~
i=1 i=1 i=1

Without loss of generality, we assume that the first part of (Hs) hold.
In fact u € Q3, means that u = °3_, 8% and —AJu+ (1 — A)QNu = 0. Then we obtain

3 3
A8+ (1-2)ON(Y_ §t*) = 0. (5.23)
k=1 k=1

If A =0, then |0;| < M*,|0| < M*,|53] < M*.If A = 1, then

e11|01| +e12|8| +e13/83] =0
€21|81|+ €22|02] +€23|63] =0 (5.24)
e31]01] + e32]02| +e33/03| =0
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The determinant of coefficiency for (5.24) is A? # 0. Thus, (5.24) only have zero solutions,
that is 6, = 0, = 83 = 0.
Otherwise, if A #£ 0 and A # 1, again from (5.22), (5.23) becomes

3 3 3
Ao+t +03.07) = (1-2) |OIN §t*) + 0N (D~ 8itb).t + 03N §uth) 2]

k=1 k=1 k=1
Hence,
3
Awi=(1-2)ON(>" §tb), fori=1,2,3.
k=1
Thus,
3
A& =(1=2)TN(. §ab), fori=1,2,3.
k=1
Then, we get

3 3 3
AN 181 =1-2)S TN df) <.
i=1 i=1 k=1

By the first part of (Hs), we have |8;| < M*,|8,| < M*,|8;| < M*. Here, Q3 is bounded.

Now, we shall prove that all the conditions of Theorem 1.106 are satisfied. Let Q to be
a bounded open set of X containing U?:] Q;. By Lemma 5.4, N is L-compact on Q. Because
Q and €, are bounded sets, then

(1) Lu # ANu for each (u,A) € [(domL\KerL)NdQ| x (0;1);
(2) Nu ¢ ImL for each u € KerLNIQ.
At least we will prove that (3) of Theorem 1.106 is satisfied. Let

H(u,A)=+AJu+ (1—A)ONu
Because 3 is bounded, then
H(u,A)#0, VueKerL[)oQ.
Appealing to the homotopy property of the degree, we obtain
deg (ON |kerr,(|KerL,0) =deg (H(-,0),Q[\KerL,0)
=deg (H(-, 1),QﬂKerL,O)
=deg (+J,Q(\KerL,0) # 0.

Then by Theorem 1.106, Lu = Nu has at least one solution in domLﬂﬁ, we conclude that
the boundary value problem (5.1) has at least one solution in X. The proof is finished.

]

Remark 5.6. It is very important to note that the condition A # 0 is not necessary since L
still Fredholm even if this condition is dropped. Indeed the role of Q in Mawhin’s theory
is purely auxiliary and conditions like that usually arise from the authors of hundreds of
paper choosing Im Q just simply being Ker L. Avoiding such an assumption is just a matter of
choosing Q differently, for more details see [71, 77, 78].
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5.2.1 Example
To illustrate our main results, we will present an example.
Example 5.7. let us consider the following fractional boundary value problem

(6(1)D;. ()) f@,u(0),u (1), u” (1), ’"()CDZ u(t)), t € [0;1]
u(0)=0, DXu(0)=0, u"(0)=—u"(})+2u" (%) (5.25)

10— (1) (1) 1) (1) () 230 ().

where ¢ (1) = e~1? and

2
100e'2 £ (¢, x0,x1,%2,X3,X4) = 1—|—|x(3x|3)2 +cosxyg(1 —sinxy ) (1 —x1) + p arctan(xpx4).
Corresponding to the problem (5.1), we have that OC = Z JA=2m=2n=3,a,=—1,ap =

286 =4 =8bi=4b=-3m=1m=%ca=1La=-3cc=3p=4p=
%,pg = %,u = ¢~ 12, Then we get

a1+ay =by+by=ci+cr+c3=1,b1M1 + by =0,c1p1 +c2p2 + c3p3 = c1p7 +c2p3 +
c3p3 = 1. Thus the condition (H;) holds. Also we find

% 12 1 7% $ % 12 1 20
Tl(y):—/o e S(6_S> /Oy(r)drds+2/0 e S(S—s> /Oy(r)drds,
3 125 1 2 s 3 125 (1 28
T(y)=4 e i /Oy(r)drds—3/0 e 378 /Oy(r)drds,

By calculations, we get

1881 207 143
1420 1669 9103

A—| 920 484 _ 277 |_ 655

= 1803 6725 20262 |~ T 539

15770 6489 5427
51 50 74

Therefore, the condition (H,) holds. On the other hand, we have
|£(1,%0,x1,%2,%3,%3)] < 0.0l 12 |x3] +0.05¢ 2
We can get that the condition (H3) holds, where

B0(1) = 01 (1) = 65(r) = B4(r) =0, B5(r) = 0.0l 2, O5(r) = 0.05¢ 12,
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5.2. EXISTENCE RESULTS

and 838

Let M = 1 and assume that |u" (¢)| > 1 holds for all € [0; 1], we obtain

() > 0.01e—12/0

3 1 3 3 3 3
—|—O.03e*12/ el%s < — s) sds — 0.188712/ e'? ( — s> sds.
0 2 0 4

43818,
~ 2900 ¢

1 i 1 >
e'>(1 —S)%Sds—0.06e_12/04 el <4 —s) sds

So, condition (Hy) is satisfied.
Let M* =1 and 91, 02,03 € R be such that |61 > 1, |8,| > 1, |83] > 1, we have

N(8it + 81> + &1°)
7
= 0'068_1214%36’52 +0.Ole_]2coscD§+(51t + 81% + 8363) (1 — sin(8; + 28,1 +3831%))
3
_ 0.02¢ 2 2 s 3yepys 2 5.3
x (1 —sm(252+653t))+Tarctan((51t+52t + 8317 )°Dyjy (61t + 621° + G3t7))
12 163
=0.06e " —— .
143605
Hence,
T-N(i 8% —006e’12&d1- fori=1,2,3
1 - Y 19y — 1,4,J.
= 143667
Thus,
: S 12 |5
ZT,-N(Z Ot") = 0.06e m(dn +dp+d3) > 0.
i=1 k=1 3

So, (Hs) hold. Then, all the assumptions of Theorem 5.5 hold. Thus, the problem (5.25) has
at last one solution.
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Conclusion and perspectives

The proposed applications show that coincidence degree theory and the techniques of
measures of non-compactness play an important role in the study of these problems and this
concerns the existence of solutions, but not uniqueness.

In the future, we intend to study some questions related to the existence and uniqueness of
solutions of some boundary problems on bounded or unbounded domains in the case of reso-
nance and non-resonance. For this, the application of certain other methods can be associated
with the techniques measure of noncompactness, degree of nondensifiability ( [57, 58]), mo-
notone iterative technique ([82]) and the coincidence degre.
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