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Résumeé

Dans ce travail, nous donnons des conditions suffisante qui assurent 1’éxistence de solutions
de probléme initial pour des équations différentielles fractionnaires implicites non linéaires avec
des impulsions non instantaées et dérrivée fractionnaire de Hilfer généralisée dans les espace de
Banach.

Les résultats sont basés sur les théoremes du point fixe de Darbo et de Monch associés a la
tichnique de la mesure de la non compacité. Nous donons un exemple pour montrer I'applicabilité

de notre résultat.



Abstract

In the present work, we give some sufficient conditions wich guarantee the existence of solutions
for a class of initial value problem for nonlinear implicit fractional differential equations with non-
instantaneous impulses and generalized Hilfer fractional derivative in Banach spaces.

The results are based on fixed point theorems of Darbo and Moénch associated with the tech-
nique of measure of noncompactness. An example is included to show the applicability of our

results.
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List of symbols and Notations

List of symbols:

We use the following notations throughout this thesis Acronyms

o['C: Fractional calculus.

oF'D : Fractional derivative.

oF'DE : Fractional differential equation.
oF[ : Fractional integral.

Notaions:

oN : Set of natural numbers.

oR : Set of real numbers.

o(C: Set of complex numbers.

eRe() : the real part of numbre o € C

eD" (or 47) : order derivative n.



Introduction

Fractional calculus can be seen as a generalization of classical calculus. It should be noted
that the fractional calculus is now more attractive and many monographs and conferences are
devoted to this subject, although it is an old subject and known since the 17th century. The
advantage of fractional derivatives is that they are nonlocal operators describing the memory and
hereditary properties of many materials and processes. Recently, fractional calculus is introduced
in mathematical psychology to describe human behavior since the manner he reacts to external
influences depends on the experiences he had in the past [I0].

Many authors have shown that derivatives of fractional order are better suited to the description
of various real materials and that the introduction of the fractional calculation in the modeling
reduces the number of parameters required. While fractional integral can be used for example
in order to better describe the accumulation of some quantity, when the order of integration is
unknown, it can be determined as a parameter of the regression model [23].

Due to these facts, differential equations involving fractional derivatives are more adequate to
describe many phenomena in different fields of applied sciences and engineering such as in control,
signal processing, electrochemistry, viscoelasticity, rheology, chaotic dynamics, statistical physics,
biosciences, [0, [7].

We must mention that there is no general applicable method to discuss the classical ques-
tions related to an arbitrary given fractional differential equation and that to study the existence,
uniqueness and properties of solutions, different methods are used. This includes the upper and
lower solutions method, the Mawhin theory, the decomposition method, the variational iteration
method, the homotopy method... [6, 9, 02, [3, 04, [5] Another important question regarding so-
lutions for fractional differential equations is their stability. Note that the analysis of the stability
of fractional differential equations is more complex than ordinary differential equations, due to
the fact that fractional derivatives are nonlocal and have a singular kernel. The literature on the
stability of fractional differential equations is limited and concentrated on a fractional order. We
can cite some articles dealing with the stability of solutions for systems of fractional differential
equations or for fractional differential equations [, B, I, 21]. Most of them used Lyapunov direct

or indirect method without finding the explicit form of the solution.



This memory is devoted to the study of sufficient condition for the existence of solutions
nonlinear fractional differential equations using fixed point theory. An example is included to
show the applicability of our results.

presentation

This work contains three chapters .

In chapter:1

We introduce some functions that are of fundamental importance in the theory of fractional
differential equations, Gamma function , Beta function and Mittag-Leffler.We give a characteri-
zation of a compact set in the space of continuous functions and, We give some properties and
lemmas and fixed point theorems
In chapter:2

We prove the existence result of solutions for a class of initial value problem for nonlinear
implicit fractional differential equations with non-instantaneous impulses and generalized Hilfer
fractional derivative in Banach spaces.

In chapter:3
We give aur main result, We have to change the continuous condition in g studied in chapter

two by lipschitz condition

(A’z4) The functions gy € C (fk, E> ,k=1,...,m, and there exists [* > 0 such that

llgr(t,w) — g (t,v)|| < I*||u — v]| for each u,v € E;k=1,...,m



Chapter 1

Preliminaries

1.1 Introduction

In this parte we introduce some important functions which are used in fractional calculus. The
gamma, beta and Mittag-Lefler functions that will be used ,these functions play a very important

role in the fractioal calculation theory [, I, 06, 2]

1.2 Basic functions

Definition 1.2.1 E’eulre gamma function is a function which naturally extends the factorial to
numbres real and even to numbres complex

The Gamma function T (.) is defined by the integral

“+oo
I'(z) = / e ‘P dt,
0

Which converges in the right half of the complex plane, that is, Re (z) > 0.

The Gamma function satisfies
I'(z+1)=2I'(2), Re(z) >0,
and for any integer n > 0, we have

F'(n+1)=nl

10



A limit definition of the Gamma function is given by

2

I (z) = lim nin , Re(z) >0,
n—oo z(z+1)...(z+n)
Some particular values of the gamma function:
LT() - v
2.1 (<) = V7
3. I'(—1) = (—1)! =40
LT(-1)=-2/7
5.1 (3) = £
6Tty = (YT} = (-} (-2 T (}) =l
T r(E) =
8. T(1)=0'=1

Definition 1.2.2 For every z,w such that Re(z) > 0, Re(w) > 0, the Beta function is defined
by

1
B (2 w) = / L= )t
0
The beta function is symmetric :
B(z,w) = B(w, 2) Re(z) >0 Re(w) > 0,

an interesting formula relating the Gamma and Beta functions is

()T (w)

Bzw) =T

Re(z) >0, Re (w) > 0.

Definition 1.2.3 A two-parameter Mittag-Leffler function, o, € R with « > 0 and § > 0, is
defined by

o0 k
Eop(r) = % m-
For 8 =1, we have the one-parameter Mittag-Leffler function by means of the following series:
o0 ok
Ealw) = ; T(ok + 1)

Definition 1.2.4 Let X a Banach space, we say that f : X — X s Liphizien if and only if

[f(x) = fWI < Lz —y| z,yeX,L>0

11



1.3 fractional integrals and derivatives

In this section, we focus on the Riemann-Liouville integrals and derivatives and the Caputo
derivative since they are the most used ones in applications. We will formulate the conditions of
their equivalence and derive the most important properties. There is several types of fractional

derivatives Hadamard fractional derivative.

Definition 1.3.1 [23]/ The Riemann-Liouville fractional integral of order o > 0 of a function

f: (a,+00) = R is given by:

1 t .
1% f(t) = —— t—s)” d
0= [ =9 )
provided that the right side is pointwise defined on (a,+00).

Definition 1.3.2 [23] The Riemann-Liouville fractional derivative of order o > 0 of a function

f:(a,+00) = R is given by:

D2t )=y () [ s = () s

provided that the right side is pointwise defined on (a,+00), where n = [a] + 1, [a] denotes the

integer part of .
Lemma 1.3.1 [16] Let o > 3 > 0, then for f € L [a,b] (1 < p < 00) the relation
(Dires) () =157 (0).
holds almost everywhere on |a,b|. In particular if o = B we get
(Dardgv ) (8) = f(2).
Lemma 1.3.2 [16] The fractional integral operator 1%, is bounded from LP(a,b) (1 < p < 00) into

itself

(- a)
I'(a+1)

Definition 1.3.3 [3/ Let « > 0 and n = [a] + 1, for a function f € AC™ ([a,b],R) the Caputo

e fllpe < KNl k=

fractional derivative of order o of f is defined by:
(D2 f)(t) = I" D™ f(¢)
_ t— n a—=1 p(n)
o= / S (s) ds



Where D = 4 denotes the classical derivative and AC™ [a,b] = {f € C" ' [a,b], [~V absolutely

continuous function}.

Property: Let «, 8 > 0 and n = [a] + 1, then the following relations hold:

o= a7 () = O

I'(a+5)
= ) (0 = gy ()
Dy (=) (1) = (Fﬂ(f )a) (t—a)’™7',  B>n

On the other hand, for £ =1, 2,...,n, we have

D% (z—a)* " (t) =0,

a

and for k=0,1,....,.n—1
“Dy (x—a)* (t) =0,

in particular,

The Riemann-Liouville fractional derivative of a constant is in general not equal to zero, in fact

(x—a)™"

—, O<a<l
r1l-a)’ “

ar (1) =
Lemma 1.3.3 [23] Let « > 0, n = [a| + 1 and f : [a,b] — R be a given fonction. Assume that

D¢ f and CDg+f exist. Then

C Mo — f(k k—«
D(FL () ZOF —Oé—|—]_><t_a) .

Lemma 1.3.4 [23] Let a > 0, then the fractional differential equation
D f (t) =
has f(t) = cit® b + cot® 2 + 3t 3 + L+ cpt¥ ™, ¢ €Ri=1,2,...,n as solution.

Lemma 1.3.5 [23] Leta« >0, n=[a]+1. If f € L' [a,b] and f,_o € AC™[a,b], then the equality

a o _ . - féﬁ;j) (a) a7
(D) (1) = F ) = D0 oy =

13



holds almost everywhere on |a,b]. In particular, if 0 < a < 1, then

(1202 () = £ () = et -t

where fr_o=1""%f and fi_o = I;jo‘ .

Theorem 1.3.1 [Z4] Let 5 > a > 0, then we have

(129D3 1) () = (0 = > T
(Datlf) 0 =127 ).
D™ D2, f(t) = DI f(t),m € N.

Definition 1.3.4 [1] The Hadamard fractional integral of order o > 0 of a function f is defined
1 ¢ AN
I, (t):—/ (log—) f(s)ds, a<t<b.
" S

I'(«) s

A more general fractional integral referred as Hadamard fractional integral of order o is given by

1 brsym N\ f ()
a7l"/ _— — — -~ 7
I (t)_F(a)/a (t) (logs) . ds, a<t<hb, u e R.

by:

Definition 1.3.5 [2/ The Hadamard fractional derivative of order o > 0 of a function f is defined
by:

D;‘“+f(t):(t%)nIZ+af(t), a<t<b, n=[a] + 1.

A more general fractional derivative referred as Hadamard fractional derivative of order o is given
by:
d n
DEf(t) =t (ta) I M (1), a<t<b, n=[a] + 1.

Definition 1.3.6 [18/(Generalized fractional integral)Let o € R, and g € L'(J). The generalized

fractional integral of order o is defined by:

! P — 5P\ g(s)
«a _ -1
e e e B T S A

Where T'(+) is the Euler gamma function defined by: T'(c) = [J° t* e "dt, a>0.

14



Definition 1.3.7 [I8/( Generalized fractional derivative) Let o € R \N and p > 0. The general-

ized fractional derivative PDS, of order « is defined by;
("D3g) (t) = Z(”Ja" ) )()

where n = [a] + 1 and 67 = ('~ pi)

Definition 1.3.8 [22/ Let order a and type  satisfyn —1 < a <n and 0 < <1, withn € N,
and k = 0,...,m. The generalized Hilfer-type fractional derivative, with p > 0 of a function
g€ C,,(Iy), is defined by

o n—o 1 d " —B)(n—a
(prskfg> (t) _ (pjsér( ) (t” 1@) pjs(zl B)( )g) (t)
— (ptzér(”—a)(sgpjs(zl—ﬁ)(n—a)g> (t)

In this work we consider the case n =1 only, because 0 < o < 1.
Property [IR8] The fractional derivative "D % is an interpolator of the following fractional deriva-
tives: Hilfer (p — 1), Hilfer-Hadamard (p—> 0%), generalized (5 = 0), Caputo-type (5 = 1),
Riemann-Liouville (8 = 0,p — 1), Hadamard (8 =0,p — 07), Caputo (8 = 1,p — 1), Caputo-
Hadamard (8 =1,p — 0%) Liouville (8 = 0,p — 1,a = 0) and Weyl ( = 0,p — 1,a = —0).

Consider the following parameters «, (3, v satisfying

'Y:O[“—/B—CYB, O<Oé,6,'7<1

Definition 1.3.9 [4/ Let X be a Banach space and let Qx be the family of bounded subsets of X .

The Kuratowski measure of noncompactness is the map p : Qx — [0,00) defined by:

(M) :inf{e >0:MC UMj,diam(Mj) < 6},

j=1
where M € Qx. The map p satisfies the following properties:
- (M) =0« M is compact (M is relatively compact ).

- u(M) = u(3).

- M, C My = (M) < p(M).

- (My+ M) < p(My) + p (Ms).

15



Ai(cM) = |e|u(M),  ceR.
- p(convM) = p(M).

Lemma 1.3.6 [}/ Let D C PC, ,(J) be a bounded and equicontinuous set, then (i) the function

t — u(D(t)) is continuous on J, and

P — SP 1—y
[pc,, = Max { Max < sup ( k) u(t) , max {sup ,u(u(t))} ,
’ k=0,..., m tely, p k=1,..., m |\ tely,

i) <fab u(s)ds : u € D> < ff wu(D(s))ds, where

D(t) =A{u(t):te D},teJ

1.4 Generalized fractional integral and derivative

Katugampola in [3] introduced a new type of fractional derivative generalizing Riemann-
Liouville and Hadamard fractional derivatives. Later, Almeida and all in [5], introduced a general-
ization of the derivative as the left inverse of Katugampola’s fractional integral and which retains
some of the fundamental properties of the fractional derivatives of Caputo and Caputo-Hadamard,

the new derivative is called Caputo-Katugampola fractional derivative [3, 5, 19, 0]

AN

Definition 1.4.1 [78] (Katugampola fractional integrals) Let a,b be two real and f : [a,b] — R
be an integrable function. The Katugampola fractional integrals of order o > 0, parameter p > 0,

of f is defined as

11—«

0 = fs [ =) ) as

Definition 1.4.2 [78] (Katugampola fractional derivative) Let 0 < a < b < oo be two real
f :la,b] = R be an integrable function. The Katugampola fractional derivative of order o > 0,

and parameter p > 0, is defined as
DP (t) _ tl,pi n e (t)
at dt at

_ ti=r d\" /t sPH (P — 5”)”_“—1 f(s)ds
- I'(n—a) dt u '

16



proposition 1.4.1 We have the following properties for Katugompola fractional integral and deriva-

tive.

DY (1) F (1) = [(1),
(1) @ = 1,

. a, . 1 ! a—1

’l)l_rg [a+pf (t) - r (Oé) L (t o 8) f (S) dS,

e 1 t ! ds
pli)rél+ '[a+ f(t> - F(O{) /a (log g) f(S) s ’

10 e () [ () 0%
: a,p . ; i " ! _ \n—a—1
027 () = e () [ - s

Definition 1.4.3 [3/(Caputo-Katugampola fractional derivative) Let 0 < a < b < oo be two real,
p > 0 be a positive real number and f € AC™([a,b],R). The Caputo-Katugampola fractional
derivative of order a > 0 of the function f is defined by:

o n—o — d "
Dre = e (Pg) £

= e /t P (A t1’p£ ' f(s)ds
I'(n—a)/, dt
pa—n-i-l /t S(p—l)(l—n)f(") (8)

(tp . Sp)a—n+1

ds,
where n is the smallest integer greater than .

Property:
1- When p = 1, the Caputo-Katugampola derivative coincides with Caputo derivative.
2- In the case 0 < a < 1 and p > 0, then

appin P, d [PV (f(s) = f(a))
"D () = =t %é s

3-If f € Cla,b] then
CDILITLF(t) = f (1),

and if f € C'[a,b] then
1D (1) = £ (1)~ F(a).

17



4-1f f (a) = 0, then the Caputo Katugampola and the Katugampola fractional derivatives coincide.

Moreover if both types of derivatives exist then

cpeef ) = pors ) — L2 1502 fti;)sp)_a

We give some property and lemmas:

Lemma 1.4.1 [3] Lett > sg, k=0,...,m. Then, for o« >0 and B > 0, we have

o Sp_sp ﬁ_]- F(B) tp_sp OH‘B—].
p%;( pk> ](t)zl“(ourﬁ)( pk> ’

sp—sP\ @1
p%}t< p’“) ](t)—(), 0<ac<l.

Lemma 1.4.2 [18, 22/ Let o > 0,0 < v < 1 and k = 0,...,m. Then, PTG is bounded from
k
Cyp (L) into Cyp (Ik)

Proof: Let a >0,0<y<1,k=0,....,mand u e C,,(I;) , we have

() el (59 ()
g
o

IN

ds

g1 (t" — s")a_lu(s> (sp — Si)lﬂ/ (sp — Si)v_l
; p p p
oM o 7 (tp s
a—vy+1
. o ( A

<o (50) () e
r s (5)
- T(a+)

k
P
(1 — p_ a—y+l
oy r(1 1 @) (t )
< ['(«a) (tp—sz>1_a t”—sg)a_wrl
" Dla+y) \ »p

(a) w_ s a—2y+2
<
~ Ila+9) < P
~ Ila+9) p

< F(I;(i)v) (bp ; ap) a=27+2

18



Then *J%u € C, , (1) .
Sk

Lemma 1.4.3 [22] Let 0 < a < b < oo,a>0,0<~v <1, ueC,,) and k =0,...,m. If
a>1—r, then*J%u € C ([sk, ty+1], E) and
Sk
<p Oiu) (sx) = lim <p ‘iu) (t)=0
Sk t—sy Sk

p_ P
tP—sy

1=y
Proof: Since u € C, ,[s, Sk+1], then < > u(t) is continuous on [sy, sk 1] and

(£55) e

<M, x € [sg,Srt1)
for some positive constant M. Consequently,

Cazs) ol < fy o (557) o

a—1 1— —1
A (5 e (59 (55
I'(a) /o p p p

k

< M / (tﬁ - ) ( —si)”‘lds
~ T(a) Jot p p

P

k

ds

IN

ds

k

M P — s\
< ,Te
<7 (5)
and by lemma 271, we can write

_ (1 — p_ P\ ¥t
< M ['l—(1-aw) P — s (1.1)
- Tla=Q0=-7+1)\ »
I'(a) (tp — 32)0‘_%1
Tla+y) \ p
as the right-hand side of [0 tends to zero when t — s

Lemma 1.4.4 [18/ Leta > 0,0 <y <1,k=0,...,m,andg € C, , (I). Then, (’U)"‘J’jﬁ) (t) =
Sk Sk
g(t), forall tely,k=0,...sm

Lemma 1.4.5 18] Let 0 < o < 1,0 < v < Lk = 0,...,m. Ifg € C,,(Ix) and *J'%g €
Sk
C., (It), then for allt € Iy, k =0,...,m,

("75D%g) (1) = g(t) -

(7 %9) (o0 ety
P

()

19



Lemma 1.4.6 [18/ Let 0 <a<1,0<8<1l,y=a+B—-af andk=0,...,m. IfueC] (L),
then
PITPDY =P TALPDY Yy
si st st st
and

y _ ppySl—a)
D fjs‘?iu =D U
Sk k Sk

1.5 Fixed point theorems

Fixed point theory is an important topic with a large number of applications in various fields of
mathematics. The fixed point theorems concern a function f satisfying some conditions and admits
a fixed point, that is f(x) = x. Knowledge of the existence of fixed points has pertinent applications

in many branches of analysis and topology. Following if the conditions are imposed on the function

N

NG

or on the set, different fixed point theorems are given, we cite the following|[I6, 21, 22, 24|

b

Theorem 1.5.1 (Banach contraction principle)

Let T be a contraction on a Banach space X. Then T has a unique fixed point.

Theorem 1.5.2 (Schauder fized point theorem)
Let Q) be a nonempty closed bounded and convex subset of a normed space. Let N be a continuous

mapping from € into a compact subset of 2, then N has a fixed point in 2.

Theorem 1.5.3 (Krasnoselskii fized point theorem)

. Let Q be a closed bounded and convexr nonempty subset of a Banach space X. Suppose that A
and B map Q into X such that

(1) A is continuous and compact.

(ii) B is a contraction mapping.

(iii) x,y € Q, implies Az + By € Q.

Then there exists x € Q with v = Ax + Bx.

The criteria for compactness for sets in the space of continuous functions C(]a, b]) is the following.

Theorem 1.5.4 (Arzela-Ascoli theorem) A set Q C C([a,b]) is relatively compact in C([a,b]) if

the functions in Q are uniformly bounded and equicontinuous on [a,b].

20



We recall that a family 2 of continuous functions is uniformly bounded if there exists M > 0 such

that

IfI} = max |f(z)] < M, feQ.

z€[a,b]
The family €2 is equicontinuous on [a,b], if ¥ e > 0, 36 > 0 such that Viq,ts € [a,b] and V[ € Q,

we have

tr— o <d=|f(t1) — ft2)| <e.

Theorem 1.5.5 (Mdinch fizved point Theorem )
Let D be a closed, bounded and convex subset of a Banach space X such that 0 € D, and let T be

a continuous mapping of D into itself. If the implication

V=wnol(V), or V=T(V)U{0}= uV)=0

holds for every subset V' of D, then T' has a fixed point.

Theorem 1.5.6 (Darbo’s fixed point Theorem )
Let D be a non-empty, closed, bounded and convex subset of a Banach space X, and let T be a

continuous mapping of D into itself such that for any non-empty subset C' of D,
w(T(C)) < kpu(C)

where 0 < k < 1, and p is the Kuratowski measure of noncompactness on X. Then T has a fized

point in D. Now, we consider the Ulam stability for problem.

21



Chapter 2

Nonlinear Implicit Generalized
Hilfer-Type Fractional Differential
Equations with the continuous g

condition

2.1 Introduction

This work was studied by A.salim and all, we establish existence results for the initial value
problem of a nonlinear implicit generalized Hilfer-type fractional differential equation with non-

instantaneous impulses,

<”D?§u) (t)=f (t,u(t), (ppj_kfu) (t)) teluk=0,...,m (2.1)
u(t) = gr(t,u(t));t € L k=1,...,m (2.2)
("Tay "u) (a*) = du (2:3)

Where ijkf and pjalf T are, respectively, the generalized Hilfer-type fractional derivative of order
a € (0,1) and type 8 € [0, 1] and generalized fractional integral of order 1—7, (v = a+—af3),p >
0,00 € E Iy = (sp,tppa] ;b =0,...om, I i= (te,sul sk =1,... omya =80 <t1 <51 <ly <595 <
o S S <ty < Sy <ty = b < 00,1 (tg) = lim_,g+ u (tx + €) and u (t,;) = lim_,o- u (ty + €)

represent the right and left hand limits of u(t) at t = tx, f : [, x Ex E — E is a given function and

22



ge - Iy x E— E;k=1,...,m, are given continuous functions such that (p@?”gk) (t,u(t))

t:Sk
¢ € E, where (E, || - ) is a real Banach space.
Consider the weighted Banach space

P _ P
t Sy

P

Cyp (L) = {u = FEit— ( )1_7 u(t) € C ([Sk, trs1] >E)} ;

Where 0 <~ < 1,k=0,...,m, and

Cr () ={ueC ' (It) :u™eC,,(It)} ,neN,
€0, k) = Cyp (L) -

Also consider the Banach space PC, ,(J) = {u (a0 = E:uel,, (Ul ) NC <U’,?:1fk,E)

and there exist
w(ty),u () u(sy), and u(sy) with u(t;) =u(t)},0<y <1,

and
pPCr (J) = {ue PC"(J):ul™ € PC, ,(J)} ,neN

PC’S,p(J) = PC’W)(J)
With the norm

(55

By L!(J), we denote the space of Bochner-integrable functions f : J — E wit et

}m { sup [lu(t)]}

""" m tely

|lullpc.,, = max {ki%ax {sup

tely

b
1l = / LF (8.

2.2 Existence of solutions

Definition 2.2.1 [2]/ Let f : I, x E — FE be a function such that f(-,u(-),pDa;Bu(-)> €
Sk
C(Iy, E),k =0,....,m, for any u € C,,(I). The function v € CJ (I}) is a solution of the

differential equation, for 0 < a < 1,0 < <1,

<pD;’rBu) (t)=f (t,u(t),p Djjfu(t)> , foreach t € I;;,k=0,...,m (2.4)
k k
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if and only if u satisfies the following Volterra integral equation,

T + B 1 B a—1
ult) = (P st U) (Sk) (tﬁ SZ)"V N Fl /t (tp 3P> ey (s,u(s),ppjfu(s)> ds

() p (@) p
(2.5)
where v = a + B — af.
We consider the following linear fractional differential equation studied by A.Salim and al
(ﬂpafu) ()=o), telyk=0,...,m (2.6)
Sk
Where 0 < a < 1,0 < 8 < 1, p > 0, with the conditions
u(t) = ge(t,u(t)),t € Ik=1,....m (2.7)
(") (a*) = oo (28)

Where 7 = a+p—af and ¢y € E, and let ¢* = max {||¢x]| : £ =0,...,m}. The following theorem
shows that the problem (28),(2) has a unique solution given by

o <tpsz>“+ (p730) (), tehk=0,...,m
u(t) _ F(’Y) P S; ) ) ) )

ge(t,u(t)), telyk=1,....m

Lemma 2.2.1 [22] Leta > 0,8 > 0,1 <p<o00,0<a<b<oo. Then, forge L' ([sp,trs1]), k=

0,...,m, we have
(rgera?) ) = ("7579) (1)
sp Vst si
Theorem 2.2.1 [Z]] Let vy =a+ [ —af, where 0 <a<1and 0< < 1. If¢: I, - FE
k=0,...,m, is a function such that Y(-) € C (I}, E), then u € PCJ ,(J) satisfies the problem
(218) — (E8) if and only if it satisfies (2).
Proof: Assume u satisfies (Z0) — (ER). If t € Iy, then
(Do) (1) = v(t)

definitionZZZ1 implies we have the solution can be written as

o = PR (S2) i [(55) e
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Ift € I, then we have u(t) = g1(t, u(t)).
Ift € I, then definitionZZ implies

utt) = <pZ§Zj>> . (= ) * i@ / (5 ) s}

~it (1)l

If t € I, then we have u(t) = go(t, u(t)).
Ift € I, then definitionZZAimplies

u(t) = (jr<j>> = (5 ) (5 ) ¥ lads

-5 (5) bz

Repeating the process in this way, the solution u(t) for ¢ € (a,b] can be written as

¢<ﬂiy4+(P%¢ﬂw tely,k=0,....m
u(t) = I'() p sy ’ ’ L

g(tu(), telyk=1,....m

Conversely, for t € I, applying Pj;;” on both sides of (279) and using Lemmal=271 and lemmaP~2T]
We get

("T ) (8) = do + ("T, ) (1) (2.10)
Next, taking the limit as ¢ — a™* of (2720) and using Lemmal=3 with 1 —v < 1 —~+ «, we obtain

("T ") (a*) = oo (2.11)

which shows that the initial condition (”jalf "u) (a*) = ¢o, is satisfied. Next, for ¢ € I,k =
0,...,m, apply operator D, on both sides of (2Z9) Then, from LemmalZ1 and LemmalZ4G we
Sk

obtain
(ppg:u) (1) = (ﬂpff*”@ (1) (2.12)

Since u € CJ ,(I;) and by definition of CJ  (Ix), we have ”Dzzu € C,, (), and then (Z12)

implies that

("Pru) (0 = (827570 7V%) (1) = ("D0) (1) € € (1) 2.13)
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As () € C (I, E) and from Lemmal272, it follows that
(’ S}‘B“‘%) eC (L), k=0,....,m (2.14)
From (ZT3. ZTd)a and by the definition of the space C7, (I;), we obtain
1-6(1—a) 1 o
(Pgi ) el () k=0, om

Applying operator »J ’i(l_a) on both sides of (Z12) and using LemmalZ1 . LemmalZ=3 and the
Sk
next property

property[2d] The operator "Djkf can be written as

PD:kf = /’jgl_a)épp%}_” = Pjsé(l_a)pl)zﬁ, y=a+p—af,k=0,...,m

We have
(pDa;'Bu) (t) = pji(l_a) ("D7+u) (t)
Sk Sk Sk

<Pjsl+5(1a)w> (sk) o gp 6(1704)71
k —S
= 0(t) - Tt — (%)

= (1),

That is, 28 holds. Also, we have easily for u € C ( fk, E>,
ut) =g (tu (1)), t € Ik =1,....m

This completes the proof.

As a consequence of Theorem P2, we have the following result:
Lemma 2.2.2 [Z]] Let v = a+ 6 — af where 0 < a < 1,0 < <1, and k = 0,...,m, let
[y x ExX E— E, be a function such that f(-,u(-),w(-)) € C (I, E), for any u,w € PC, ,(J).

If w e PC, ,(J), then u satisfies the problem (20) — (E33) if and only if u is the fixed point of the
operator ¥ : PC., ,(J) = PC,, ,(J) defined by

Pk tp—sz 7-1 ap, "
Tu(t) = W( p) +(P~78; >(t)a telu,k=0,...,m

i (2.15)
ge(t,u(t)), tel,k=1,...,m

Where h € C (I, E) ,k =0,...,m is a function satisfying the functional equation

h(t) = f(t,u(t), h(t))
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Also, by Lemma 42, Yu € PC, ,(J).
The following hypotheses will be used in the sequel:
(Azl) The function t — f(t,u,w) is measurable on I,k = 0,... m, for each u,w € E, and the

functions u — f(t,u,w) and w > f(t,u,w) are continuous on E for a.e. t € I;;,k =0,...,m, and

fCu(s),w(-)) e (1=) (Ix) for any u,w € PC, ,(J)

Vs

(Ax2) There exists a continuous function p : [a,b] — [0, 00) such that
| f(t,u,w)| < p(t), for a.e. t € I,k =0,...,m, and for each u,w € E
(Az3) For each bounded set B C E and for each t € I,k =0,...,m, we have

u(f (1B, ("D2’B))) < pt)(B)

where ”D:;BB = {"’D:;Bw tw E B}
k k

(Axd) The functions g € C <I~k, E) Jk=1,...,m, and there exists I* > 0 such that

llgr(t,w)|| < I*||u|| for eachuw € E;k=1,....,m

(Ax5) For each bounded set B C E and for eacht € I,k =1,...,m, we have
w(gr(t,B)) <l'u(B),k=1,...,m
Set p* = SupP;e(qp P(t)

We are now in a position to state and prove our ezistence result for the problem (Z3/-(223) based

on Mdnch’s fized point theorem.

Theorem 2.2.2 [Z]] Assume (Az1) (Az5) hold. If
* IV AN
L= max{l*, rT0) (b c ) }< 1 (2.16)

I +7) p

then the problem 201 — 223 has at least one solution in PC., ,(J)

proof: Consider the operator ¥ : PC, ,(J) — PC, ,(J) defined in 213 and the ball By :=
B(0,R) = {w € PC,,(J) : |w|pc,, < R}, such that

¢* p* b? — aP 1-—y+a
BT T ( ) )
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For any u € Bg, and each t € I}, k =0,...,m, we have

oo < B4 (VYT (e pnn) o

* tp P v—1 1 t tp P a—1
< ¢—( S’“) + / ( i ) | h(s)||ds
T\ »p I(a) Jo \ p
By Lemma 271 we have

ooy < L2l (7=0) T ()’

¢* p* P — 8£> 1—y+a _ (b* p* (bﬂ _ CLP) 1—y+a
Srm*r(am( ; St " Tarn U

Ther fore

(£54) o

And for t € I,k =1,...,m, we have

I(Pu) O] < Fllu@®ll <R

Hence

Ther fore

(b* p* p* b — af 1—v+a .
0y T Tt ( ; ) <(@-PE

¢ p* b — 1—v4a
(1—1T(7) + 1 — (e +1) ( ; ) <R.

This proves that ¥ transforms the ball By into itself. We shall show that the operator ¥ : B — Bp

satisfies all the assumptions of Theorem IZhiAThe rest of the proof will be given in several steps.
Step 1: U : B — Bpg is continuous. Let {u,} be a sequence such that u, — u in PC, ,(J).

Then for each t € I,k =0,...,m, we have.

‘ < ("5 ) (P72 Tha(s) = his)1) 0,

Where h,,,h € C (I, E);k=0,...,m, such that

((Pun) (t) = (Pu) (1)) (tp . )

hn(t) = f (, un(t), hn(t))
h(t) = f(t,u(t), h(t))
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For each t € I,k =1,...,m, we have.

1((Pun) () = (Wu) (@) < [[(gr (8 un(t)) = gt u(®)))]]

Since u, — u then we get h,(t) — h(t) as n — oo for each t € (a,b], and since f and g, are
continuous. then we have

[Wuy — Wul[pe,  — 0asn— o0

Step 2 : ¥ (Bg) is bounded and equicontinuous.
Since ¥ (Br) C Bg and Bp is bounded, then ¥ (Bg) is bounded.

Next. let €1,65 € I,k =10,...,m,€; < €3, and let u € Bg. Then

H (=) ) ) (2 T ww) (@)

p

Where

< .
- [(59)(5) (5)(55)

s

[(a)

H(r)

. (—) () [ (rp—si)”‘ld
= - p T
I'l+a) p p s p

and for each t € I,k =1,...,m, we have

[(Uu) (1) — (Pu) (e2)]] < [[(gr (e1,u(€1))) — (g (€2, u (e2)))|

As €1 — €3, the right-hand side of the above inequality tends to zero. Hence, ¥ (Bg) is bounded
and equicontinuous.
Step 3: The implication of Theorem T4 holds.

Now let D be an equicontinuous subset of Bg such that D C W(D) U {0}, therefore the function

t — d(t) = u(D(t)) are continuous on J. By (Ax3),Axz5 ) and the properties of the measure p.
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foreacht € I,k =0,...,m. we have

P — PN =7
( Sk) d(t) < p
p

And for each t € I,k = 1,...,m, we have
d(t) < p(ge(t, D(t))) < I"d(t)

Thus for each t € (a, b], we have
1dllpCyp < Lldlpe,,

From (2718) we get ||d||pC,,, = 0, that is, d(t) = u(D(t)) = 0, for each t € (a,b], and then D(¢)
is relatively compact in E. In view of the Ascoli-Arzela Theorem, D is relatively compact in By
Applying now Theorem "2 we conclude that W has a fixed point u* € PC,, ,(J). which is solution
of the problem (21)-(223).

Step 4: We show that such a fixed point u* € PC, ,(J) is actually in PC] ,(J). Since u* is the

unique fixed point of operator ¥ in PC,, ,(J). then for each ¢t € J, we have

P -1
o (SA) 4 (pgah) @), teduk=0,.m,
k

p

Vur(t) =4 © )
gk(t,u*(t)), tel,k=1,...,m.

Where h € C (I, E);k=0,...,m, such that

h(t) =f (t7u*(t)’ h(t))

Fort € Ij;;k =0,...,m, applying pDZ+ to both sides and by Lemma 471 and Lemma 48, we
k

have
pDL (1) = (0D pT S (50" (), h(s)) ) (2)

(PP f (s, (). () (1)
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Since v > «, by (Azl). the right hand side is in C, , (I;) and thus pDZ:u* e C,, (Iy) which
implies that u* € C7  (I;). And since g, € C (INk,E> sk =1,...,m, then u* € PCJ (J). As a
consequence of Steps 1 to 4 together with Theorem (B=21), we can conclude that the problem (2ZT1)
(233) has at least one solution in PC, ,(.J)

Our second existence result for the problem (270)-(233) is based on Darbo’s fixed point theorem.

Theorem 2.2.3 [Z]] Assume (Az1) (Az5) hold. If

L := max {z*, Ffz;rfi) (bp;o‘p>a} <L (2.17)

Ther the problem (Z1)-(Z23) at least one solution in PC., ,(J).

Proof: Consider the operator ¥ defined in (213). We know that ¥ : B — By is bounded and
continuons and that W (Bg) is equicontinuous. We need to prove that the operator ¥ is an L—

contraction. Let D C Br and t € I,k =0,...,m. Then we have

" ((t ; ) <\11D><t>> — ((t ; ) (Wu)(t) € D)
< (") T (pzntaten) .0 )

By Lemma 41 we have for t € I,k =0,...,m.

((55) i) < [0 (45 om0

And for each t € I,k = 1,...,m, we have

p((ED)(1)) < p(ge(t, D)) < p(D(1))
Hence. for each t € (a, b, we have
prc,, (YD) < Lupc, (D)

So. by (Z0M@) the operator ¥ is an L contraction. As consequence of Theorem (IZ58) and using
Step 4 of the last result, we deduce that ¥ has a fixed point which is a solution of the problem
(20)-(23).
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Chapter 3

Nonlinear Implicit Generalized
Hilfer-Type Fractional Differential
Equations whit the lipschitz condition

on g

3.1 Introduction

We have to change the continuous condition in g by lipschitz condition (A’z4)

3.2 Existence of solutions
We consider the following linear fractional differential equation studied in chapter two given by :
(ijkf@ ()=o), telyk=0,...,m (3.1)
Where 0 < a < 1,0 < 8 <1, p > 0, with the conditions
u(t) = ge(t,u(t)),t € I k=1,..., m (3.2)

("Tu ") (a™) = ¢o (3.3)

Where v = a+  —af and ¢y € E, and let ¢* = max {||¢x]| : £ =0,..., m}. but we consider The
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following hypotheses will be used in the sequel:
(Ax3) For each bounded set B C E and for each t € I,k =0,...,m, we have

u (7 (6B (DB))) <pt)u(B)

where D%’ B = {¢D*w : w ¢ B}
k k

(A’z4) The functions gy € C (fk, E> ,k=1,...,m, and there exists [* > 0 such that

llgr(t,w) — g (t,v)|| < I*||u — v]| for each u,v € E;k=1,...,m

(Az5) For each bounded set B C F and for each t € I,k =1,...,m, we have

w(g(t,B)) <l'u(B),k=1,...,m
Set p* = sup,ci,p P(t)
We are now in a position to give our maine result for the problem (BI]-(833) based on Ménch’s

fixed point theorem.

Theorem 3.2.1 [Z]] Assume (Azl1)-(Ax3),(A'x4)and(Azx5) hold. If
*T P AP\
L= max{l*, LENC)) <b a ) } <1 (3.4)
I'(a+7) p
then the problem Bl — B33 has at least one solution in PC, ,(J).

proof: Consider the operator ¥ : PC, ,(J) — PC, ,(J) defined in 213 and the ball By :=
B(0,R) = {w € PC,,(J) : |w|pc,, < R}, such that

o* p* b —ar\ T M
RZ(1—5*)F(7)+(1—l*)r(@+1)( p ) i

M = ||gx(t,0)]|

For any u € By, and each t € I,k =0,...,m, we have

o < 10 (P2 (g < (25 (U)o (az )

By Lemma 271 we have

P — PN\ 1= * * P — P\ 1—7+ta * * bP — gf 1=+«
(25) e (559) < e (52)
p AN AN




And for t € I,k =1,...,m, we have
(W) (@] < [[(Pu) (@) = [[(Lu)(O)]] + [[(Pu)0)[| < Fljul| + M < 'R+ M

M = [|g(t, 0]

Hence

¢* p* P — af 1—y+a
v <I'R M <R.
Mullre,, < PR pey * Tasp g =

M = [|g(t, 0]

This proves that ¥ transforms the ball By into itself. We shall show that the operator ¥ : B — Bpg
satisfies all the assumptions of Theorem IZhH3The rest of the proof will be given in several steps.
Step 1: V¥ : Br — Bp is continuous. Let {u,} be a sequence such that u, — u in PC, ,(J).

Then for each t € I,k =0,...,m, we have.

< ("5 ) (P72 Iha(s) = H()I) 0,

Where h,,h € C (I, E);k=0,...,m, such that

H((\Dun) () — (Wu)(t)) (t/’ ; Sg)l—v

hn(t) = f (£, un(t), ha(t))
h(t) = f(t,u(t), h(t))

For each t € I,k = 1,...,m, we have.

I((Tun) () = (Pu) (@) < [(gr (8 un(t)) = gt u@DI < Tljun — u]

Since u, — u then we get h,(t) — h(t) as n — oo for each t € (a,b], and since f and g, are
continuous. then we have

[Wu, = Yul|pe, — 0asn— oo

Step 2 : ¥ (Bg) is bounded and equicontinuous.
Since ¥ (Bg) C Bgr and Bp, is bounded, then ¥ (Bg) is bounded.

Next. let €1,60 € I,k =10,...,m,€; < €5, and let u € Bg. Then

H (1) T ww) e) - (2% 7 (wu) e

p p
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6{ - 3£ 1—v 1 €1 P ET — 5P a-1 65 - SZ 1— 1 €2 ) 6;2) _gP 1—v

< ( P ) m/sk § < p ) h(5>d8,—( P > m/&c S ( p > h(s)ds,
1 €1 e’ — g 1—r e — gP a—1 PP 1y . ) ol
< — P 1 k (e s 4 i
_F(Oé)/sksl( P ) ( p ) ( P ) ( P ) ]I|()s||
H— s\ € N
+ (62 ; Sk) F(l&) / 5P <62 ; sf’) 1h(s)ds|
eh— 5o\ X . -
: ( p ) (P71 ea) + m/ |7 H (r)h(r)|| dr

Where

- [(45)” (52

Then by Lemma 271, we have

) (50 (5
p p
P — P I—y e — g 1—
H( ) <\Pu><el>—(2pk) (W) ()
. (es—szy‘”(es—e'f)‘;p* I (—>d
TT(1+a)\ p p o p ’

and for each t € I,k = 1,...,m, we have
[(Wu) (e1) = (Yu) (e2)[| < [[(gr (€1, u(€1))) — (g (€2, u (€2)))]]

—1

As €1 — €3, the right-hand side of the above inequality tends to zero. Hence, ¥ (Bg) is bounded
and equicontinuous.

Step 3: The implication of Theoren [C23A holds.

Now let D be an equicontinuous subset of Bg such that D ¢ W(D) U {0}, therefore the function
t — d(t) = u(D(t)) are continuous on J. By (Ax3),Axz5 ) and the properties of the measure p.

(=) T wn)ou {0})
& <\IfD><t>>

(= ) (rT2p(sn(D=)) ()

v (bp ~) (razae) @
< ?

b — aP\ ¢
( ) } ldllr....
P

foreach t € I,k =0,...,m. we have

(£54) "

IN

i

<u

N~

IN

IN




And for each t € fk,k =1,...,m, we have
d(t) < p(ge(t, D(t))) <I"d(t)

Thus for each t € (a, b], we have
dllpCyp < Lldlpe,,

From (B) we get ||d||pC,,, = 0, that is, d(t) = p(D(t)) = 0, for each ¢t € (a,b], and then D(¢)
is relatively compact in E. In view of the Ascoli-Arzela Theorem, D is relatively compact in Br
Applying now Theorem "2 A we conclude that W has a fixed point u* € PC,, ,(J). which is solution
of the problem (B3)-(B33).

Step 4: We show that such a fixed point u* € PC, ,(J) is actually in PC) (J). Since u* is the

unique fixed point of operator ¥ in PC,, ,(J). then for each ¢t € J, we have

Dk t/’—sz 71 @ h k=
o (UA)  (pgah) . teluk=0..m,

p

Vu*(t) = S
gk(t,u*(t)), tE[k,]{}:L...,m.

Where h € C (I, E);k =0,...,m, such that

h(t) = f (t,w"(t), h(t))

For t € I;;k =0,...,m, applying pDZ+ to both sides and by Lemma 271 and Lemma 48, we
have k
POt (1) = (pDLpT2 f (s, (5). b)) (1)
= (b2 (.07 (5). 1(5) ) (1)

Since v > «, by (Azl). the right hand side is in C, , (I;) and thus pDZ:u* e C,, (Iy) which
implies that u* € C7, (). And since gy € C (fk,E) ik =1,...,m, then u* € PCJ (J). As a
consequence of Steps 1 to 4 together with Theorem (2221), we can conclude that the problem (3)
(B33) has at least one solution in PC, ,(J) Our second existence result for the problem (BI)-(B33)

is based on Darbo’s fixed point theorem.

Theorem 3.2.2 [2]] Assume (Ax1)-(Ax3),(A'z4d)and (Az5) hold. If

e 210 (55 )

ther the problem (31)-(133) at least one solution in PC., ,(J).
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Proof: Consider the operator ¥ defined in (213). We know that ¥ : By — Bpg is bounded and
continuons and that ¥ (Bg) is equicontinuous. We need to prove that the operator ¥ is an L—

contraction. Let D C Brand t € I,k =0,...,m. Then we have

" <(t ; ) <wD><t>) — ((t ; ) (Wu)(t) - w e D)
(") (pazrnon) e o}

By Lemma 471 we have for t € I,k =0,...,m.

(552 o) <[22 (552 ot

And for each t € I,k =1,...,m, we have

p((UD)(t) < p(ge(t, D(E))) < I"p(D(t))

Hence. for each t € (a, b], we have

prc, (YD) < Lupc, (D)

So. by (BZ2) the operator ¥ is an L contraction. As consequence of Theorem (IC58) and using
Step 4 of the last result, we deduce that ¥ has a fixed point which is a solution of the problem
(E1)-(E3)

3.3 Example

Let
E=1'= {v— (vl,v2,...,vn,...),2\vn\ <oo}
n=1
Be the Banach space with the norm

[e's)
ol = Jval
n=1

Consider the following initial value problem with non-instantaneous impulses

(@i;%) (t) = f (tu(o) (@fkfu) ().t € (1,20 (e3) ke {01} (3.5)
u(t) = g(t,u(t)),t € (2,¢] (3.6)
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<1jlé+u> (1*) =0 (3.7)

Where
a=tly=sp=1<t;=2<s1=e<ty=3=0,
u=(ug, Uy ..., Up,...)
f: (f17f27“'7fn7"')
1D§J;0u = <1D§+’Ou17 BRI D§+Ou27 ) 1D§+Oun> > )
Sk Sk Sk
g = (gl7g27"'7gn7"')7
1 34562 |u,
fn (t, Un(t), <1DS2J;O/U/n> (t)) — (2t +5 )l (t)1|
k 183e—t+3 (1+u(t)|+ (ma%)m )
%k
with t € (1,2] U (e, 3],k € {0,1},n € N, and
Gn (t,un(t) = romnlDl ¢ € (2,¢],n €N
We have
COO(1,2]) = € ,((1,2) = {h: (1,2] = B: (VE=Dh € C(1,2], E)},
and

CTy((e,3]) = €1 1 ((e,3]) = {h: (e.3] = B : (VE—e)h € C([e, 3], B)}

With vy =« = 3,p=1,8=0and k € {0,1}. Clearly, the continuous function f € C9 ((1,2]) U
CY ,((e,3]). Hence the condition (A1) is satisfied. For each u,w € E and t € (1,2] U (e, 3],
2’

2t% 4 He 2
t < —F.
||f< 7u7w)H — 183€_t+3
Hence condition (Az2) is satisfied with
2t% + He 2
fy=2_T"T"
P(t) = Tgze=ra
and
L o4+ Se?
P="ss

And for each u € E and t € (2, e] we have

[ — v
t —g(t < —
And so the condition (A’z4) is satisfied with [* = {g==—-5 The condition(83) of Theorem (8=21)

is satisfied, for

* P P
L::max{l*, Pr0) <b a

) } ~ 0.7489205248 < 1.
Fla+y) \ »p
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Let € be a bounded set in £/ where 1D§+’OQ = {12)5;011 [V E Q} ,k € {0,1}. Then by the properties
Sk Sk
of the Kuratowski measure of noncompactness, for each u € Q and t € (1,2] U (e, 3], we have
1o
p (1 (62.1D2°0) ) < pHR(E)

and for each t € (2, ],
p(g(t, ) < I"p(Q)

Hence conditions (Ax3) and (Axz5) are satisfied. Then the problem (83) — (BZ) has at least one
solution in PC%J([L 3])
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CONCLUSION

We have studied the existence of solutions for a class of initial value problem for nonlinear
implicit fractional differential equations with non-instantaneous impulses and generalized Hilfer
fractional derivative in Banach spaces. We have change the continuous condition in g by lipschitz
condition. our main results are based on Darbo and Moénch fixed point theorems associated with
the technique of measure of noncompactness.

In perspective, we will project these results in other fractional differential problems.
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